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PREFACE 


This book has two principal objectives; first, to refresh and 
improve the reader’s technique in applying elementary calculus; 
second, to present those methods of advanced calculus which are 
most needed in applied mathematics. The reader is assumed 
to have a working knowledge of calculus, but he needs no greater 
facility in this subject than that usually acquired and retained 
from a first course in the subject. Thus the book may serve fSr 
reference or self-study by practicing engineers or applied scien- 
tists who need a steppingstone to the more formidable specialized 
mathematical treatises. As a textbook, it is suitable for a course 
in advanced calculus of a type now taken by many students whose 
major field of interest is engineering, mathematics, or science. 

The earlier chapters of the book deal with topics touched on 
to some extent in elementary calculus, namely, Taylor’s series, 
partial differentiation and its geometjricaJ., applications, and 
integration. Incidentally, tKey strengthen the reader’s knowl- 
edge of elementary calculus. But the treatment here includes 
partial derivatives of implicit functions and Jacobians, the vector 
notation and its uses in kinematics and differential geometry, 
hyperbolic functions, line and multiple integrals, and the use of 
complex variable methods to simplify systematic integration, to 
evaluate certain definite integrals, and to calculate types of fluid 
flow. 

The later chapters deal with special higher functions, Fourier 
series, ordinary and partial differential equations, vector analysis, 
and the calculus of variations. For each special function some 
graphs are drawn, and a method is given for computing numerical 
values of the functions from convergent or, where more con- 
venient, asymptotic series. The use of available tables is also 
explained, so that results can be reduced to numerical form. A 
simple method, new in detail, of reducing elliptic integrals of the 
^rst and second kinds to the tabulated normal forms is given, 
gtarting with radicands either in polynomial or trigonometric 
fnrm Tti connection with Bessel functions, of real or imaginary 
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arguments, the practical determination of the change of variable 
that reduces a related differential equation to the standard form 
is indicated. 

The author’s extensive contact with engineering colleagues 
and students at the Massachusetts Institute of Technology has 
taught him what sort of mathematics interests students, as well 
as what they most often need. This has led him to omit from 
this book all existence proofs or similar discussions that seem 
superfluous to the practical-minded. Results like the mean 
value theorem and the expression for the area of a curved surface 
are accompanied by a brief discussion relying on geometric intui- 
tion, of a nature to carry conviction and enable the reader to 
recall the results by retracing the argument. Finally, a fe^v 
results easy to understand and use, but whose proofs are relatively 
long and difficult, like the theorems connecting power series and 
analytic functions, a sufficient condition for the convergence of 
Fourier series, and several of the more involved asymptotic 
expansions, are stated without proof. 

On the other hand, loose statements are annoying to a con- 
scientious mathematics teacher and misleading to the few stu- 
dents who will proceed to more refined theoretical treatments. 
For this reason the author has taken pains to formulate all state- 
ments of mathematical theorems correctly. He further clearly 
indicates each case where a result is suggested by a heuristic 
discussion rather than proved, where a statement is made without 
proof, or where a rule is merely valid for all practical purposes and 
not mathematically universal. Moreover, references to more 
rigorous and complete discussions are given at the end of each 
chapter. 

Since the author had already published a comprehensive 
Treatise on Advanced Calculus, which included a rigorous dis- 
cussion of the foundations, he could resist any temptation to 
include material of that nature in the present book. And the 
exclusion of such material has provided space for the compara- 
tively extensive treatment of advanced techniques in a volume 
of moderate size. 

The attempt to prove everything often leads to the use of 
roundabout methods in the beginning of a book. This fixes 
inefficient techniques in the reader’s mind, even when better 
methods are presented later. In this book the author has given 
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the simplest known method of solving each type of problem the 
first time it appears, even when this means quoting a theorem 
from an advanced branch of mathematics without proof. 

Each chapter is followed by a number of problems, arranged in 
an order corresponding to the development of the text. There 
are a large number, averaging nearly 100 per chapter, and 
they range from routine exercises to elaborate applications to 
science and engineering. For any that offer real difficulties not 
explained in the text, the outline of a solution follows the problem. 
Answers to all problems are given at the end of the book. 

A list of the works referred to in the text, together with a 
few additional books that have been consulted, is found in the 
bibliography. 

Philip Fkanklin. 

Cambridge, Mass., 

June, 1944. 
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METHODS OF ADVANCED CALCULUS 


CHAPTER I 

ELEMENTARY FUNCTIONS FOR COMPLEX VALUES 
AND TAYLOR’S SERIES 

In this chapter we shall discuss the elementary functions and 
their fundamental properties. Since many calculations may be 
simplified by the use of complex quantities, we briefly describe 
the complex number system and define the elementary functions 
for complex values of the variable. We include the Taylor’s 
expansions of the elementary functions, the manipulation of 
such expansions, and their application to the evaluation of 
indeterminate forms and certain computations. 

1. Elementary Functions. The basic elementary functions 
are the integral power function y = a:”, the exponential function 
?/ = e®, and the trigonometric functions y = sin a: and y = cos x. 
A polynomial, 

y = P{x) — anX'’’ + + • • • + aix + Oo, (1) 

is formed from a finite number of powers and constants by the 
algebraic operations of multiplication and addition. Since the 
constants may be negative, the use of subtraction gives nothing 
new. However, the use of division leads to the rational func- 
tions. A rational function can always be expressed as the 
quotient of two polynomials, 

„ _ T>(^\ _ + • • • 4- aia: + tto 

^ Q{x) bnX- -b +• - + b^X-\-bo 

The integral root function is the inverse of the power function. 
That is, y = if a; = y”. Similarly, the logarithmic function 
is the inverse of the exponential function. That is, y = log x if 
X = e*'. 
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2 ELEMENTARY FUNCTIONS §2 

The trigonometric functions tan x, cot x, sec x, and esc x are 
defined in terms of sin x and cos x by the quotients 

^ sin X ^ cos X 1 

tan X = ) cot X = — — > sec x = > 

cos X sm a: cos x 


CSC X = — — • (3) 

sm a: 

Each of the six inverse trigonometric functions is the function 
inverse to the corresponding direct function. For example, 
y = sin~^ x\i X = sin y. 

The functions that can be obtained as a finite com])ination of 
the functions just described are the elementary functions. In 
all first courses in the calculus, rules are derived that enable us to 
express the derivative of any elementary function as a second 
elementary function. 

2. Complex Values. Many mathematical results may be 
stated more simply, and obtained more readily, by the use of 
complex quantities in the intermediate stages, even if the final 
applications involve real numbers only. We recall that a com- 
plex number is an expression of the form a + hi, where a and b 
are real numbers and i is the imaginary unit ; 

i = y/—l and = — 1. (4) 

For the most part, the rules for manipulating complex numbers 
are the same as those for real numbers. One useful principle is 
that, if a, h, a', and b' are all real, then the equation 

a -{- bi = a' -j- b'i implies that a = a' and h — V . (5) 

Thus, in any equation simplified to this form, we may equate the 
real and imaginary parts separately. 

For a complex variable z = x + iy, the power function is 
defined by repeated multiplication. Polynomials and rational 
functions of z are then defined in terms of the four fundamental 
operations. One practical method of dividing complex numbers 
is illustrated by the following calculation : 

a bi _ (a + bi ){c — di) _ {ac -b bd) -f- {—ad -f b c)f 
c -f- di (c -f- di)(c — di) + d^ 

ac bd I — ad -j- be . 

“ + d^ 


( 6 ) 
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The functions e*, sin 2, and cos z are defined by the infinite 
power series, 


and 


e* = l+^ + ^, + |-”+ ■ ■ • , 

2 ^ 2 ^ 2 ^ 

- 3 ! + S! ■ 7 ! + ■ ■ ■ 

. , Z^ 2* , 

COS 2 = 1 - - ^ + • • • 


( 7 ) 

( 8 ) 

( 9 ) 


These series are similar in form to the MacLaurin’s series which 
represent the functions e®, sin x, and cos x for all real values of x. 
This shows that, when ^ = 0 , so that z = x iy = x, the values 
obtained from the new definition will agree with those previously 
used for real values of the variable. 

The series ( 7 ), ( 8 ), and ( 9 ) converge for all complex values of 2. 
Convergent series of this type may be multiplied and added 
together in the same way that polynomials are combined. It 
follows that the functions defined by the series satisfy the 
relation 

• U- = ( 10 ) 

as well as the addition theorems 


sin (zi + 22) = sin 21 cos 22 + cos 2i sin 22, 


and 


cos (21 + 22) = cos 2i cos 22 — sin 21 sin 22, 
and the identity 

cos^ 2 + sin*'^ 2 = 1 . 

Similarly, it follows from the series that 

gw = cos 2 4 - ^ sin 2 

and 

— pQg z — i sin 2. 

We may solve these for sin 2 and cos 2 and so obtain 




sin 2 = 


cos 2 


2i 

gt* Q-iZ 


( 11 ) 

( 12 ) 

( 13 ) 

( 14 ) 

( 15 ) 

( 16 ) 
( 17 ) 
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The definitions of the remaining trigonometric functions are 
similar in form to Eqs. (3). For example, 


tan z = 


sin z 
cos z 


(18) 


SO that from Eqs. (16) and (17), 


tan z = 


1 

i 


gSw _ I 

4- i’ 


(19) 


Equations (16) and (17) show that, after the exponential 
function has been defined for complex values of the variable, we 
may omit the trigonometric functions from our list of basic 
functions. More specifically, we may take Eq. (7) as the 
definition of and Eq. (10) as its fundamental property. 
Then Eqs. (16) and (17) may be used to define sin z and cos z, 
and the series (8) and (9) then follow from (16) and (17) com- 
bined with (7) and (4). From this point of view Eqs. (11), (12), 
and (13) and all other trigonometric identities become a conse- 
quence of Eqs. (16), (17), and (7). 

The usual proof for real values shows that, for any positive 
integer n. 


d(a2”) 

dz 


anz'^~^. 


( 20 ) 


Moreover, series of the type considered here may be differentiated 
termwise. Consequently, it follows from the series (7), (8), and 
(9) that 


d{e^) 

dz 

d(sin z) 
dz 


— qZ 


COS z. 


(21) 

( 22 ) 


and 


d(cos z) 
dz 


sin z. 


(23) 


The rule for differentiating composite functions 


dw 

dz 


dw ^ du 
du dz 


(24) 


also remains valid in the complex case, and we may use this to 
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d{e^^) 

dz 


%&• 


and 


dz 




( 25 ) 


Using these, we may derive Eqs. (22) and (23) from Eqs. (16) 
and (17). 

3. Evaluation of Functions of z. If z = x + iy, we find from 
Eqs. (10) and (14) that 


e® = = e® • e**' = e*(cos y i sin y) 

= e® cos y + te* sin y. (26) 

This enables us to compute the value of e’‘ from tables of values of 
the real functions e*, cos y, and sin y with y in radian measure. 
To compute sin z and cos z we have from Eqs. (11) and (12) 

sin z = sin {x + iy) = sin x cos iy + cos x sin iy, 

cos z — cos {x + iy) = cos x cos iy — sin x sin iy. 

But from Eqs. (16) and (17) we have 

. , e~^ — e'‘ . /e" — A 

+ e-'/ 

cos ly = — 2 

This suggests that we tabulate the real functions 

pV J- p—y py — p—y 

cosh y = 2 V — 2 ’ 

read hyperbolic cosine and hyperbolic sine. We may then com- 
pute the functions sin 2 and cos 2 from 

sin 2 = sin x cosh y i cos x sinh y, (32) 

cos 2 = cos X cosh y — i sin x sinh y. (33) 

4. Hyperbolic Functions. Let us study the hyperbolic func- 
tions defined by 

. , ey - e-y , , ey + e-y 

sinh y = s — and cosh y — ^ (34) 


(27) 

(28) 

(29) 

(30) 

(31) 


It follows from Eqs. (29), (30), and (34) that 

sin iy — i sinh y and cos iy = cosh y. 


( 35 ) 
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These relations may be used to deduce formulas for the hyperbolic 
functions from those for the trigonometric functions. For 
example, if we replace Zi by iyi and Zz by iyz in Eq, (11), we find 

sin i{yi + yz) = sin iyi cos iyz + cos iyi sin iyz. (36) 

But from this by Eq. (35), we may derive 


i sinh {yi + yz) = i sinh yi cosh yz + cosh yx{i sinh yz), (37) 
so that, if we divide by f, 

sinh {yi + yz) = sinh y\ cosh yz + cosh y^ sinh yz. (38) 
In this wa}"^ we shov' that 

cosh {yi + 2 / 2 ) = cosh xji cosh yz + sinh yi sinh yz, (39) 
and that 

cosh^ y — sinh" y — (40) 

By analogy with the defining relations (3), we define the 
hyperbolic tangent, hyperbolic cotangent, hyperbolic secant, and 
hyperbolic cosecant by the equations 


, , sinh y 

tanh y = — , ; 

cosh y 


coth y = 


cosh y _ 1 

sinh y tanh y 


(41) 


sech y 


1 

cosh y 




sinh y 


(42) 


These additional functions may be expressed in terms of expo- 
nential functions by using Eq. (34). For example. 


tanh y = 


ey — e-y 

€« -f 


q2v - \ 

1 ' 


(43) 


For the derivatives of sinh y and cosh y, Ave may deduce from 
Eqs. (35), (22), (23), and (24) that 

and = sinh,. (44) 

These also follow directly from Eqs. (34) and (21). 

The power series for sinh y and cosh y may be obtained by 
combining Eqs. (35) with (8) .and (9), or more directly from 
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Eqs. (34) and (7). The results are 

sinh 2 / = ?/ + |l + |] + 7 I + ■ ■ ■ > 

cosh 2/ = l+ |j + |l + |]+ ■ ■ ■ • (4^’) 

All the formulas of this section hold for y complex, if we use 
these two series as the definitions. For complex values, the 
hyperbolic functions may be computed from 

cosh (x + iy) = cosh x cos y i sinh x sin y, (47) 

sinh (x + iy) — sinh x cos y i cosh x sin y. (48) 

6. The Logarithmic Function. If log 2 is the function inverse 
to the exponential function, the relation 

log (x + iy) = w 4- iv (49) 

implies that 

X + iy = e"+"' = r"(cos v + i sin v), (50) 

where the last form is similar to Eq. (20). Consequently, 

X = c" cos V and y = c" sin r, (51) 

since x, y, a, and v are all real. It follows that 

r" = V'.r* + and r = tan“^ iy/^'), (52) 


so that C* and 0 may be use<l as the polar coordinates of a point 
in a plane with Cartesian or rectangular coordinates x and y. T.et 
us denote a possible choice of polar coor- 


T 

dinates with positive radius vector 
by r,d so that 

A 


r = + V'x- + y‘4 

X 


X = 7' COS 0; 

X 


y = r sin 6. (53) 



The number r is called the ahsohitc 0 

X 

X 

value oi z = X iy and we write 

Fig. 1. 



l^l = |.x + iy\ = r = y/ x'^ y-. (54) 

We find from Eqs. (51), (52), and (53) that 

u = log r, V — d, (55) 

leads to a value for the logarithm, 

log (x + iy) = log ^ 


( 56 ) 
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Since 6 is determined only to within an integral multiple of 27r, 
a complex number has an infinite number of possible logarithms. 
A particular value of 6 may be determined from a knowledge 
of the sign of any two of the functions 


tan 6 = -) cos 6 = -> sin 0 = -> (57) 

X r r 

and the numerical value of any one. The simplest method of 
checking a value of d is to plot the point (x,y). The proper 
quadrant and a rough estimation of 6 may then be read from the 
diagram. If do is any one value, all of the possible values are 
given by 


d ~ do 2kir, where A; = 0, 1, 2, • • • or — 1, —2, 

The rule for differentiating inverse functions, 

dw _ 1 

dz ~ dz/dw 

remains valid in the complex case. But 

w = log z implies that z = e*". 
Consequently, by Eq. (21), 

dz 


dw 


= 


(58) 

(59) 

(60) 

(61) 


It now follows from the last three numbered equations that 

dQ^ = 1- (62) 

dz z 

We see from Eqs. (56) and (62) that the logarithmic function is 
defined and has a finite derivative for all finite values of z except 
z — 0. For z = X iy = 0, r = 0 so that log r = — <» and d 
is indeterminate. Hence we do not define log z for z — 0. 

The fundamental property of the logarithm 

log (ziZi) = log Zi + log Z 2 (63) 

follows from Eqs. (60) and (10). It is true in the sense that, 
if any two of the logarithms are given, with particular choices of 
k in Eq. (58), some possible value of the third logarithm will 
make the equation true. 
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6. The Complex Plane. In the last section we were lead to 
associate the complex number z = x iy with the point P 
in a plane where P = {x,y). We may think of the point P, or 
the vector OP, as representing the complex number. The four 
fundamental operations on complex numbers then correspond 
to simple geometric operations on the vectors that represent 
them. We refer to P as the point z. If 

Zi = Xi-]r iy\, Zi = X 2 + iyi, (64) 

then 

21 + 22 = (a:i + Xi) + i{yi + ^ 2 ). (65) 

Thus OQ, the vector sum of OPi and OP 2 according to the paral- 

0 = 2 , + ^2 


2 | 


X 


Pz'=~z, 

Fig. 2. 

lelogram law, represents the algebraic sum of Zi and Z 2 . Sim- 
ilarly OQ', the vector difference OPi — OP 2 , obtained by adding 
OP 2 reversed or OP 2 = —22 to OPi vectorially, represents 

Zi — 02. 

For products and quotients, we introduce the polar coordinates 
shown in Fig. 1. Then by Eqs. (53) and (14) we have 

21 = ri(cos di + i sin di) = (66) 

22 = r 2 (cos 02 + i sin ^ 2 ) = r 2 e^^\ (67) 

It follows that for the product 

/ 

Z 1 Z 2 = = rir 2 [cos (0i + 62 ) + i sin (0i + 62 )]. (68) 

Furthermore for the quotient 



!l = Li ^ [cos (01 - 02) + i sin (0i - 02 )]. (69) 

Z 2 T2 T2 

These results also follow from Eqs. (56) and (63). 
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Equation (68) shows that, if OP is the vector for the product 
and if Ot/ is the vector to the point 1 = 1+ Of, then the triangle 
OP-iP is similar in sense and shape to the triangle OUPi. Equa- 
tion (69) shows that if OQ is the vector for the quotient, then the 
triangle OPzQ is similar in sense and shape to the triangle OP\U. 
This fact may be used as the basis for a geometric method of 

multiplying and dividing complex 
numbers. 

7. Powers and Roots. The 

relation 

(g«,)a == ^aw ( 70 ) 

is a consequence of Eq. (10) when 
a is an integer or rational number. 
For other values of a, real or com- 
plex, this equation may be used as 
the definition of the power in the 
left member. By Eq. (60), it 
follows that 



log ( 2 “) = a log z. (71) 

If we introduce the polar coordinates of z, 

z = r(cos 0 + f sin d) = re^^. (72) 

And, by Eqs. (56) and (58) 

log z = log r + i{do + 2/j7r). (73) 

Hence 

log (z“) = a log z = a[log r + i{dQ + 2fc7r)]. (74) 

' » 

If a is an irrational or complex number, each value of k will lead 
to a distinct value of z“, and there will be an infinite number of 
values of the power. 

If n is an integer, positive or negative, kn is an integer and 


log (z") = n log r + ind = n log r + i{ndo + 2knv). (75) 
Thus only one value of the power is obtained, namely. 


2 " = — /-"(cos nd + i sin nd), 

n = 0, 1, 2, • • • or — 1, —2, • • • . 


(76) 


This is known as De Mdivre's theorem and could have been 
obtained directly from Eq. (72). 
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If m is a positive integer, for the wth root or (l/m)th power 
we have 

log ( 2 :^^”') — log r + f — = — log r + f ? - ? Y ( 77 ) 

m mm \m/ 

This makes 


^\/m 


= r'/'" ^(‘o>‘ 


00 *4” 2ikT . . 00 “f" 2/u7r 

‘08 + i 8m 


)' 


m m 

m is a positive integer, /s = 0, 1, 2, 3, • • • , m — 1. 


(78) 


This choice leads to m distinct values, and every other integral 
value of k leads to a value of the root equal to one of these. Thus 
a complex number (?^()) has m distinct mth roots. 

For example, if w = 4 and z = —lb, we have 

z — — lb = lb(cos TT + f sin tt) = Ibe”^, (79) 


With do = TT, tlie four values of 6 in Eq. (78) are 


TT dir 5ir 7ir j. . , , _c 

— j — > — radians or, in degrees, 45 
4 4 4 4 


135®, 225®, 315®. (80) 


Thus the four values of the fourth root of — lb are 

V2 + i V2. - V2 + f V2, - \/2 - 1 \/2, 

and 

\/2 - i \/2. (81) 

8. Inverse Trigonometric Functions. If sin“^ z is the function 
inverse to the function sin z, then 

w — sin“' z implies that z = sin w. (82) 

Hence, by Eq. (lb),* 

z = - — - — and — 2iz — == 0. (83) 

2i 

We may write this in the form 

(giu-)2 _ 2fz(e*“’) — 1=0, (84) 

a quadratic equation in e''", whose solution is 

giu, = iz -{- y/ (85) 

This shows that 

sin"^ z = —i log (iz + y/l — z^). 


( 86 ) 
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By a similar procedure we may deduce from Eq. (17) that 

cos“^ z = —i log {z + y/z'^ — 1), (87) 

and from Eq. (19) that 

tan- 2 = I log (88) 

The rules of differentiation for these functions are similar in 
form to those which hold when the variables are real, namely, 


d(sin~^ z) _ 1 

dz “ 

d(cos~^ z) _ —1 

dz ~ y'i~“ 72 ' 
d(tan“^ z) _ 1 

dz ” 1 + 


where y/l — 2 ^ = cos (sin“^ z), (89) 
where y/l — z"^ — sin (cos“^ z), (90) 

(91) 


These may be derived either from Eqs. (86), (87), and (88) or 
by using Eq. (59) and the relations of the type of Eq. (82). 
The latter method of reasoning shows that in Eq. (89) 


y/i — 2 ^ = cos w, 


and in Eq. (90) y/l — z^ = sin w. These supplementary rela- 
tions determine which square root is to be taken. 

9. Inverse Hyperbolic Functions. A discussion like that of 
Sec. 8, based on Eqs. (34) and (43) shows that 

sinh“‘ 2 = log (2 -f \/l + 2 ^), (92) 

cosh”^ 2 = log {z y/z"^ — (93) 

tanh“^ 2 = ^ log • (94) 


and that their derivatives are given by 


d(sinh~^ 2 ) _ 1 

d2 Vl + 

d(cosh~^ 2 ) _ 1 

dz - 1 ' 

d(tanh"^ 2 ) _ 1 

dz 1 - 


where y/l z^ = cosh (sinh“^ 2 ), 

(95) 

where -y/z^ — 1 = sinh (cosh“^ 2 ), 

(96) 

(97) 
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The additional conditions in Eqs. (95) and (96) determine which 
square root is to be used. For z and w real, the positive root is 
always to be taken in Eqs. (92) and (95). For z real and greater 
than unity, cosh"^ z is usually taken as positive and this leads 
to the positive root in Eq. (96). 

10. Mean Value Theorems. It is a geometric fact that on any 
arc of a smooth plane curve, there is always some intermediate 
point at which the tangent is parallel to the chord. If the arc 
is part of the graph oiy = f(x), with end points P and Q, we may 
write 



But the slope of the tangent to the curved arc at any point xj{x) 
is dy/dx = f'{x). Hence if ^ is the x coordinate of one point R 
where the tangent is parallel to the chord or has the same slope, 
we shall have 

= /'(«)■ ‘ (100) 

That there is always some ^ with a < ^ < h satisfying this relation 
for any differentiable function f{x) is known as the mean value 
theorem. 

When /(a) = f(h) = 0, there is some | with a < ^ < b and 
such that /'(^) = 0. This special case is kndwn as Rolle’s 
theorem. 


If we set 


b = a h 

and ^ = a -j- dh, 

(101) 

we have 



b 

— a = h > 0. 

■ (102) 

Also the relation 



a < ^ <h 

implies that 0 < dh < h. 

(103) 

Hence 

0 < d <1. 

(104) 


By using Eqs. (101) and (102) we may rewrite Eq. (100) in 
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the form 


f(a 4- h) — f (a) = hf{a + Sh). 


(105) 


That there always is some 9 with 0 < 9 < 1 satisfying this relation 
for any differentiable function f{x) is known as the law of finite 
increments. 

If the arc in Fig. 4 is j^art of a curve with parametric equations 


x^F{t), y=f{t) (106) 


with t = a at P and t = h at Q, we shall have 

P = F(a),f{a); Q == F(b), fib). 

The slope of the clord will be 

IfQ ^ m - f{a) 

PU F(b) - F(a) 


(107) 


(108) 


But the slope of the tangent to the curved arc. at any point F(t), 
f(t) at which F'{t) 9 ^ 0, is 


dx dx/di F'ltj 


(109) 


T.et us assume that for all t with a < t < b, F'{t) 9 ^ 0. Then, 
if / = ^ at one point R where the tangent is parallel to the 
chord, with a < ^ < b, we shall have F'{^) 9 ^ 0 and 


f(b) - f(a) ^ fiO 
F(b) - F’(a) F'iO' 


( 110 ) 


That there is always some | with a < ^ < b satisfying this relation 
for any two differentiable functions f{t) and F{t) with F'(t) 9 ^ 0 
for a < t < b is known as Cauchy’s generalized mean value 
theorem. 

A generalization of the law of finite increments [Eq. (105)], 
applicable to functions possessing derivatives of all orders, is 

• /)2 /w* 

f{a + h) = f{a) + hf'{a) + ^/"(a) + ‘ ‘ 

+ 0 < 0 < 1 . ( 11 1 ) 

If we change variables in accordance with Eq. (101), we may 
write it as follows: 
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/(6) = f(a) + (6 - a)/'(a) + +■■• 

This relation may be established by applying Rolle’s theorem 
to the function 

F(x) = -m + Six) + (6 - x)S'(x) + +••• 

+ + (113) 

whore A is a constant defined by the relation 
0 = F(a) = -/(fc) +/(«) + ((. - a)/'(«) + 

+ ■■■ + (U4) 


r? ! 


(w + 1)! 


The value of the derivative of F{;.r^ is 


F\x) = 


_ {b — .r)'* 


n! 


^(H+i)(a.) _ 


(5 - x)'* 


n 


-A, 


(115) 


since the other terms cancel in pairs. 

But when x — h, F(b) is zero by Eq. (113). And when 
X — a, F{a) is zero by Eq. (114). Hence we may apply Rolle’s 
theorem to F{x) and deduce that for some | such that a < ^<h, 
F'U) — fi- Consequently by Eq. (115), 

0 = F'ii) = [/'•+■'(?)'- .1] and A = /<•+>'({). 

( 1 ) 6 ) 

If we now insert this value of A in Eq. (114), Ave have merely to 
transpose /(5) to obtain Eq. (112). 

This proves Eq. (112) as well as Eq. (Ill), which differed 
from it only by a change of variable. 

In Eq. (112) we may think of 6 as a variable, replace it by x, 
and rewrite the equation in the form 

fix) = fia) + (* - a)f' ia) + +■■■ 

+ (£r “)!;<.)(„) + ;<.«>({), witha<{<a-, (117) 
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This expansion, or the equivalent form (111), is known as 
Taylor* s theorem with the remainder. 

An alternative form is obtained by starting with 


fb-a 

L 


x)dx — —f(b — x) 


6 — a 


= fQ>) - M, (118) 


and integrating the left member by parts, 


r 


f'{h — x)dx = /'(6 — x)x 


a rb — a 

+ / f'(h — x)xdx 

fb-a 

= /'(«)(& - «) + / f'ib - X)x dx. (119) 


If we repeatedly apply integration by parts, we find 
m = m + (f. - a)S'{a) + + • • • 

+ + r (*> - ^) fi (120) 

By using the change of variables (101) we may rewrite this in 
the form 

/(a + A) = /(<■) + V'(o) + |^/"(a) + • • • 

+ ^/<“>(<l)+ / /'•+»(« + It - a:) (121) 

Either of the two preceding equations is an expression of the 
alternative form of Taylor's theorem with the remainder that we 
were seeking. In each of Eqs. (Ill), (112), (120), and (121) the 
last term is known as the remainder term. 

11. Taylor’s Series for Complex Values. In a few simple 
cases it may be shown that as n becomes infinite, the remainder 
term in Eq. (117) approaches zero. In this way it may be shown 
that, for all real values of x, 

e* = l+ a: + |j + |j + * * *, (122) 

/lr»S /^5 

sin X = a; - ^ ^ + • • * , (123) 

/v»2 /y»6 

cosa: = l- ^ + ji-gi+'--. (124) 
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And, for all real x with lx] < 1, 

j-— = 1 - X + x® - x« + • • • , (125) 

log (1 + :r) = X - I' + I' - 4- . . . , (126) 

(1 + x)^ = 1 + kx + 3 p ~ 

+ • • • . (127) 

In the last case the series reduces to a finite sum if A: is a posi- 
tive integer, since all terms after the {k + l)st contain the 
factor k — k = 0. 

However, a much deeper insight into the behavior of Taylor’s 
series may be gained by using some 
results of the theory of functions of 
a complex variable, which we shall 
briefly recapitulate. 

We begin with some definitions. 

Let a = a hihe any point of the 
complex plane, and let C denote a 
circle of radius R with center at a. 

Then the condition for any point 
z = X iy to be inside the circle C is 

(x - ay -t- (y - by < RK (128) 

But, since 

z — a = X + % — (a + 6t) = (x — tt) -b i(y — h), (129) 

by Eq. (54} its absolute value is given by 

|2 - a| = V(x - ay + (v - by. (130) 

Consequently relation (128), the condition that z be inside C, ma;;, 
be written 

Iz - «! < R. (131) 

A function of a complex variable z, /(z), is said to be analytic in 
the circle C if a single value of /(z) is defined for each z inside the 
circle C, and the function /(z) has a finite derivative /'(z) at each 
point z. 

A function is said to be analytic at z if it is analytic in some 
circle C including z as an interior point. 
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The results referred to, which we shall state here as theorems 
without proof, are 

L If a function is analytic at z, it has higher derivatives of all 
orders at z. 

II. If a function is analytic in C, for all points in C the Tay- 
lor’s series about the center a converges to the function, so that 

}{z) = Hoc) + ncc)(z - a) + (2 - a)» + (z - a)‘ 

-j- • • • , (132) 

for all z such that [ 2 : — aj < B. 

A power series is a series of the form, 

Aq A- a \{z — a) Aiiz — a)‘^ -f- A^z — a)^ -f- ' ’ ' . (133) 

III. If a power series (133) converges for any one value of z, 
say 22 , where z^ 7 ^ a, and 


B = \Z'i — a 


(134) 


then for all 21 such that \zx — a| < it!, that is inside the circle C 
with a as center and B as radius, the series (133) will converge 
and so define a function f{z). This function f{z) is necessarily 
analytic in C, and the series (133) must be its Taylor’s series 
about a. 

IV. Inside C the series (133) niay be differentiated or inte- 
grated termwise. That is, if 


f{z) = Ao + Ai( 2 — a) -f- ^2(2 — a )2 A- As^z — ay 

+ • • • , (135) 

then 

/'( 2 ) = A, -b 2 A2 (z - a) a- SAz(z - a)2 + • • • (136) 

and 


j f(z)dz = Ao(2 - a) A- ^ (z — ay a- ^ (z — ay 

+ • • • . (137) 

In the last equation the integral is defined by 



* 


f(z)dz = F(z) 


= F(z) - F(a), 


a 


(138) 
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where F{z) is any function such that for all z inside C, 

f(z) = r(z) = (139) 

The statement in Theorem III that a power series is neces- 
sarily the Taylor’s series of its sum function may be deduced from 
the possibility of termwise differentiation mentioned in Theorem 
I\^ For, if Eq. (135) holds, we may deduce Eq. (136) and by 
repeated differentiation obtain 

f"(z) = 2 A 2 -|- 3 • 2 ^ 3(2 — «)“!-•••, (1"10) 

f'"(z) = 3*2^3+ • • • , (141) 


Let us next put 2 = o- in each of Eqs. (135), (136), (140), and 
(141). The results are 

f{a) = Ao, f(a) = Ax, 

These ecpiations sliow that 
.lo =/(«), .ll =/'(«), 


But, if these values are substituted in Eq. (135), it becomes 
identical with Eq. (132). 

Since a power series is always the Taylor’s series of its sum, 
all methods of expanding a function in a series of increasing 
powers of (2 — a) will lead to the same series. In particular, 
we may conclude from an equation of the type 

Aq A \{z — O') A 2 (z — O')- + • ■ • 

= Bo -\- Bi{z — a) B<i{z — a)’'^ ■+■■■'> (144) 

that 

Ao = Bo, Ai = Bx, A 2 = Bi, ■ • • . (145) 

In fact, the same conclusion holds if the relation (144) is known 
to be true when a and 2 are restricted to real values. 

We can often determine possible circles C for a given power 
series from Theorem II, if the properties of the sum function are 
known. Or we may use Theorem III, if a value 22 can be found. 


./"(a) = 2 L 4 2, /"'(a) = 3U3 

• • • . (142) 


4 _/"(«) 

A 2 - 2 !-, 


3! ’ 


• • - (143) 
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However, there is a simple process for determining a circle C 
which is applicable to many of the series met in practice. 

Let us first suppose that, in the power series. 


Aq + Ai(z — a) “b A^iz cc)^ 4" As(z — a)® -b 


(146) 


the absolute value of the ratio of successive coefficients \An/ A n-^\ 
approaches a finite limit L, not zero, as n increases indefinitely. 
Thus 

An 


lim 


An — 1 


= L ^ 0. 


(147) 


Then the series (146) will converge for any z such that 




(148) 


For this makes the limit of the ratio of the numerical values of 
successive terms in the series (140) 


ii” \Att - 

and is related to the fact that the geometric series 

a A- ar A- ar^ A- • * • + ar" + • * • , (150) 

with ratio of terms constantly equal to r, converges when |r| < 1 . 

Incidentally, just as the foregoing series (150) fails to converge 
when jrj > 1, so the series (146) diverges if — a| > 1/L. 
Thus 1/L is the radius of the largest possible circle C. ^ 

For example, each of the series (125), (126), and (127) has 
L = 1 and hence will converge if ja;] < 1. 

If the series (146) is such that 


lim 

n '-> 00 


An 


= 0 , 


(151) 


then the series will converge for all values of the variable. The 
series (122) is an example. 

If certain terms of the series are missing and the terms from 
the mth on are 


Am(z - a)”* + Am+k{z - «)’"+*' 

+ A„,+ik{z - «)'"+'* + • • • , (152) 
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lim 

n— ► 00 


A 


m-hnfc 


A 


m4-(n— l)fc| 


= Lh, 


the series will converge if 


(153) 


\^n.+nk(z - 

\Arr,.Hn-m{z + 


= L\z - a|* < 1. 


(154) 


That is, if 

'z — «! < when Lk 9^ 0, (155) 

and for all values of z if = 0. The series (123) and (124) are 
examples of the last case, with = 0. 

The discussion of the function e* in Sec. 2 is consistent with 
the results of this section. For example, Eq. (21) shows that 
6“ is analytic for all finite values of z and that the higher deriva- 
tives of Theorem I are 


f'iz) - 

= f'iz) 

= r(z) = • • • = 

(156) 

In particular 




/'(O) = 

no) 

= /'"(0) = • • • = eo = 1 

(157) 

Consequently for a 

: = 0, 

the Taylor’s development 

(132) of 

Theorem II reduces 

to 



— 

: 1 + Z 

: 4- ^ h - - + • • • 

^2! ^3!^ 

(158) 


or the defining Eq. (7). 

On the other hand, if it is known that the series in the right 
member of Eq. (122) converges for all, and hence for arbitrarily 
large, real values of x, it follows from Theorem III that the right 
member of Eq. (158) equals a function analytic for all values 
of z and having this as its Taylor’s expansion. This explains 
why it was practical to use this series as the definition of e* for 
complex values of z. 

Similar considerations apply to the functions sin z and cos z. 
Like e*, these are analytic for all finite values of z. 

12. Singular Points. For a given function, a value of z that 
cannot be included in any circle C where the function is analytic is 
called a singular 'point. The function is said to have a singularity 
at this point. For the elementary functions the singular points 
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include those values which make the function or its derivative 
infinite owing to the presence of a zero in the denominator. For 
example, 2 = 0 is a singular point of I/ 2 , and also of log 2 which 
has 1/2 as its derivative. For each of these functions 2 = 0 is the 
only finite singular point. For any nonintegral power, 2 “ as 
defined in Sec. 7 has 2 = 0 as a singular point. For, by Eq. (71), 


It follows from this by Eqs. (21), (24), and (62) that 


d(2°) 

dz 


• a • - = a 2 “~b 


(159) 


( 160 ) 


Consequently, the kih derivative is 


#( 2 ‘») 

dz'‘ 


a(a — l)(a 2) 


(a-A:+1)2“-^ (161) 


This has 2 *““ in the denominator, and this is zero for 2 = 0 if 
k is sufficiently large. Hence 2 “ must have a singularity at 0, 
since if it were analytic at 0 it would have all its higher derivatives 
finite for 2 = 0 by Theorem I. The function 2 “ has no other 
finite singularity. 

More complicated composite elementary functions will always 
be analytic for any value of 2 that does not make some denomi- 
nator, function raised to a power, or one whose logarithm is taken, 
equal to zero. Such functions will usually have singularities at 
the excepted places, although sometimes this is not the case. For 
example, 



are each analytic at 2 = 0, although this is a singularity of 
1/2 and 2 ^ 2 . ^Ne here assume either that no inverse trigono- 
metric or hyperbolic functions occur or, if they are present to 
begin with, that they are expressed in terms of logarithms and 
roots by the formulas in Secs. 8 and 9. 

Let us apply the remarks just made to the inverse functions 
themselves. From Eqs. (86), (87), and (88) we see that sin“^ 2 
and cos“^ 2 have singularities at 2 = ±1, while tan~i 2 has singu- 
larities at 2 = ±i. This could also be deduced from Eqs. (89), 
(90), and (91). Similarly, by using Eqs. (92,) (93), and (94) or 
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F]qs. (95), (96), and (97) we see that sinh“^ z has singularities 
at ±i, cosh~^ z has singularities at +1, and tanh~^ z has singu- 
larities at ±1. Either argument shows that the inverse func- 
tions have no other finite singularities. 

If f(z) has a singularity at Zo, we must take ct different from 
zo in the Taylor’s expansion (132). Suppose that there are no 
singularities inside the circle C about a of radius l^o — oc\. Then 
the expansion will converge to the function /(z) for all z in C. It 
may or may not converge for a point on the circumference of C. 
However, if it docs converge at such a point it will equal /(z) at 
that point. The expansion cannot converge at any point outside 
of the circle C, since in that case by Theorem III it would define a 
function equal to/(z) inside of C and having no singularity at Zo, 
(umtrary to our hypothesis. 

The argument just given shows that the function 1/z cannot 
be expanded about zero but that, if it is expanded about 1, the 
resulting series will converge for |z — I] < |0 — 1] or 1. To save 
writing, let us put 

z - 1 = Z and - = (163) 

z 1 + Z ' 

Then we have the Taylor’s expansion 

= 1 — Z + Z^ — Z®d- • • ’ , for |Z| < 1. (164) 

For z real and z — 1 = Z replaced by x, this reduces to Eq. (125). 

Similar considerations apply to Eqs. (126) and (127) if in the 
latter k is not a positive integer. The expansion (126) may be 
obtained from Eq. (125) by termwise integration, using Theorem 
IV, Eq. (137). Again, let us put Z = in Eq. (164), obtaining 

= I — + x'^ — , for Ia:| < 1. (165) 

We note that the function on the left has singularities when the 
denominator is zero, so that 

1 + = 0 and X = i or —i. (166) 

Each of these points is at unit distance from the origin, which 
explains why the series converges only for la:| < 1. Since the 
function is analytic for all real values of x, these limitations on x 
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cannot be predicted by considering the function for real values 
only. By integrating the series (165) termwise in accordance 
with Eq. (137), we find 

tan“^ a; = a; — y + ^ — y + • • • , for ja;! < 1. (167) 

13. Operations with Taylor’s Series. By starting with the 
series (122) through (127) and operating as we would with 
polynomials, we may derive the following expansions: 

sin^ a: = a:^ — y + • • • , 
sin® a: = a;® — y + • * * , 

/y»4 /y» 6 

= 1 + a;® + + y, + • • • , 

and 

cos (sin a;) = l— y + ' • *. (171) 

These are valid for all values of x. Also, 
cos‘ » = 1 - I a:" + x< + ■ ■ ■ , k| < | (172) 

Here we obtain (168) by multiplying the right member of (123) 
by itself, and then (169) by multiplying the result by the original 
right member. Again, if we replace the x in Eq. (122) by a:®, #e 
obtain (170). To obtain Eq. (171), we replace the x in Eq. (124) 
by sin x, and then express sin x and its powers in terms of powers 
of x by using Eqs. (123), (168), and (169). Finally, if we replace 
the X in Eq. (127) by the terms that follow the 1 in Eq. (124), we 
obtain Eq. (172). The powers of the series are found by suc- 
cessive multiplication in a manner similar to that used for Eqs. 
(168) and (169). The restriction on x in Eq. (172) follows from 
the fact that unless ifc is 0 or a positive integer, cos* a: has singu- 
lar points for all values of x which make cos x = 0, and of these 
the values + 7 r /2 are nearest to 0. 

For quotients of expansions, we may use either ordinary long 
division or the expansion (125). For example, from Eqs. (124) 


(168) 

(169) 

(170) 
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and (125) we find 

= = + ^^‘+ • • • ’ W<|- (173) 

This may be checked by putting k = —1 in Eq. (172). 

We may deduce from Eqs. (123) and (173) by multiplication 
the expansion 

tan x = sin a; • = a: + + • • • , |a:| < | (174) 


The method used to derive Eq. (172) from Eqs. (124) and (127) 
may be used for any function of a function. However, to expand 
f[g(x)] in powers of (x — a), we must first expand /(w) in powers 
of (w — 6 ) where 6 = g{a)- For this makes w — 6 = g{x) — g{a), 
which is zero when x = a. Consequently the expansion of 
u — h in powers of (x — a) will have no constant term. For 
example, let us find the series for in powers of x. Here 
a = 0 and b — cos 0 = 1 . Hence we require the series for in 
powers of (w — 1 ), or 


€"■ — e • e 


U-l _ g 


1 + (w - 1) + 


(u - 1)2 (w _ 1 ) 


2! 


+ 


3! 


+ 


(175) 


T'he right member, here obtained by using Eqs. ( 10 ) and (7), 
could of course be calculated directly by using Eqs. (132) and ( 21 ). 
We next deduce from Eq. (124) that 


u — I = cos a: — 1 = 


x^ 


x^ 


a:' 


_ _ -1- rr — 4 - 

2 ! ^ 4 ! 6 !^ 


(176) 


If we now calculate the successive powers of this and insert them 
in the right member of Eq. (175), we find that 



This is the desired expansion and is valid for all x. 

Some power series may be conveniently found by the method of 
undetermined coefficients or by use of the principle expressed in 
Eqs. (144) and (145). We shall illustrate this for the function 
inverse to y(x). Ify = a when x = b, there will be a development 

y — a = Bi{x — b) + B 2 {x — 6)2 -f- • • • , (178) 

which we assume to be known. 
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To obtain the development for the inverse function, we 
assume the expansion 

{x — h) = Ai{y — a) + — a)‘^ + • • • (179) 

with unknown coefficients. We substitute this in the known 
development (178) and so deduce 

(y - a) = Bx{Ai{y - a) + A^iy - a)^ + • • • ] 

+ B^A\^{y — a)'^ +•••]+•••. (180) 

We may now equate coefficients of like powers of (y — a) to 
obtain 

1 = fllAi, 0 = B,A2 + /?2 Ai2, • • • . (181) 

These equations determine the unknown At successively as 

Ai = A2 = - • • • • (182) 

As a specific example, with a = 6 = 0, from 

y ■= sin a; = a: — ^ , + • • • , ( 183) 

we may obtain the development for the inverse function 

a’ = sin"'^ y — y A- A- , |^| < 1. (184) 

The limitation on y is found fi-om the singularities of sin“’ y. ^ 
We may check the last expansion by termwise integration of 
the series 

— -I._ = (1 -rr'== I +1+ • ■ ■ , W<1- (185) 

V 1 - ^ 

This last series may be found either directly from Eq. (132) or 
by putting x = y‘^ and k = —3^2 in Eq- (127). 

14. Newton’s Method of Solving Equations. The develop- 
ment of inverse functions given by Eqs. (179) and (182) may be 
applied to the problem of solving any equation in one variable 
involving algebraic or transcendental functions, provided that 
the functions are analytic for values of the variable near the root 
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sought. We assume the equation written in the form 

Kx) = 0, (186) 

where S{x) is an analytic function. 

Let us suppose that rj is a known approximate value of the 

root. Then if we write y — fix), we may form the Taylor’s 

expansion about r\, namely, 

y = f(x) = fir,) + f'(r,)ix - r,) {x - r,)* + • • ■ . 

(187) 

Using the method applied to Eq. (179), we may deduce from this 
that 

X -rx = [y - f(ri)] - [v ~ • ( 1 ^ 8 ) 

If the exact value of the root approximated by ri is r, 

/(r) = 0, and y = 0, x = r (189) 

are values satisfying Eq. (187), and hence (188). On sub- 

stituting these values in the latter equation, we find 

r — ri = — ff(ri)p 4- • • • (190) 

fin) 2[/'(ri)]3^-^^ ^ ^ ^ 


Since ri is an approximation to r, fri) will approximate zero and 
hence be small compared with unity. Consequently the higher 
powers of /(ri) will be small compared with the first power. 
Neglecting these higher powers, and denoting the resulting solu- 
tion of Eq. (190) for r by r 2 , we find 


r2 = ri — 


fin) 

finf 


(191) 


as a second approximation to the root. The process may be 
repeated for increased accuracy. Usually, if Vi is correct to n 
decimal places, firi)/J'{ri) will be less than 1/10”. Hence 
[/(^i)//'(^i)]^ will be less than 1/10-”, and the new approximation 
will be correct to nearly 2n decimal places. 

We illustrate the procedure for the algebraic equation 


= 2. 


(192) 
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Here we have 


- 2 = 0, f(x) = -2, fix) = 2x. (193) 


Thus Eq. (191) for calculating improved approximations 
becomes 




= n - 


ri2 - 2 
2ri 


Li + i. 

2 


( 194 ) 


Beginning with ri = 1, we find for the successive approximations 

n = 1, r2 = 1.5, n = 1.417, n = 1.414216, 

rs = 1.414214. . (195) 

The method is valid for complex roots, provided that an 
approximate value for a root ri can be found which makes 
|/(ri)| small. 



In the real case, a rough graph of y = f(x) will usually provide 
a good approximation to take as ri. The graph will also show 
whether it is better to take ri in excess or in defect of the true 
root. In Fig. 6, if we start with ri, the successive approxima- 
tions will rapidly decrease to the root. If we start with ro, the 
second approximation would be as poor as the first but, sin':e 
it would be Vi in the figure, from this point on the approximatio is 
would improve. The figure also illustrates the geometric 
significance of Eq. (191) in that r 2 is the intersection with the x 
axis of the tangent to y = f{x) at the point for which x = Vu 
16. Taylor’s Series and the Indeterminate Form 0/0. If f(x) 
and F(x) each approach zero when x approaches a, the quotient 
f(x)/F(x) may or may not approach a limit as x approaches a. 
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Whether there is a limit, and its value if there is one, cannot be 
predicted without further information about the functions. 
This situation is briefly described as the indeterminate form 0/0. 

Let us first assume that j{x) and F{x) are each analytic at 
X = a and that F'(a) 9 ^ 0. Then on replacing the functions 
by their Taylor’s series, we find 


f{x) + (a: — a)f'(a) + — /"(«) + • • • 

F(a) + {x-a) F’{a) + F"(a) + ■ ■ ■ 


(196) 


Since f(x) — > 0 and F(x) — > 0 when x — a, in the Taylor’s expan- 
sions we must have f(a) = F{a) — 0. If we omit these terms 
and assume that x 9 ^ a, we may cancel the factor (x — a) to 
obtain 


/(£) ^ 
F(x) 


f(a) + /"(a) + ■ ■ ■ 

F'(a) + F"{a) + • • • 


(197) 


It follows from this that 


lim when /(a) = F{a) = 0, F’(a) ^ 0. (198) 

This is one form of V Hospital’s rule for evaluating indeterminate 
forms. 

If /'(a) and F'{a) are also both zero while F''{a) 9 ^ 0, we may 
cancel the factor (x — a)V2i in Eq. (196) and deduce that 

lim = F~^tay wlien/(a) = F(a) = f'(a) = F'(a) = 0, 

F"(a) 9 ^ 0. (199) 

A similar argument shows that 

Urn when F^’^Ha) 9^ 0 (200) 

i™F(x) F('*>(a) 

but 

f{a) =f(a) = • • • =f’‘->>(a) »0 

and 

F{a) = F'(a) = • • • « F('‘-i>(a) = 0. 

Whenever we have to go beyond the first derivative, if the 
Taylor’s series for /(x) and F(x) are either known or obtainable 
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from known series by the methods of Sec. 13, it is practically 
simpler to use these directly, as in Eq. (196). For example, 
from the Taylor’s series about zero we find 

sin (x^) — x^ _ x^ — a:*/3! + • • • — x^ 
tan"^ (x^) — x^ x^ — x'-’/S — -r* ^ 

so that 

,. sin ( x^) — x^ _ —1/3! _ ^ 

3;l2otan~^ (.r*) — x^ —1/3 2 

If we had solved this example by means of Eq. (200), it would 
have been necessary to differentiate nine times. 

Since the methods of this section depend on Taylor’s series, 
they are valid for complex values of a or for approach to real 
values of a through complex values of x. 

16. The Indeterminate Form 0/0. If a is a singular point of 
either /(a:) or F(x), the argument of Sec. 15 no longer applies, 
since a function has no Taylor’s expansion about a singularity. 
However, if a is real and a* approaches a through real values 
greater than a, indicated by writing x a-\-, it is true that, if 

and 


then 


'lim fix) = 0, 

lim F{x) = 0, 

(203) 

X— >a -j- 

.r— 


F'(x) 

(204) 

,• /(a.) 

F(x) 

(205) 


( 201 ) 

(202) 


We may prove this as follows. By Eq. (204), in some interv^^l 
a < X < a h, the functions /(a:) and F{x) will be differentiable 
and the arc with 

= F(t), y = m (206) 

will be smooth. By Eq. (203) its end point at a will be 0,0 and 
Eq. (206) will hold dA t — a if we define /(a) = 0 and F{a) = 0. 
We may then write 

- /(^) ~ /C«) 

'F{x) 'F{x)-F{a) ^ ’ 

Next we note that, for a suitable ^ with a < ^ < x, 


fix) - fia) _ /'(^) 
Fix) - Ffa) ^ F'i^y 


( 208 ) 
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by Cauchy’s generalized mean value theorem [Eq. (110)]. 
Since ^ is between a and x, when x— >a+, >o+. But by 
Eq. (204), 

Urn ® = i, (209) 

«-*o+ F (?) 

SO that in consequence of the preceding three equations 


lim ri/ \ 

x-*a+ F{X) 




( 210 ) 


as we stated. 

The rule of I’Hospital as stated in Eqs. (203), (204), and (205) 
continues to hold if we replace x ^ a+ by x a— throughout, 
where x — > a — indicates that x approaches a through real 
values less than a. Or we may write throughout x — > a to mean 
that there is no restriction on the sign of x — a. Likewise we 
may apply the rule when x— >+oo,x— <»,orx— ^oo. This 
may be shown by putting y — 1/x. This makes i/ — » 0+ when 
a; — > + 00 and 

/If;) 4/0 


lim M 

Fix) 


= lim 

+ 


i) ^ ,i, 

\y/ dy w 


(211) 


from the original rule for y — > 0+. But if 


d 


fix) 




dx/'''^' •' dy' 

A similar result holds for F{x). Hence 

d 


lim 


dy 


j/->o + d 
dy 


(fi) 


' T fix) 

r = lim 

* e (x) 


(213) 


This proves that the rule holds for x — > + oo . 

17. The Indeterminate Form <» / co . If, when x 


a+. 


lim fix) — 00 , 

ar— >a + 


lim Fix) = 00 , 

a ;— ^0 + 


(214) 


f'(^) 


F'(a:) 


= L, 


and 


(215) 
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then 


M _ 


lim ri/ \ 

x—*a+ 


= L. 


(216) 


T his may be proved by noting that for any two values Xi and x^, 
by the Cauchy generalized mean value theorem [Eq. (110)], we 
have 


f(x,) - fjxQ _ no 
F{x,) - F{x,) F'ay 


(217) 


where $ is a suitably chosen number with < ^ < x^. 
next write 

fM - /(»i) _ f(^i) r 1 - ] 

F(_x,} - Fix,) Fix,) [l - F(x,)//?(x,)J' 


Let us 


(218) 


It follows from the last two equations that 

^ f(0 r 1 - F{x,)/F{x,) '\ 

F{xi) F'iO L 1 - fM/fix^) J‘ 


(219) 


In view of Eq. (215), we may take Xz so close to a that, for all x 
in the interval from a to x^, the value of f'(x)/F'(x) will be near its 
limit L. Then, if Xi is any value between a and X 2 , ^ which is 


a:, ^ ^2 

'I I 1— 

Fio. 7. 


between Xi and xz will be in the interval from a to X 2 . Conse- 
quently /'(?)/E'(^), the first factor in the right member of Eq. 
(219), will be near L. But, having fixed X 2 and hence F(x 2 ), \^e 
may then take Xi so close to a that F(xi) is large compared with 
F(x 2 ), in view of condition (214). This will make F(x 2 ) /F(xi) near 
zero and 1 — [F(x 2 )/F(xi)] near 1. Similarly we may make 



near 1. Consequently, the right member of Eq. (219) will be 
near L when Xi is sufficiently near to a. That is, 


lim 

F{x) 


L, 


which is the conclusion stated in Eq. (216). 


( 220 ) 
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By similar reasoning the rule may be shown to hold when 
X — > a+ is replaced throughout by ic— >a— , x— >a, x— >+<», 
X— > — i»,orx— > «. 

As an application, consider the evaluation of 


lim 3 + log (x + 1) 
a;— 00 log (x2 4- 1) 


( 221 ) 


Here the numerator and denominator each approach + oo when 
X — » + 00 and 


fix) _x+l _ x^+l _ 

F'(x) 2x 2x2 + 2x _ , 2' 

+ I X 


( 222 ) 


Since l/x^ and 1/x each approach 0 when x oo, the required 
limit (221) is 4^. 

The method of factoring out the highest power of x used in 
Eq. (222) is often useful in evaluating the limiting ratio of two 
polynomials for x — ^ oo . 

We may use the rule just proved and embodied in Eqs. (214), 
(215), and (216) to prove that, for x — > + oo , 


lim ^ = 0 and lim = 0. (223) 

X — >-j- 00 ^ 00 X 

These relations are not disturbed if we raise the functions to any 
fixed positive powers. That is, if a > 0 and 6 > 0, 


lim 

a ;— 00 




obx 


= 0 


and 


ii.„ <!2iA“ = o. 

X — > -j- OO X 


(224) 


These relations hold however large a may be and however small 
b may be. 

If we apply our rule to the limits just written, we find 


and 


lim 
»-»+ 00 


x** 


lim 

X^+ oO 


ax“~^ 


lim 


(log xf 

X* 


lim 


a(log x)®" 


X 


6x*“^ 


lim 

X— 00 


a(log x)®~^ 
6x* 


(225) 


(226) 


If a ^ 1, the last limits in Eqs. (225) and (226) are directly seen 
to equal zero. If not, these limits are a constant times an expres- 
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sion similar to the one we started with but with a decreased by 1. 
Consequently, after a sufficient number of repetitions of the 
process, we shall come to a fraction whose numerator contains 
either x or log x raised to a power which is either zero or a negative 
number. Since the denominator of the fraction contains the 
factor or x^, the limit of the fraction is seen to be zero. 

This proves the relations (224), including the special case (223). 
These relations show that for a: —>+<», e® is an essentially higher- 
order of infinity than x, and that for a; + co ,'log x is an essen- 
tially lower order, 

18. Other Indeterminate Forms. The indeterminate forms 
indicated by — oo , 0 • <» , 1 0°, “ may often be reduced 

to cases where ^Hospital’s rule applies by a simple transforma- 
tion. For example, the last three types reduce to the second type, 
0 • 00 , by taking logarithms. This type may be reduced to a 
fraction by putting either factor in the denominator, or it may be 
treated directly by using Taylor’s series. 

As an example, consider 


lim (1 -{■ ax -{- (227) 


If we denote the expression whose limit is required by u, we may 
write 


log u = 



log (1 + aa; + hx"^). 


(228) 


But, by Eq. (126), 

log (1 -f aa: + hx"^) — {ax -f- hx"^) — i(ax -f bx^Y • • • , (229^ 


so that 


log u = ac {ad -h be — ^a^c)x -f- • • • . 
It follows from this that, when a: — > 0, 

log u ac and u — » 


That is, 

lim (1 4- aa: + = e“*. 

a ;— >0 


(230) 

(231) 

(232) 


In fact, adding higher powers of x constituting either a polynomial 
or convergent power series either to the terras in the parentheses 
or to those in the exponent does not affect the result. For 
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example, 
lim (cos 

a’-^O 


lim 




As an example of the form « — oo ^ we have: 



This may be evaluated by noting that 

1 _ ^ ^ ~ ^ — • • • _ l/G — • • • 

X sin X x^ x^ sin x x^ — • \ — .. . 


(233) 

(234) 

(235) 


The omitted terms in the last fraction all contain positive powers 
of X and so approach 0 when a: — ^ 0. Consequently the required 
limit (234) is 3^^. 

The examples just worked out illustrate that it is often simpler 
to use expansions in Taylor’s series than to reduce the expression 
to a form that can be treated by THospital’s rule. 

19. Computation. The error made by replacing a function by 
the first n terms of its Taylor’s series, in the case of real variables, 
could be estimated by using one of the forms of Taylor’s theorem 
with the remainder, such as Eq. (121), (111), or (117). How- 
ever, for a function analytic at a, the series is known to converge 
to the function for sufficiently small values oi x — a = h. And 
the practical computation of the function from the series is 
feasible only when relatively few, say less than 10, terms will 
give a good approximation. In this case the practical method of 
finding a result accurate to within say 2 x 10“'* is to compute each 
term to the {n -f l)st decimal place, including all terms that 
numerically exceed 1 in this place, and after calculating their 
algebraic sum, to round this off to n places. 

Whereas Taylor’s series or some equivalent process is needed to 
make an original table of the functions log x, e®, and the trigono- 
metric functions, for most practical purposes the values of these 
functions will be read from tables already available. Occa- 
sionally, however, combinations of such functions occur which 
are very small, so that few significant figures can be found by a 
direct use of ordinary tables, while an accurate value can easily 
be found by means of series. For example, if we require 

\/l00 -f- a; — 10, 


(236) 
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for X = \, we find from four-place tables of square roots 

10.05 - 10 = 0.05. (237) 

But if we use the binomial series [Eq. (127)] we find 

Vioo+i = io(i + = io[i + 

+ K (l®y + ■ ■ • } (238) 

so that when x = 1, 

VlOO + 1 - 10 = 0.05 - 0.000125 + 0.000001 - • • • (239) 

= 0.049876, 

which is a result containing five significant figures. 

As a second example, consider 


sin (x*) — X* 
tan~^ (x®) — X® 


X 


3 _ 


X® x^® 


X* 


X 


3 _ 


x” 


+ 


X 


16 


5 


x*” 


= i + 


(240) 


If we attempt to compute the expression on the left from four- 
place tables for x = 0.1 and for x = 0.5, we find the numerator 
and denominator each zero for the smaller value, and for the 
second value the result 0.5 with some doubt as to the first signif- 
icant figure. However, the series on the right shows that the 
expression is 0.5000003 when x = 0.1, and is 0.5043 when 
X = 0.5. * 

20. Technique and Logic. In evaluating a result for a prac- 
tical purpose, we often use methods that from one point of view 
involve circular reasoning. For example, we may use THospital’s 
rule to show that 


lim 


sin X 

X 


cos X 
lim — ij — 


= 1 . 


(241) 


Actually the value of the first limit was needed to prove that 
d(sin x)/dx = cos x, which we used here at an intermediate stage 
of the argument. Thus Eq. (241) could not be regarded as a 
fundamental proof. However, it is a correct calculation in the 
sense that we have used the consistency of our results to recall 
a theorem of elementary calculus. 
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The reader interested in a logical development of the subject 
is referred to the author’s Treatise on Advanced Calculus for a 
treatment starting from first principles and free of circular reason- 
ing. Among other things, it includes derivations of most 
of the results stated without proof in this chapter. In particular, 
the elementary functions are discussed at length for real values 
in Chap. Ill of the Treatise, and for complex values in Chap. V. 
Mean value theorems and Taylor’s theorem for real values are 
treated in Chap. IV, while Taylor’s series for complex values are 
treated in Chap. XIII. And the convergence of series will be 
found in Chap. IX. 


EXERCISES I 

1 . Use the power series (7) to check the tabular values = 1.2214 
and = 0.81873. 

2 . Using the values found in Prob. 1, verify Eq. (10) for Zi = 0.2 
and 22 = —0.2. 

d / 

3 . From Eqs. (21) and (24) deduce that ^ 

/ J* £(aA-bi)x 

4 . Assuming a, b, and x real, evaluate the two indefinite integrals 


/ 


e"* cos bx dx and j sin bx dx by equating the real and imaginary 
parts of the last equation of Prob. 3. 

Evaluate each of the following integrals after transforming the inte- 
grand to the second form by means of Eqs. (16), (17), (14), and (15): 


6 . 

6 . 


j 8 sin^ X dx = j (cos 4a; — 4 cos 2x + 3)dx. 
j 8 sin^ X cos^ x dx = j ( — cos Ax + l)dx. 


7. If n is any positive integer and z is any complex number, show 
that 

gin* = (cos z A i sin 2 )" and e-'"* = (cos z — i sin 2 )’*. 

8 . From Prob. 7, deduce that 
n(n — 1) 


cos nz = cos” 2 — 


2 ! 


cos”~® 2 sin® 2 


. n(n — l)(n — 2)(n — 3) 

4 — — cos""^ 2 sin^ 2 — 


The series terminates when terms are reached containing the fac- 
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tor n — n = 0. For example, cos 3^ = cos’ 2 — 3 cos z sin^ z and 
cos 4z = cos^ 2 — 6 cos^ z sin’ z + sin^ z. 

9 . From Prob. 7, deduce that 


sin nz — n cos”“^ z sin z 


n(n — l)(n — 2) 
3! 


cos"“’ z sin’ 2 4- ■ ■ ■ . 


The series terminates when terms are reached containing the 
factor n — n = 0. For example, sin 32 = 3 cos’ 2 sin 2 — sin’ z and 
sin 42 = 4 cos’ 2 sin 2 — 4 cos 2 sin’ 2. 

10 . Verify that the sum of the geometric progression of exponentials 

4- • • • + c”" is — — n - 


By expressing the trigonometric functions in terms of exponential 
functions and using the result of Prob. 10, show that 


11 . sin 2 + sin 22 4- • ‘ • 4- sin nz = 


cos 


cos 



2 



. / , 1 \ 

sm yi 4- 2 / ^ ~ 2 

12. cos 2 4- cos 22 + • • • -t- cos nz = 

2 sm 2 

13 . If a is any real number, prove that |e*''| = 1. 

14 . For a and b real, prove that = e". 


Express each of the following in the form a + bi, with a and b each 
real: 


16 . 16 . 17 . cos 3t. 18 . sin (— 1 + i). 

19 . cos (1 4- 2i). 20 . cosh 3i. 21 . sinh (2 — i). 22 . cosh (1 + 

Prove the following identities: 

23 . 1 — tanh^ x = sech’ x. 24 . coth’ x — 1 = csch’ x. 

25 . sinh 2x = 2 sinh x cosh x. 26 . cosh 2x = cosh’ x + sinh’ x. 

27 . sinh ix = i sin x. 28 . cosh ix = cos x. 

29 . If S is the sectorial area swept out by the radius vector r of Fig. 1, 

dS — Hr’ dd. Show that if x and y are given in terms of a parameter t, 
dS — H(a: dy — y dx). Hint; From x = r cos 6 and y = r sin 6, deduce 

x' = r' cos 0 — r sin 6 6' and y' = r' sin 0 + r cos d d', and hence 

xy' — yx' — rW. 

30 . For the unit circle x’ 4- = 1, we may put x = cos t, y = sin t, 

and deduce from Prob. 29 that dS — H dt. Similarly for the unit 
rectangular hyperbola x’ — 1 /’ = 1 , we may put x = cosh t,y = sinh t, 
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and deduce that dS = }>i dl. It follows that in Fig. 8, with AB an 
arc of X* + 2/^ = 1 and the shaded area equal to t/2, we shall have 
CC = cos t, CB = sin t, and AD = tan t. Similarly, in Fig. 9, with 
AB an arc of — y'^ = i and the shaded area equal to t/2, we shall 
have OC = cosh t, CB = sinh t, and AD = tanh t. This analogy 
between circular and hyperbolic functions is the reason for the designa- 
tion of the latter as hyperbolic. 



31 . If u is any real number, the function Giidermannian of w, <^ = gd u, 
is defined as the value between — 7r/2 and ir/2 which satisfies the relation 
4> = 2 tan~^ e“ — 7r/2. Show that u = log tan (t/ 4 -f- <i>/2). 

32 . With the notation of Prob. 31, show that 

sinh u = tan (j>, cosh u = sec </>, tanh u = sin <^, 

csch u = cot 4>, sech u = cos 0, and coth u = esc 0. 

33 . If u = 1, compute 0 from the defining relation of Prob. 31. Also 
verify that the value of the functions of u and 0 taken from the tables 
satisfy the first three relations of Prob. 32. 

34 . Check the tabular values sinh 0.2 = 0.2013 and cosh 0.2 = 1.0201 
(tt) by using the power series (45) and (46), and (6) by using Eq. (34) 
and the result of Prob. 2. 

36 . If n is any positive integer and z is any complex number, show 
that 


gna 3 = (cosh z -f sinh z)" and e""* = (cosh z — sinh «)". 

36. Frorn Prob. 35, deduce that 

cosh nz = cosh" z -\ cosh""* g sinh* z 

, n(n - l)(n — 2)(n — 3) ^ ^ , 

_ 1 _ — cosh""'* z sinh^ z + * • • . 

The series terminates when terms are reached containing the factor 
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n — n - 0. For example, cosh 3z = cosh® 2 + 3 cosh z sinh* z and 
cosh 4z = cosh^ z + 6 cosh* z sinh* z + sinh^ z. 

37. From Prob. 35, deduce that 

sinh nz = n cosh”"^ z sinh z 

, n(n — l)(n — 2) , , . , , 

+ — - — cosh"“® z sinh® z + * • • . 

The series terminates when terms are reached containing the factor 
n — n = 0. For example, sinh 3z = 3 cosh* z sinh z + sinh® z and 
sinh 4z = 4 cosh® z sinh z + 4 cosh z sinh® z. 

38. Find the absolute value and one possible value of the angle for 
each of the following complex numbers: 

(a) 4 = 4 + Of; (6) — 9f = 0 — 9f; (c) Vs + i. 

39. Calculate one value of the logarithm of each of the complex 
numbers of Prob. 38. 


Evaluate each of the following algebraically, and check by carrying 
out a graphical construction: 


40. (4 - 6f) + (-8 + 5f). 
42. (8 + 3t)(-4 - 5f). . 


41. (-6 + 31 ) - (2 + hi). 
43. (3 - i)\ 



46. Find the two square roots of each of the complex numbers of 
Prob. 38. 


Find all the values of each of the following indicated roots: 

47. 48. 49. -ym. 50. 

51. Show that all of the values of v are real and that one of them fs 

62, It is found in elementary calculus that 


/ « (lx 
a* + a;* 


^ f -1^ 

- tan ^ - 
a a 


and 




a + X 
a — X 


Show that the second integral may be written in a form analogous to 
that for the first, with tan~^ replaced by tanh~^ 

63. It is found in elementary calculus that 


/ X dx . , ^ 

— 7 = sin“^ - 

Va® — a;* ^ 
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Show that the second integral may be written in a form analogous to 
that for the first, with sin“* replaced by sinh~^ 

64 . Prove the theorem of the mean for integrals: 

F{x)dx — {h — a)F(^) for a suitable ^ with a < ^ < b. 

Hint: Put F{x) = f\x) and use the mean value theorem (100). 

66. By integrating the appropriate series termwise, verify that 

tanh-i x = x + + j + \x\<l. 


66. Check the tabular value tanh“i 0.5 = 0.5493 (a) by using the 
series of Prob. 55; (6) by using Eq. (94). 

. 67 . Verify the expansion for the hyperbolic tangent in an infinite series 
tanh X = X — }-ix^ + H 5 ^^ — + • * * (a) by division of the 

series for sinh x by that for cosh x; (b) by using the method of undeter- 
mined coefficients or Eq. (182) to find the series for the function inverse 
to the series of Prob. 55. 

68. Check the tabular value tanh 0.2 = 0.1974 (o) by using the series 
of Prob. 57 ; (6) by using the values found in Prob. 34. 

69 . By integrating the appropriate series termwise, verify that 

. , , lx« l-3a:« 1 •3-5x7 

+ - 2 T^y+ ■ ■ ■ , |x|<l. 

60 . Check the tabular value sinh“‘ 0.1 = 0.0998 (a) by using the 
series of Prob. 59; (6) by using Eq. (92). 

61 . Check the tabular value cosh“^ 1.025 = 0.2231 (o) by deducing 
from Eq. (40) that cosh-‘ 1.025 = sinh“i 0.225, and then using the 
series of Prob. 59; (6) by using Eq. (93). 

62 . Check the tabular values sin 11° = 0.1908 and cos 11° = 0.9816 
by using series (8) and (9). Note that 11° = 11 ••7r/180 radian or 
11(0.01745) = 0.1920. 

63 . Check the tabular values sin 41° = 0.6561 and cos 41° = 0.7547 
(a) by using the Taylor’s series about the value ir/6 and the known 
values of the sine and cosine of t/6 radian or 30° ; (6) by using the known 
values of the sine and cosine of 30°, the values of the sine and cosine of 
11° found in Prob. 62, and the addition theorems (11) and (12). 

64 . From Eq. (126) deduce the expansion 


1 + X 


/ X* 

(*+3 


X® x7 

5 + 7 + 


|x| < 1. 


66. Show that the left member of the equation in Prob. 64 will 
reduce to log (m + 1) — log w if x = l/(2m + 1). Using this result 
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and the series of Prob. 64, check the tabular difference from a table of 
natural logarithms: log 11 — log 10 = 0.0953. 

Derive the following series expansions by any convenient method: 

X* X"* X® 

- 8 - I5 ■ 


^2 yy*3 

. - . . • w 

67. ** = l + X 4- ^ - -g 


7x< 

24 


Ixl < 1. 


68 . 


/; 


e~*^dx = X 


x^ 1 X® 1 x^ 


.13 


„ r* 1 X® 1 x» 1 x^, 

69. cos X dx X 2!5”^4!9 


70 


/^3 

sinx^dx= 3 -^y + ^jj 


6! 13 

l£L' 

7! 15 


+ 


dx 


x^ 


¥ 9 “ 12 ■*" 


Ixl < 1. 


fx 

71. / T-r— 3 

J(\ 1 -1- X® 

72. Evaluate e~^‘‘dx by using the result of Prob. 68. 

73. Evaluate sin xVx by using the series of Prob. 70. 

74. Evaluate cosh xMx by using a power scries expansion. 

sin X 

76. Evaluate / y— dx by using a power series expansion. 

Each of the following equations has a real root between the indicated 
limits. Compute this root to at least three significant figures. 

76. X® - 5x2 4- 6x - 1 = 0, 0.1 < x < 0.2. 

77. X® + 3x* - 2x2 -f X + 1 = 0, - 1 < X < 0. 

78. = 4x, 0.3 < X < 0.4. 79. cos x = x, 0.7 < x < O.S.i 

80. tan X — 2x, 1 < x < 2. 81. 2 sin x = x, 1 ^ x < 2. 

Use I’Hospital’s rule [Eq. (198)] to evaluate the following limits: 

*• - ' 83. lira '---i 

jr— >0 ^ 

sin TTX 


82. Urn 

a;— >>1 ^ — 1 

84. lira‘:«(L+.^]. 

86 . lim ^ ~ ^ 


86 . lim , , 

x-4-1 1 4- a: 

cos X 


i, 


87. lim 

f x—^ir/Z ^ TT/o 


X-+X/4 X — 7r/4 

88 . Show that each of the limits in Probs. 82 to 87 may be evaluated 
by a direct application of the definition of a derivative, namely, 

= f(a). 




X — a 
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Evaluate the following limits by any convenient method: 


89. lim 

x-»0 


a* — 6* 


tan X — X 


9L lim ; 

j .^^0 a: — sin a: 

93. lim 

x--* oo CSC“' X 

96. lim x** (log xy. 

.r— ►O + 

97. lim (sin x)**" 

.r — ►7r/2 

99. lim (1 — 

X — ->0 

!• 1 ■“ log X 

101. Inn • 

x-> \ M I -f- x~ 


Art 1- X ~ tan“^ X 

90. hm -7 — ; 

r- >0 sin~* X — X 

nn V 1 — COS X 
X — ►() t/RH X 

CSC 2x 
94. lim 7-- 

CSC Ax 

96. lim x^. 

X — ►O -f* 

98. lim ( 7^ — cot X ) • 

vx — 27r / 

100. lim (log x)h 

.r— >-f- « 


Hint: Use the form 


log X — 1 + 1/log X 

X Vl -h 1/a:'* 


The following values are too small to be accurately computed by a 
direct use of four-place tables. Using power series, compute each value 
to at least three significant figures: 

102. 2e* — 2 — 2x — x^, when x = 0.1. 

103. tan X -h tan-^ x — 2x, when x = 0.2. 

104. 2 cosh X — 2 — x^, when x = 0.2. 

105. tanh x -1- tan x — sinh x — sin x, when x = 0.1. 


106. Evaluate lim ~ and lim 

X— ♦! ^ L X — ►! 

the second case Eq. (203) is not satisfied. 


X- — 3x -h 5 


, noting that in 



CHAPTER II 


PARTIAL DIFFERENTIATION 
AND IMPLICIT FUNCTIONS 


In many situations we must consider a physical quantity as 
depending on more than one independent variable. For such 
cases the notion of an ordinary derivative and the methods ol 
the differential calculus for functions of one variable must be 
generalized so as to apply to functions of several variables. This 
extension constitutes the subject of partial differentiation, to 
which we devote this chapter. We define partial derivatives and 
total differentials and study their fundamental properties. We 
discuss how the partial derivatives are transformed when we 
change from one set of variables or coordinates to another. 
The special case of inverse transformations leads to the subject 
of implicit functions and Jacobian determinants. In this con- 
nection a brief treatment of determinants is given. Finally, 
we state Taylor’s theorem and solve some problems in maxima 
and minima for functions of more than one variable, using 
Lagrange’s multipliers as well as direct methods. 

21. Partial Derivatives and Total Differentials. Let w be a 
function of the two real variables x and y, so that 

% 

w = f{x,y). (1) 

Then for each fixed value of y, w is a function of x. If this is a 
differentiable function, we may apply the ordinary process of 
differentiation to it. The result is indicated by du/dx, Ux, or 
fx{x,y), and is called the partial derivative of f{x,y) with respect 
to X. Thus • 


du 

dx 


— Ux 


fx{x,y) 


f{x + h,y) - f{x,y) 
hm'' r 


( 2 ) 


Similarly, if we keep x fixed, we may obtain a partial derivative 
with respect to y denoted by du/dy, Uy or fy{x,y), with 

fix,y + fc) - f ix,y) 


dy 


— Uy fv{x,y') 


lim 

k-*0 

44 


k 


(3) 
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If we apply the law of finite increments [Eq. (105) of Sec. 10] 
to f{x,y), considered as a function of x only with y fixed, we find 

f{x + h,y) - f(x,y) = + dih,y), (4) 

for some suitable value of 6 i with 0 < < 1. Similarly, we 

may apply the law of finite increments to f{x + h,y) considered 
as a function of y only by keeping x h fixed. The result is 

fix h,y k) — fix h,y) = kfyix + h, y -{■ djc), (5) 


for some suitable value of $2 with 0 < 02 < 1. 

Let Am denote the increment of m when x and y both vary, so 
that 

Am = fix h, y k) - fix,y). (6) 

Then it follows from Eqs. (4), (5), and (6) that 

Am = hfxix 4- Oih,y) + kfyix h,y 02^). (7) 

When h and k are small, dih and 02^ will also be small. Thus 
in a plane with x and y as rectangular coordinates, the points 



Fig. 10 . 


Q = ix 6 ih,y) and i? = (.r -f h, y + 02 /i) will each be near 
the point P — ix,y). Let us assume that the partial derivatives 
fxix,y) and fyix,y) are continuous. Then f^ix + 6 ih,y) will be 
nearly equal tofxix,y) and/„(x h,y 62 k) will be nearly equal 
to fyix,y). Consequently, if we write 

fxix + eih,y) - fxix,y) = 6i, (8) 

fyix + h, y + 02^) - fyix,y) = € 2 , (9) 

the quantities 61 and €2 will each be numerically small when h 
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and k are small. Hence ei and 62 will each approach zero when 
h and k approach zero. We may deduce from Eqs. (7), ( 8 ), and 
(9) that 

Aw = hfx(x,y) + kfy{x,y) + e^h + 62/c, (10) 

where 

ei -^0 and € 2— ^0 when (/i, it) ( 0 , 0 ). ( 11 ) 

Since h and k are the increments of x and y, we replace them by 
Ax and Ay and write 


Aw = Axfx{x,y) + Ay fy{x,y) + eiAx + i2Ay. (12) 

Suppose next that x and y are each functions of a new variable 
t. This makes u{x,y) a function of t. We may then compute the 
derivative du/dt from 


Aw 

aF 


= + «. f ■ 


When A< — » 0 ; Ax — > 0 and Ay — » 0 ; also 

Ax dx , Ay dy 

At dt At dt 


(13) 


(14) 


But, by Eq. (11), when h = Ax 0 and k = Ay —* 0, then 
ei-^ 0 , and € 2 — > 0 . Thus we find from Eq. (13) in the limit. 


l^he last two terms of Eq. (12) contributed nothing to the pre- 
ceding result. Hence we define the total differential of w, for 
given dx and dy, as 

du = dxfx{x,y) + dyfy{x,y). (16) 

Here dx and dy are arbitrarily chosen. We note that the limiting 
relation (15) may be obtained from Eq. (16) by merely dividing 
by dt. 

Equation (16) is consistent with the definition of a differential 
for a function of one variable, since, if y does not appear in the 
function /(x,y), we shall have 

fix,y) = f(^)y Mx,y)=f'{x) and fy{x,y) = 0. 

Hence in this case Eq. (16) becomes 

du = f'{x)dx, where /'(x) — and dx is arbitrary. (17) 
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With another notation for the partial derivatives, Eq. (16) 
may be written 

If X and y were each functions of the two new variables s and b 
for s fixed they would be functions of t alone. In this case, when 
we divide Eq. (16) by dt we obtain partial derivatives. Hence 
Ave write the result as 


du _ ^ dx . ^ dy 
'N ~ dxM ^ dyJi' 


(19) 


Similarly, by keeping t fixed, we find 


du 


^ dx , du dy 
dx ds dy ds 


( 20 ) 


If we apply the relation (18) to x and y regarded as functions of 
the independent variables s and t, we find 


dx = ^ ds ^ dt and dy = ^ ds ^ dt. (21) 
ds dt ds dt 


We may now deduce from Eqs. (19), (20), and (21) that 


du , , du , 

dx + -- dy 
dx dy 


du ( dx , , dx ,, 

„ ( ^ - ds — dt 
dx \ds dt 




du , , du ,, 


( 22 ) 


But the left member defines du when x and y are the independent 
variables, while the right member defines du when s and t are the 
independent variables. Since the two are equal, it follows that 
the value of du obtained from an equation of the form (18) does 
not depend on the choice of independent variables. 

Similar definitions and results apply to functions of more 
than two variables. For example, if u = f{x,y,z), the partial 
derivative 


du 

dx 




Ux,y,z) = 


h — >0 


(23) 


The total differential is 
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If X, y, F.nd z are functions of one variable t, we may deduce from 
Eq. (24) that the total derivative of m = f{x,y,z) is 

du /9K\ 

dt dx dt dy dt dz dt ^ 

And, if X, y, and z are functions of several new variables, of which 
t is one, we may deduce that the partial derivative is 

du _ ^ I , du dz . . 

dt “ ^ ^ ^ ^ 

22f. Alternative Notation. In Eqs. (19) and (20), y is held fast 
when we differentiate with respect to x. Also x is held fast when 
we differentiate with respect to y. Similarly t is held fast when 
Ave differentiate with respect to s while s is held fast when we 
differentiate with respect to t. In case any confusion on this 
point is likely to occur, we use parentheses with the fixed variables 
added as subscripts. Thus avc write Eq. (20) as 

(I),- (£).(£), +©.©,■ ™ 

We give an example which shows why this more explicit nota 
tion is sometimes desirable. Let w be a function of the tempera- 
ture T and pressure p of a gas; so that u = u{T,p). Suppose 
next that, by means of the known relation between p, v, and T’ 
for the gas, we express T in terms of pressure and volume, 
T{p,v). Then we shall have 


(-) 

\dvjp 

(~) 

\dp/v 


(du\ (^\ 
\df/p \dv), 
/ du\ / dT\ 
XdT/p \dp/„ 


\ 

't \dvjp 

i 

T \dp)v 


When p is held fast, p does not change so that 


Furthermore, 


= f 

\dv )p 

(dj\ ^ . 

\dp/v 


( 31 ) 



§23 HIGHER PARTIAL DERIVATIVES 

Consequently Eqs, (28) and (29) simplify to 


49 


/^\ _ (djA ^ (djA 

\dv A “ \dT)^ )v \dpA VrA \dv). \dv)r 

(32) 

Note that in the last equation the use of the subscripts is essen- 
tial, since without them we could not tell whether du/dp meant 
(du/dp)T, obtained from u{T,p) with T held fast, or whether it 
meant (du/dp)v, obtained from u[T{p,v), p] with v held fast. 

23. Higher Partial Derivatives. The first partial derivatives 
of the first partial derivatives give the second partial derivatives. 
Thus, 


dx 


(s)- 


d'^U 

^2’ 


dy \dy, 


-) 

y) 


Now consider the expression 


We have 




1 

h 


It follows that 


lim lim rr, = I/y(aJ,2/)]. 

h-*Q A:-»0 W/C 


Similarly, we find 


lim lim ~ = [Sx{x,y)]y 
k-*0 h-*0 


dy 


II 

(33) 

+ fc) -f f{x,y). 

(34) 

(x,y)l 

(35) 

fe> 

(36) 

(s> 

(37) 


We would expect that, under certain restrictions, the repeated 
limit in Eq. (36) would equal that in Eq. (37), which differs 
from it in the order in which the limits are taken. It would then 
follow that the partial derivatives on the right of these two equa- 
tions are equal. In fact, it may be proved that, when all the 
partial derivatives that appear are continuous functions, then 


dx 


( — — ( — ^ 
\dy/ dy \dx/ 


or 


d^u 


d^u 


dx dy dy dx 


(38) 


More generally, with similar assumptions as to continuity, any 
higher partial derivative is independent of the order in which the 
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d^u _ ^ BH . 

Bx^ By By Bx^ Bx By Bx ^ 

24. Change of Variables. The formulas for the change of 
independent variables may be derived by one or more applica- 
tions of equations similar in form to (18) and (24). Let us first 
consider the case of two variables x and y which are each fun(!- 
tions of s and t. Thus, we have the relations 


^ y = g(s,t), 

which determine the partial derivatives 


Bx Bx 
Bs’ Bt 


and 


By By 


(40) 

(41) 


Then, if U is any function of x and y, we shall have 

IJ = V{x,y) = F[/(s,0, (7(.^,0] = ■ (42) 

Thus 

^ = F.{x,yy, = F.(x,y). (43) 

The derivatives 

~ = (l,(s,l) and ^ (44) 

could be obtained, at least theoretically, by actually forming the 
function 6^(8,^) by the substitutions indicated in Eq. (42). How- 
ever, it is generally more convenient to deduce from Eq. (18) 


that 






1 


II 

BJl 

Bx 

Bx . 
~Bs ^ 

BU 

By 

By 

Bs 

(45) 

and 








BU _ 

- ^ 

Bx 

BU 

By 

(4(i) 


Bt 

Bx 

Tt 

By 

Bt 



The second derivatives can be found by a second application of 
Eq. (18). Thus 


Bs \da: Bs By Bs) 

B /bU da;\ _ B /bU \ Bx . BU B^x 
Bs \da; Bs) Bs \Bx ) Bs Bx Bs^ 


(47) 

(48) 
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And, by Eq. (18), 

5.S \Ar / 


We may treat the term in Eq. (47) which involves y similarly. 
Tf we do this and combine our results, we shall find 

d^U _ dHJ /da;V ^ d'^U dx dy 
^ yXs/ dx dy Ts Js 

(50) 

dy^ \ds/ dx ds^ dy ds- ' 


£ ( 1 ^ 4 - £ 

dx\dx/ ds dy \d.T / 
d^U dx dy 

dx^ ds dx dy ds 


The equation for d'^U/df^ may be found from this by replacing s by 
t throughout. By the same procedure used to derive Eq. (50), we 
may show that 

d~U _ d^U dx dx . d'^U ( dx dy dy d~U dy dy 

ds dt dx^ ds dt dx dy \5.s dt ds dt) dy- ds dt 

_l^^£4£Z£^ 

dx ds dt dy ds dt ^ ' 

These equations may be applied with any change of letters, 
for example with x,y and s,t interchanged; or with s,t replaced 
by u,v in the original or interchanged form. To give one instance, 

d^U _ d^U du du d'^U ( du dv , dv dwN 
dx dy du^ dx dy du dv dy dx dy) 

. d-U dv dv . dU d^U , dlJ d^V (~o\ 
dv- dx dy dll dx dy dv dx dy’ 


where U = F(u,v) and u == f{x,y), v = g(x,y). 

If one of the variables is missing from any functional relation- 
ship, the corresponding partial derivative is zero, while the other 
partial derivative becomes an ordinary derivative. For example, 
if 


U = F{x) and x = f(s), (53) 

we have 


dil _ db dx 
ds dx ds 


ds^ dx^ \ds) dx ds^ ' 


and 
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y = /(w) and u = g(x), 

dy _ dy du _ . du 

dx du dx ^ dx’ 

d^y _ d^y (duV dy d^u _ 

d^^-d^^\di) W\dx) 

Again, suppose that U = f(u) and u = g{x,y). Then 

^ = and ^ = pf'(u). 

dx dx'' ^ ' dy dy 

As an application, let us prove that for any function /, 

V = f(bx — ay) 

is a solution of the equation 

a- b 0 ^ = 0. 

dx dy 

We put u = bx — ay and find from Eq. (58) that 


hf(u), 


■af'(u). 


Consequently, Eq. (60) is satisfied. 

26. Applications of the Total Differential. Suppose that the 
total differential of a function u(x,y) is known in the form 


Then 


du = 

A dx B dy. 

(62) 

du _ 


(63) 

ds 

ds ds 

we find 



dx _ ^ 

and ~ = 0, 

dx ’ 

(64) 


since y is held fast in the second differentiation. It follows that 

~ = A-l+J5-0 = .1. (65) 

dx 

In a similar manner we may take s = y and deduce that 
dujdy — B. 
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That is, if w is a function of x and y, Eq. (62) implies that 


A dw 


and B 


Use of this fact is often the simplest way to compute the partial 
derivatives of a function. For example, if 


d = tan”^ I - 


& 


we have 


dd — 


X dy — y dx 


1 + (y/xy 


y dxA ^ 


dy. (68) 


Since this is in the form (62), we may deduce from Eq, (66) that 


y 

x^ + y^ 


dy x^ + y‘ 


Again, to compute the partial derivatives dujdx and du/dy 
from the relations 

X = f{u,v), y = g{u,v), (70) 

we may proceed as follows. If we differentiate Eq. (70) par- 
tially with respect to x and simplify the derivatives on the left 
by Eq. (64), we find that 


dx du dx dv j dy du dy dv , 

1=— and 0 = 3 ^^ + ^^- (71) 

du dx dv dx du dx dv dx 


We may calculate the derivatives dx/du, dx/dv, dy/du, and 
dy/dv from Eq. (70), substitute the values in Eq. (71), and thus 
obtain two first-degree equations in du/dx and dv/dx. By 
solving these equations as simultaneous, we shall find the 
derivatives sought. 

To illustrate for a specific case, suppose that 

X = r cos 0 and y = r sin 0 (72) 

and that we wish to find dr/dx and dO/dx. Then the equations 
analogous to Eq. (71) are 

I = COS d ^ r sm d 0 == sm d — -f r cos d (73) 

0*C OOC vX 0^ 
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The solution of these simultaneous equations is found to be 


cos 0, 


sin 6 


The calculations may be carried out in differential form as 
follows : 

(ix = cos 6 dr — r sin 6 dd, dy = sin 6 dr + r cos 0 d0. (75) 

By solving these equations for dr and d0, we find that 


dr = cos 0 dx + sin 0 dy, 


j. sin 0 , , cos 0 , 

d0 = dx + — dy. (76) 


We now observe that these equations are in the form of ((>2), so 
that by the principle expressed in Eq. (bG), we must have 


= cos 0, 


= sin 0, 


sin 0 60 cos 0 


dx dy dx r dy r 

We note that the last two of these are in agreement with l^lq. 
(69), since 

sin 0 _ r sin 0 _ V \ 

r ~ ~ ~ x- ^\/ 1 

cos 0 _ r cos 0 _ X ( 

r 7-2 x^ + y- ) 

Suppose that U is a function of x and y and Eqs. (72) hold, 
so that 

U(x,y) = U{r cos 0, r sin 0). (79) 

Consider the problem of expressing d-U/dx'^ in terms of deriva- 
tives of U with respect to r and 0. We might replace .s by x, 
X by r, and y by 0 in p]q. (50). But this would involve the 
second derivatives of r and 0 with respect to x. To avoid the 
necessity of computing these second derivatives, we solve our 
problem by a more direct method. 

From Eqs. (79) and (77), we have 

dU dU dr dU 60 . dU sin 0 dU 

dx dr dx 60 dx dr r 60 

We now replace V hy dU/dx in the relation (80) and obtain 


d^U ^ d 
dx^ dx 


- O d sin 0 d fdU\ 

\da;/ 5r\5.r/ r \3a:/ 
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Next replace dU/dx in the expression just written by the riglit 
member of Eq. (80). The result is 



sin 6 
r Jd/ 


(82) 


d'^u 

dx‘^ 


cos^ 6 


dW 

Qj.2 


2 COS 6 sin 6 dHJ sin^ 6 d^U 
r “ dr dd r2 

2 cos 6 sin 6 dlJ sin^ 6 dU 

H :t;— 'tx H : 


Similarly, we may show that 

d'^V . , ^dHJ , 2 cos 0 sin 6 dW , cos^ 6 d^V 

= sin"* d ■ - — A - H ^ H 5 — 

dy^ dr^ r dr dd r- dd^ 

2 cos d sin d dU cos^ d dU 

dd r dr 


(84) 


Tt follows from the two preceding equations that 

dm dm ^ dm , 1 ^, 1 ^. / o.n 

dx"^ dy'^ dr^ r- dd‘^ r dr 

The expression on the left is called the Laplacian of U and occurs 
in many equations of mathematical physics. Thus Eq. (85) is 
often convenient when we wish to introduce polar coordinates. 

26. Determinants. The solution of linear equations is greatly 
facilitated by the determinant notation, which we shall discuss 
briefly. We shall find later that the determinant notation 
simplifies many expressions that occur in solid geometry and 
mechanics. 

A determmant is a square array of numbers, written between 
two vertical lines, whose value is defined by the following chain 
of relations. The determinant of the second order, 

= ai/>2 - 0.261. (8G) 

(I2 O2 

The determinant of the third order, 

ai 61 Cl 

02 62 C2 — Oi 

03 6s C3 


62 C2 

63 C3 


— 02 


61 Ci| 
63 C 3 ; 


+ 03 


61 Cl 

62 C2 
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The determinant of the fourth order, 


tti 6i Cl di 

a? 62 C2 di 
dz bz Cz dz 
ct '4 5 4 C4 d^ 



62 ^2 d 2 


hi Cl di 

ai 

63 ^3 dz 

— (12 

hs Cz dz 


64 C4 di 


64 C4 di 



bi Cl di 


hi Cl di 

+ 0 ,Z 

bi Ci di 

- ai 

62 C2 d 2 


bi Ci di 


bz Cz dz 


( 88 ) 


And so on for determinants of higher orders. 

We do not use the determinant notation for a single number, 
since it might be confused with the notation for the absolute 
value of a number. Nevertheless, we may think of a deter- 
minant of the first order consisting of one number and having as 
its value the number itself. This convention makes Eq. (80) 
of the same form as the later relations. 

An easy way to evaluate determinants of the second and third 
orders is to draw diagonal lines as indicated below and to write 
positive products for those sloping downward and negative 
products for those sloping upward. Thus 



= CLibz — ciibi, 


(89) 


in agreement with Eq. (86). And 

= CLxbifiz “b cizbiCi ~|" ttibzCi — (izbiCi aibzCi 

— UibiCz. (90) 

This agrees with the result obtained by replacing the second-order 
determinants in Eq. (87) by their expansions. After a little 
practice the student will find it unnecessary to recopy the num- 
bers ai, bi, etc,, and actually to draw in the diagonal lines, but 
he will merely visualize these steps mentally and directly write 
down the six products that give the expansion. 

We warn the student that there is no simple modification of 
this procedure that gives directly the expansion of determinants 
of higher order than the third. In particular, if we expand each 
of the third-order determinants of Eq. (88) into its six terms, 
we shall find the expansion of the fourth-order determinant into 
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24 terms. But no system of sloping straight lines leads to all 
these terms. 

Most of the applications made in this text will involve deter- 
minants of the second and third orders only. 

In a determinant, the numbers making up the square array are 
called elements. Those in horizontal lines make up the rows. 
Thus a 2 , ^ 2 , C 2 are the elements of the second row of the third- 
order determinant in Eq. (87). The elements of a vertical line 
make up a column. Thus in (87), Ci, c^, Cs are the elements of the 
third column. 

We mention some elementary properties of determinants: 

I. Interchanging the rows and columns of a determinant does 
not change its value. Thus 


Cil CI2 ^3 


di bi Cl 

61 62 &3 

= 

(X2 62 C2 

Cl C2 Cz 


Clz 63 C3 


(91) 


II. Interchanging two rows of a determinant, or interchanging 
two columns, reverses the sign of its value. Thus 


Cl 

hi 

ax 


ai 

hx 

Cl 

C2 

62 

02 

= — 

az 

62 

C2 

C3 

bz 

az 

1 

dz 

bz 

C3 


(92) 


III. If all the elements of any one row, or of any one column, 
of a determinant are zero, the value of the determinant is zero. 
Thus the determinant in Eq. (87) is zero if 03 = 63 = Cs = 0. 
Also it would eciual zero if Ci = C 2 = C 3 = 0. 

IV. If a determinant has two of its rows, or two of its columns, 
identical, the value of the determinant is zero. Thus the 
determinant in Eq. (87) is zero if ax = hi, = 62 , and 03 = 63 , 

These results are valid for determinants of any order. For 
determinants of the second and third orders they may be deduced 
from the expansions given in Eqs. (89) and (90) by a direct 
calculation. 

27. Linear Equations. Let us consider the system of first- 
degree, or linear, equations: 

aix 4 - hiy + Ciz - di 

a^x hzy 4* C2« == ^ 2 . 
a^ 4 - hzy 4- c^z = dz 


( 93 ) 
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Let us multiply these equations by 


62 ^2 

_ hi Cl! 

and 

hi 

Cl 

O3 C3 

hz C 3 I 



C 2 I 


respectively, and then add the resulting equations, 
find 


tti hi Cl 


di hi Cl 

(li hi Ci 

II 

di hi Ci 

ttz hz Cz 


dz hz Cz 


(94) 
We thus 

(95) 


since the coefficients of y and z may be written as determinants 
with two columns identical, and hence are zero by Property IV 
of Sec. 26. We may deduce similar equations in y and z. From 
these equations we may derive the equations. 


.r 


di bi Cl 
di hi Ci 
dz hz Cz 



y 


a I d\ Cl 
cii di Ci 
03 dz Cz 

~D 


ai hi di 
(li hi di 

az_hz_^z 

D 


provided that D 9 ^ 0, where D, the determinant of the system 
(93), is 

Oi hi Cl 

D = Ui hi Ci. (97) 

03 hz Cz 

This proves that if the system (93) has a solution, it must be 
given by Eqs. (96). And, when D 9 ^ 0, it may be proved by a 
direct substitution that (96) does provide a solution of Eqs. (93). 

For any system of n linear equations, written in a form analo- 
gous to Eqs. (93), let us call the determinant of the nth order, 
whose elements are the coefficients of the left members, the 
determinant of the system and denote it by D. Then \i D 9 ^ 0, 
the system has just one solution. For each variable the solution 
equals the quotient of two determinants. That in the denom- 
inator is D, and that in the numerator is obtained by replacing, 
in D, that column formed of coefficients of the variable sought 
by the constants on the right. 

The rule just stated may be applied to a system of two linear 
equations 


aix -f hiy = Cl, 

ttiX -f- hiy = Ci. 


( 98 ) 
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Cl bi 



Ul Cl 



Cl 62 

“ D 

and 

y = 

CL2 Cl 

D ’ 

(99) 

provided that 







D = 

ai hi 

7 

0. 


(100) 



CI2 O2 



28. Implicit 

Functions. 

Suppose that 

we are 

given three 


differentiable functions, each containing the six variables x, y, z, 
a, V, w. The system of equations obtained by equating each 
function to zero is 


F{x,y,z,u,v,w) = 0, 

G{x,y,z,u,v,w) = 0, (101) 

TI{x,y,z,u,v,w) = 0. 

If a particular set of values .ro, ijo, zo, uo, Vo, Wa satisfies these 
equations, and for all values of u, v, w near uo, Vo, wo the equations 
may be solved for .r, y, and z to give the relations: 

x = x(u,v,w), y = y(u,i>,w), z = ziu,v,w), (102) 

then Eqs. (102) are said to be implicitly defined by the original 
system (101). When thought of as derived in this way, the 
right members of Eqs. (102) are referred to as implicit Junctions. 

From the original system (101) we may deduce the differential 
relations : 


Fjxlx 4- Fydy + F4z +, Fndu + F„dv + F^dw = 0, 

Gxdx Gydy Gzdz -b G„du -b Gvdv -b G^dw = 0, (103) 
Hzdx + + Hzdz + Htdn + Hvdv + Hudiv = 0 . 

The partial derivatives of x, y, z with respect to u, v, w may be 
found by solving these equations. For example, by putting 

dv = d,w = 0 (104) 

and solving for dx, we find after division by du that 



F. Fy Fz 

when Gx Gy Gt 9 ^ 0. (105) 

Hx Hy Hz 
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Whenever the last condition holds, the system (101) actually 
does define implicit functions x(u,v,w), y(u,v,w), z{u,v,w) whoso 
partial derivatives may be found from Eqs. (103) by the method 
just illustrated. Practically, we may compute the derivatives 
of the implicit functions directly. And this procedure can fail 
to be significant only if it leads to an indicated division by zero 
at some stage of the calculation. 

In Eqs. (102) there are three independent variables w, v, w 
and three dependent variables x, y, z. The system (101) con- 
tained three functions F, G, H. Our procedure is fairly general, 
however, and may be applied to any similar case in which the 
number of dependent variables equals the number of functions 
or equations in the original system. For example, consider the 
system 

F{x,y,s,t,u,v,w) = 0, 

G{x,y,s,t,u,v,w) = 0 ^ 

with two equations, two dependent variables, x and y, and five 
independent variables s, t, u, v, w. To solve for x and y and then 
find dx/du, we first form the total differential relations: 

F jjdx “b F ydy -f- Fsds -j- Ftdt -1- P’ udu F^dv -4- F^div = 0, • /-inyx 
Gitdx “b Gydy -|- Gsds -b Gtdt -b Gudu -f- G^dv -b G^dw = 0. 


We then put ds = dt = dv = dw = 0, solve for dx, and divide 
by du to obtain 


dx 

dn 


Fu Fy 

Gu Gy 


F F 

1 X I V 

Gx Gy 


when 


Fx 

Gx 



9 ^ 0 . 


(108) 


29. Jacobian Determinants. As Eqs. (105) and (108) illus- 
trate, the determinants that appear in the expressions for the 
partial derivatives of implicit functions are all formed in the 
same manner. Each determinant with elements is formed 
from n functions in a given order and n variables in a given 
order. The partial derivatives of the first function with respect 
to the variables, taken in order, make up the first row, the deriva- 
tives of the second function make up the second row, and so on. 
Or, considered by columns, the partial derivatives with respect 
to the first variable of the functions, taken in order, make up the 
first column, the derivatives with respect to the second variable 
make up the second column, and so on. 
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Determinants of this kind are called Jacobians. A convenient 


notation for them is 


d{Fi,F2,F,) 

d(Xi,X2,Xz) 


dF I dFi dF I 
dxi dX2 
dFi dFi dFi 


dxi dXi dxz 

dF z dF 3 dF zl 


dxi dXi dxz 


(109) 


The symbol on the left is read “the Jacobian of the functions 
Fi, Fi, Fz with respect to the variables Xi, Xi, Xz” The notation 
applies to any number of functions and variables. For instance, 


d(F i,F i ) 

d{xi,Xi) 


dF 1 dF I 


dXi dXi 

dF 2 dFi 


dxi dXi 


( 110 ) 


This notation enables us to write Eq. (105) in the abbreviated 
form: 


d(F,G,H) 

du d{F,G,H) 
d{x,y,z) 


when 


diF,G,H) 

d{x,y,z) 


0 . 


(Ill) 


Similarly, Eq. (108) may be written in the form: 


dx 

du 


d{F,G) 

d(u,y) 

d{F,G) 

d{x,y) 


when 


d(F,G) 

d{x,y) 


9 ^ 0. 


( 112 ) 


Instead of using differentials as in the preceding section, we 
may solve the problem mentioned there by taking partial deriva- 
tives. Thus by differentiating Eqs. (101) partially with respect 
to u, holding v and w fast, we find 


E7 ^X 


G. 


dx 

du 


rr I 


TT i TT I rt 


( 113 ) 
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These equations maj'^ now be solved for dx/du to give Eq. (105) 
or (111). If several derivatives such as dx/du, dx/dv, and dx/dw 
were required, this method Avould involve more writing than the 
use of Eqs. (103). 

The method of partial differentiation has the advantage of 
being easily applicable to the problem of finding higher deriva- 
tives. Suppose, for instance, that we desire d‘^x/dudv. We 
differentiate Eqs. (113) partially with respect to v, holding u and 

w fast. The result is Fxv ^ — -|- Fzv ^ + 

dw da du 


F. 


d'^x 

^ du dv 


_|_ p - -L p, -f- 

" du dv “ du dv 


(p ^ 

V dv 


_l_ y ^ A- p — 


\ ^ 

/ du 




" dv / du 


+ E 


^ A. p ^ p 
ux ^ _ I ^ uy I ^ ti 


dv 


dv 


dz 

dv 


-f- Fux = 0, (114) 


and two similar equations with F replaced by G and H. We may 
regard this as a system of three linear simultaneous equations in 
the variables d'^x/dudv, d'^y/dudv, dH/dudv, and so solve for 
these in terms of the first partial derivatives. And we have 
already indicated methods of finding the first partial derivatives. 

We note that the determinant of the system whose first 
equation is (114) is the same as that of the system (113), so 
that the new system may be solved whenever the inequality in 
(111) holds. In fact, implicit functions will be defined and their 
higher derivatives found as indicated whenever the Jacobian of 
the functions involved with respect to the dependent variable^ 
is different from zero. 

30. Functional Dependence. Considei- a pair of functions in 
two variables, F{x,y) and G(x,y). If these are so related that 
for all X and y the value of F depends only on the value of G, 
F = f{G) and F is said to be functionally dependent on G. In 
this case Ave have 

Pi^jV) = S[G{^,y)]- (115) 

By partial differentiation similar to that of Eq. (58) we find 


Fx = GxfiG) and Fy = Gyf'(G). (116) 

Consequently the Jacobian of the functions F and G Avith respect 
to X and y is 


d{F,G) __ 

Fx Fy 


GxfiG) 

Gyf'{G) 


Gx Gy 


Gx 

Gy 


= 0. (117) 



§31 


TAYLOR’S THEOREM 


63 


In general we may consider n functions of n variables. These 
are said to be functionally dependent if the value of some one of 
the functions depends only on the values of the remaining 
n — 1 functions. It is true in general that, whenever n func- 
tions of n variables are functionally dependent, then the Jacobian 
of the functions with respect to these variables is zero for all 
values of the variables. That is, it vanishes identically. 

Conversely, when the partial derivatives are all continuous 
and the Jacobian vanishes identically, it may be proved that, in 
some suitably restricted range, some one of the functions is 
dependent on the rest. 

31. Taylor’s Theorem. We may deduce Taylor’s theorem for 
functions of two real variables from that for one variable as 
follows: Write 

X = a ht, y = h -\- kt, (118) 

so that when a, h, h, and k are constant, 

f(x,y) = f{a + ht, h + kt) = F{t). (119) 

Then by Eq. (117) of Sec. 10, 


F{t) = F{0) + F'{0)t -b E"(0) I'j + • • • + F^”\dt) (120) 


n ! 


for a suitable value of 6 between 0 and 1. 
But we have 

E’(f\ =. = h ^ A- k^ 

^ dt dx dt dy dt dx dy 


Similarly, 




+ <' 2 ') 


4-11, k 4-k4^"^ n221 


dx^ 




(123) 


and so on for the higher derivatives, since each application of the 
operator {h d/dx 4- k d/dy) on any function oi x = a ht and 
y = b kt is equivalent to differentiation with respect to t. 
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Let us next put t = I in Eq. (120) to obtain 

F{1) = F(0) + F'{0) + F"{0) i + . . . -f FM(e) -i, (124) 


By using Eq. (119) and observing from Eq. (118) that when 
< = 0, X — a, and y — h while when < = 1, x = a h, and 
y = b + fc, we may deduce from this that 


/(a h, h k) = /(ct,b) “b “ + A: 


+ 


dx + '^yy) r.t + 


+ «!( 


dx dy 

V o 

d 


,)/(*, 


y) 


x^a 
2/ =*6 


- 7 . 1~ ^ V 

ax ay 


;) 


y) 


X — a-{-0h* 
y ^ h-\-0k 


(125) 


The meaning of the bars and subscripts is that after the dif- 
ferentiations are carried out, we are to replace x,y by a,b in 
all terms but the last. In the last term we must put x — a -\- dh 
and y = b Ok, with 0 a suitably chosen number between 
0 and 1. 

If we denote the coefficient of h^k'^ in (125) by Apq, we find 
from expansions similar to (122) that 


1 


ipq 


(/> + ^) ! 


P+<iCp 


QP+gf 

dx^dy^ 


x~a 

y-h 


- J_ llVL 

p]q\ dx^dy^ 


x=a 

y^b 


( 126 ) 


If we now put 

X = a h, y = b -{- k so that 

h = x — a, k = y — b (127^ 

and write Rn for the last term, the expansion (125) takes the 
form: 


f{x,y) = Aoo + Aw{x — a) -b A^^iiy — 6) -b A^oix — aY 

-b 24 ii(x — a){y — b) A- Ao-i{y — 6)^ -f- • • • Ar Rn- (128) 

32. Taylor’s Series. By analogy with the discussion of 
Sec. 11, we are led to consider infinite series of the type, 

2 I 00 + Aio{x — a) + Aoi{y — 6) + A 2 o{x — aY -}-••• 

-b Apq{x - aYiy - b)« + • • • , (129) 

and their relation to analytic functions of the two complex 
variables. 
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If f{x,y) is a continuous function of the two complex variables 
X and y for all complex values near Xq and yo and is an analytic 
function of x for each fixed y and an analytic function of y for 
each fixed x, then f(x,y) is said to be analytic in both variables 
at Xo, yn. Such a function will have partial derivatives of all 
orders at all points at which it is analytic. 

Suppose next that f{x,y) is analytic at a,h. Then for p and 
q, each either zero or a positive integer, a value of Apg is defined 
by Eq. (126). The infinite series (129) which has these values 
as its coefficients is called the Taylor’s series of f(x,y) about a,h. 
It may be proved that, under these conditions, the infinite series 
will converge to the values of the function for some range of 
values of x and y near a and b. 

Furthermore, if a series of the form (129) is given and known to 
converge for a particular pair of values Xi and yi, then the series 
will also converge for all x and y such that 

la: — a| < Ia:i — a\ and \y — b\ < \yi — fej. (130) 

For values satisfying this relation, the sum of the series will be 
an analytic function of x and y, f{x,y) which has the given series 
as its Taylor's series about a,h. That is, the coefficients of the 
series will be related to the derivatives of the function by Eq. 
(126). 

Practically, the only series of this type that may readily be 
written explicitly are those obtained by combining elementary 
functions of one variable with other simple functions. For 
example, 

sin (a: + p) = (a: + y) — ^ (x + yY 

« 

+ ^ (a: + y)‘ - ■ • • . (131) 

In this and the preceding section we have stated several 
definitions and results concerning Taylor's theorem, Taylor's 
series, and analytic functions for the case of two variables. 
With minor modifications, all our results apply to functions of 
three or more variables. 

33. Maxima and Minima. Suppose that a function of two 
real variables, u{x,y), has a minimum value for x = a, y = h aX an 
interior point of a two-dimensional region throughout which it is 
differentiable. Then for y fixed and equal to 6, the function of a 
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single variable, u{x,h) must have a minimum at x, a. Since this 
is not an end point of the region under consideration in finding 
the minimum, the derivative with respect to x must be zero. 
Thus, 


dx 


[u(x,b)] 


la 



= 0. 


(132) 


Similarly, we must have 


A. 

dy 


[u{a,y)] 


du 

dy 


a,h 


= 0 . 


Since the total differential of a given by Eq. (18) is 


(133) 


^ dy, (134) 

it follows that at a,h the total differential du = 0 for all values of 
dx and dy. 

Similar considerations apply to a maximum, and also to a 
function of more than two variables, and lead \is to a series of 
conditions. We state the condition for the case of three variables. 

A necessary condition for a function u{x,y,z) to have a maxi- 
mum or a minimum for x = a, y — h, z = c interior to a region 
of differentiability is that 


dll 

dx 


= 0 , 


du 

dy 


= 0 , 


d_U 

dz 


= 0 , 


or 


du = 0 for all dx, dy, dz. (135) 


It is possible to deduce tests that show in certain cases that we 
actually have a maximum or minim\im from a study of thft 
Taylor’s expansions. However, such tests are almost useless. 
Practically, we may usually decide such questions for a particular 
value of a and 6 by a direct consideration of 


/(a+ 7q5 + /v) - f{a,b) (136) 

for small values of h and k. 

For example, by setting the two partial derivatives equal to 
zero, we find w(0,0) = 0 as a possible maximum or minimum of 
each of the functions 


— y^, x^ — y^. (137) 

For values near, but not equal to 0,0, the first expression is 
always positive and so has a minimum, For similar values the 



§34 


LAGRA NGE’S M ULTl PLIERS 


67 


second is always negative and so has a maximum. The third 
expression is positive for y = 0 and x near zero, but it is negative 
for = 0 and y near zero. Consequently it has neither a maxi- 
mum nor a minimum for x,y = 0,0. 

34. Lagrange’s Multipliers. Suppose we seek the minimum 
or maximum value of f{x,y,z), subject to the condition 


g{x,y,z) = 0. (138) 

A convenient method of practically detecting possible values is 
to solve the system of four equations in the four quantities 
X, y, z, and X found by adjoining to (138) the equations 


dx dx ^ dy dy dz dz 


(139) 


The quantity X is known as the multiplier, and the method is 
due to Lagrange. It is easily remembered by considering the 
system (139) as the condition for 


S{x,y,z) - \g{x,y,z) (140) 

to have a minimum or maximum when x, y, and z are unre- 
stricted and X is fixed. If x, y, and z satisfy (138), their differ- 
entials must be such that 


+ + = (141) 

Otherwise the differentials dx, dy, and dz are not restricted. But 
if f{x,y,z) has a minimum for x, y, z subject to (138), its total 

■ 4 ^ 

differential must be zero subject to the latter relation, and 

+ + (142) 


for all dx, dy, and dz satisfying (141). 

Let us assume that dg/dz ^ 0, and calculate 


df/dz 

dg/dz 


(143) 


Let us then add Eq, (141), multiplied by —X, to Eq. (142), 
The result is 




( 144 ) 
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since by Eq. (143) 




dz 


dz 


0 , 


( 145 ) 


and the left member is the coefficient of dz. 

Since we may satisfy Eq. (141) for arbitrary values of dx and 
dy by putting 


dz = — 


dx 


dx + ~ dy 
dy 


d_g 

dz 


(146) 


it follows that Eq. (144) must be true for all values of dx and dy. 
In particular, we may put dx = 1 and dy = 0, or dx == 0 and 
dy = 1. This shows that we must have 


M = 0 

dx ^ dx ^ 


and 


^ = 0 
dy dy 


(147) 


Since Eqs. (145) and (147) taken together are equivalent to 
the system (139), we have proved the validity of Lagrange’s 
method for the particular case considered. 

A similar process applies for any number of variables. For 
example, a necessary condition for f{x,y,z) to have a minimum 
when X, y, z are subjected to the two conditions 

g{x,y,z) = 0 and h{x,y,z) = 0 (148) 

may be found by adding to these last the conditions that 

f(x,y,z) - \g{x,y,z) - yh{x,y,z) (149^ 

have a minimum when X and y are fixed and x, y, z are unrestricted. 

If U(x,y,z) denotes the potential energy in a force field, at a 
point where dU — 0 equilibrium can occur. If U has a mini- 
mum, the equilibrium is stable. If we put U = f(x,y,z), condi- 
tion (138) corresponds to constraining the particle considered 
to lie on a surface, while condition (148) corresponds to con- 
straining the particle to lie on two surfaces, or on their curve of 
intersection. 

As a specific example of the method of Lagrange, consider the 
following two-dimensional problem. Find the point on the curve 

x^y = 2, or x^y — 2 = 0, (150) 
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which is nearest to the origin. Here we must make the distance 
from the point x,y to the origin, or its square a minimum 

subject to condition (150). Using the function 

- 2) (161) 

in place of expression (140) and equating its partial derivatives 
to zero, we find the equations 

2x — \2xy = 0, 2y — = 0. (152) 

From these equations, combined with Eq. (150), we find that 

X = 1, = ± V2, y = I, (153) 

so that the two points at minimum distance from the origin are 
\/2,l and — \/2,l. 

36. References. For a more complete introduction to the 
subject of determinants, the reader may consult H. B. Fine’s 
College Algebra, pp. 492-519 or L. E. Dickson’s First Course in 
the Theory of Equations, pp. 101-127. Either of these may be 
followed by the more advanced discussion given in M. Bocher’s 
Introduction to Higher Algebra, pp. 20-53 or in L. E. Dickson’s 
Modern Algebraic Theories, pp. 39-03. 

For proofs of the theorems on partial derivatives, the reader is 
referred to Chap. X and the end of Chap. XIII of the author’s 
Treatise on Advanced Calculus. 
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In each case compute dz/dx and dz/dy from the first form and check 
by using the second form: 

1. z = log -s/x"^ - M [log (x — ?/) + log {x + y)]. 

2. z = e* cosh y + c® sinh y = 


3. z 


4. z = log 


sin-‘ = tan ' -. 

■y/ x"^ + y^ y 

1 . 


6. z = 


y 

x - y 


^ {log [(X - 2)^ + y^l - log [(x + 2)^ + j/^l 1 . 

= -1 + 


X 


X - y 


a sin C 


6. What is the size of the error in c as computed from c == . 

Sin /t 

when a = 100 + 2 ft., A = 60° ± 1°, and C = 45° + 1°? Hint: 


Approximate the error by 


dc 

■^Aa 

da 


+ 


dc 


AA 


+ 


dc 

dC 


^AC 


, with Aa = 2, 


AA = AC = 0.017, since 1° equals 0.017 radian. 
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7 . Let p denote the percentage error in F, as computed from 

F = due to errors of pi per cent in x, p2 per cent in y, and ps per 

cent in z. Show that p = |alpi + |6|p2 + jcjps. Hint: The total 

differential of log F is ^ = a — + &— + c— . 

I X y z 

8 . A square plate s ft. on a side is placed in a wind tunnel. When 
the air velocity is V ft./sec., the pressure on the plate in pounds is 
P = 0.0015^%^. What percentage error will result in the computed 
value of P if s is known to within 0.5 per cent, V is known to within 
2 per cent, and the numerical coefficient may be in error by 4 per cent? 
Hint: Use Prob. 7. 

9 . What percentage error in T, as computed from T = 2t \/ 7 /mgL, 
results from errors of 1 per cent in 7 and of 0.5 per cent in each of the 
quantities m, g, and L? Hint: Use Prob. 7. 

10 . A function of any number of variables is homogeneous of the 
nth degree in these variables if, when the variables are each multiplied 
by a scale factor k, the function is multiplied by A:«, for Example, for 
three variables x, y, z: f{kx,ky,kz) = k’^f{x,y,z). Show that df/dx, df/dy, 
df/dz are each homogeneous functions of the (n — l)st degree in x,y, z. 
Hint: Put kx = u and differentiate with respect to x to obtain the rela- 
tion: A:/x(A:aj,A:2/,fcz) = k^fx{x,y,z). 

Illustrate Prob. 10 by verifying that each of the following functions is 
homogeneous of the degree n indicated and that it has a partial deriva- 
tive with respect to x homogeneous of the (n — l)st degree. 

11. \/x‘^ - si, 1-1 -I, n = I, 12. 0 = tan"* n = 0. 

X X 

13 . log {x^ + 2/^ + 2^) — 2 log x, n = 0. 

14 . xy, }ixy, \ix{y + z), n = 2. These formulas for the area of a 
rectangle, triangle, and trapezoid illustrate that all area formulas ar^ 
homogeneous functions of the second degree in the lengths. 

16 . xyz, TX^, n = Z. These formulas for the volumes of a 

rectangular solid, cylinder, and cone illustrate that all volume formulas 
are homogeneous functions of the third degree in the lengths. 

16 , axi>y<i, and hence any polynomial whose terms are all of this type 
with p + ? the same for each term, n = p A- Q.- 

17 . Show that the homogeneous function of the nth degree of Prob. 

10 may be written /(a;,?/,2) = y/x, z/x). Hint: Put k = i/x in the 
equation of Prob, 10. 

18 . Illustrate Prob. 17 by expressing each of the functions of Probs. 

11 to 16 in the form x” times a function of ratios of the variables present. 

dy) ~ dy 

following cases: 


(l)‘ 


in each of t}»e 


0 i 

Verify by direct calculation that ^ ( 
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19. The functions z{x,y) of Probs. 1 to 5. 

20 . z = 6 sin® x cos® y. 

21. z — axpyi, and hence z — P{x,y) any polynomial in x and y. 

22 . z = f(u) where u = g{x,y), any function of x and y. 

Prove the following statements: 


23. If z = 

■■ fix -\~ a, y 

T /3), then dz/dx 

24. If X 

= r cosh 6, 

y = r 

sinh 9, t 

{dy/dr)e = 

= -(dr/dy)^ 

. 


26. If X = 

= r cosh 9 and y — 

r sinh 9, 

(duy 

(duy ( 

duy 

1 fdC) 

\dxJ 

\dy) V 

dr ) 

' r^\ 89/ 


dz/da and dz/dy = dz/d/3. 
then {dx/Br)t) = (dr/dx)y and 


26. Prove Euler's theorem on homogeneous functions of the ?ith 

degree: ^ ^ ~ equation of 

Prob. 10, put kx = u, ky, = v, kz — w. Then differentiate with respect 

*\_p 

to k to obtain x ^ ^ dw ~ 'nk''~^f{x,y,z). Now let = 1. 

27. By a direct substitution show that ea(^h of the functions of 
Probs. 11 to 16 satisfies the equation of Euler’s theorem, Prob. 26. 

28. If f{x,y,z) is homogeneous of the ?ith degree, show that 
d . d . d 


( 


dx ^ dy ^ dz 
d 




n^f(x,y,z) ; but that the expression 


^ du dv ^ dw') 


f{a,v,w)\ 


w=*.r,v = = z 


n{n — l)f{x,y,z). Hint: 


Apply Prob. 26 twice and use the result of Prob. 10 

dz 


dz 


29. li z — (x® + 7/®) sin (.x® + ]p), show that ^ ~ ^ ^ ^ 

30. Show that the equation of Prob. 29 is satisfied by 2 = /(.r® + y®), 
where /(a) is any function. 

31. Show that the function z = y'^ sin {x/y) satisfies ti e equation 
Sz 

X - 5 — h y a" = 2z, either directly or by applying Prob. 26 to a homo- 
OX ' oy 

geneous function of the second degree in x and y. 

32. Show that \i z = f then V 

or by applying Prob. 26 to a homogeneous function of the zero-th degree 
in X and y. 

Sz Sz 

33 . If z = tan“i ^ ^ _ 0. 

34. Show that the equation of Prob. 33 is satisfied by z = f{xy), 
where /( m) is any function. 

Sz Sz 

36. If z = xeMi>, then ^ ^ ^ ~ 


0, either directly 
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36 . Show that the partial differential equation of Proh. 35 is satisfied 
by = /(log X + \/y), where /(w) is any function. 

37 . liz = f[F{x) + G{y)\ thQxiG'iy) g - F'(x) g = 0, where /(z^), 

F{x), and G{y) are any functions, and the primes denote derivatives. 
Show that Eqs, (59) and (60) of the text, as well as Probs. 29, 30, and 
32 to 36 can all be considered as special cases of this result. 

*• rr-;> 


38 . 


by using Prob, 32. 
39 . Let u = -i V 

X 


dz dz 

show that x~ + 2/ ^ b, either directly or 


dx 


X 


and fiu,v) = 0. Show that as a consequence 


dz 


dz 




z, either directly Or by applying Prob. 26 to a homo- 
geneous function of the (l/m)th degree in x and y. 

40 . If X = u^, y = 4u 5v, compute the partial derivatives of u 
and V with respect to x and y by the method used in the text to find 
Eq. (74). Check by solving for u and v and then differentiating. 

41 . If (1 - 2/^) § + 1/ (^) + (1 - y^)^^ = 0, and y = sin 2 , 
find the differential equation satisfied by z{x). 

^ ^ ^ ^ y ~ 

differential equation satisfied by z{x). 

43 . If the conditions of Prob. 42 hold and in addition x = 2 \/(, 
find the differential equation satisfied by z{t). 

44 . If (1 — x^) ^ — 2x ^ -f n(n -f l)y = 0, and x = cos 6, find 
the differential equation satisfied by y(d). 


46 . The curvature of a plane curve is - 

P 


d^y/dx^ 


that if X = /(<), y 


[1 -h {dy/dxYf^’ 
g{t) the transformed expression for the curvature is 


1 

P 


dx d^y 
dt dP' 


dy d^x 
dt dt^ 


m) 


+ 




46 . By transforming the expression given in Prob. 45, show that in 


polar coordinates - = 

P 


r2 + 2 


/^V 

\dd/ 


d^r 
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47. Show that, if x = r cos 0 and y = .r sin 6, 


dy 

® + 2/S 


dd ^ 
r and 


check by interpreting the right member as tan and the left member as 
tan {t — 6), where the meaning of \f/, t, and 6 is shown in Fig. 11. 

48. If fix,y) = 0, show that ^ 

Ix ^ ^ 

= — while the second derivative //, 

Iv 

^ ^ - 2f^yf4y + 

dx^ fy^ yj 

where the subscripts denote partial 

differentiation. // 

49. If X" 4- 2/” = 1, find dy/dx yL 

and d'^’y/dx^ by using Prob. 48, and j t 

check by means of the solved form •- J — 

^ = (1 — x”)'/”. 

60. If X® + 2 /® = xy, find dy/dx Fm. ll. 

by using Prob. 48. 

61. By putting y = tx in the equation of Prob. 50, show that 

X = t/(l + /*), and hence y = /V(l + /*)• dx/dt and dy/dt and 

use these to check the result of Prob. 50. 

62. If w = /(x,y) and y = F{x), compute d^u/dx'^. 

63. Show that 2 = / satisfies the partial differential 

equation x* ^ + 2xy + y* ^ = 0, either directly or by using 

the second result of Prob. 28. 


64. If [7 = sin (x — ct) + cos (x + ct), then 


66. Show that the differential equation of Prob. 54 is satisfied by 
U = f{x — ct) + y(x + ct), where /(«) and g{v) are any functions. 

66. If f7 = /(x + iy) + g{x — iy), prove d^U/dx^ + d'^U/dy^ = 0. 

67. Let w = F{z) be any analytic function of the complex variable 
2 = X + iy, and let u{x,y) and v{x,y) be two real functions such that 
w = u(x,y) + iv(x,y). Show that U = u(x,y) and U = v{x,y) are each 
solutions of the equation of Prob. 56. Hint: In any power series for 
F(z), replace t by — i in x + iy and the constants to define the function 
G{x — iy) = u{x,y) — iv{x,y). Then u = H[F{x + iy) + G{x — iy)], 
V = ^72[— F(x 4- iy) + Gix — iy)]. Now use Prob. 56. 

y , , d^U d^U 

68. Show that U = tan“^ x ® ^ solution of 4- = Oj either 

directly or by using Prob. 57 with F{z) = log z. 
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69. Show that U = c"® cos (a log r) is a solution of the equation 

d^U , IdHI , IdU ^ ^ 

r2 302 + r ^ I rob. 57 with 

F(z) — = 6"*“ log * = e<' 0 -ia log and Eq. (85). 

60. If z = fix,y) and x = e<‘, y = c®, verify that the differential 

d^z d'^z dz Sz 

equation a^i + *3 = ^’ aJ5 + 5# * to ^ ^ 

61. If X = r cosh 9, y = r sinh 9 show that for U = f(x,y) satisfies: 

d^u dm dm idm .idv ^ , 

either liy the method used to get 


dx^ 


d9‘^ r dr 


Eq. (85), or by putting y — iyi and 9 = i9i in Eqs. (72) and (85). 

62. If u — x + oy, V = X — ay, verify that U = f(x,y) satisfie.s 




dHr 
dx^ 

63. If s + f 


dm dm 

I Si 2 


dm _ . 2 

dy^ ~ du dv 

2e® cos y, s — t = 2ie^ sin y, show that for U = f{s,t) : 
d‘‘U 

either directly or by using Prob. 62 with a == i, 


Ast 


dx^ ' di/2 “ ds dt 
u = log s, and v = log t. 

64. If V = f{x,y) and x 
equations 

am ^d'^v , ^ dm^ 

+ 2X7/ 


c“ cos 11 , y = e“ sin v, verify the 


aa2 

dm 


= X2 


= y' 


dx^ 

dm^ 

dx2 


. . ,,i^' and 

dx dy ^ d?/2 ' Qx dy ' 


^ dm . ,dm 

dx dy ^ dif- ^ 


dx 

du 

dx 


■V 


dU 


de2 ^ dx2 ^ dx dy ' ~ dy~ dx ^ dy 

66. If the conditions of Prob. 64 hold, first derive the equation 

dm . dm , _ (dm . dm\ , , , 

= (x2 + y2) ^^^2^ + J> and deduce as a consequence 


dm 


+ 


dv^ 

dm , (dKI , d2[/\ 


dx2 + dy2 

66. If C/ is a function of u{x,y) and vix,y), derive the relation 

dm dm /duV . ^ dm dudv . dm I'dvV . dlJ dH . d[7 d^ii 


dx2 du^ 


1 (^Y 

2 \dx/ 


^ du dv dx dx dii2 


(-)’ 

\dx) 


du dx2 dv dx2’ 


and show that dm /dy'^ is a similar expression with x replaced by y. 

, , . . , , du dv du dv 

67. If uix,y) and v(x,y) satisfy the equations ^ ^ 

u .t, .dm . dm [dm , d2i7] r/dwv ^ AMH 

show that + -^ = [ ai=‘ + J Lvte/ + '.aiif J' 

68 . By using the expressions in the hint to Prob. 57, show that the 
functions u and v of Prob. 57 satisfy the given conditions of Prob. 67. 

log z in Prob. 57, u = log \/ x’^ + y2 and v = tan"^ Also 


If w 

z = e”’ and x 
of Prob. 67. 


e“ cos V, y = sin v. Thus Prob. 65 is a special case 
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Evaluate each of the following determinants: 


1 ] 0 

70. 

2 -2 1 

71. 

1 3 4 

2-3 2 

• 

-3 1 2 

• 

5 2 1 

1 

00 

o 


1 2 3 


-1 1 -1 


Using the method of determinants of Sec. 27, solve each of the follow- 
ing systems of linear equations: 

72. 2a: -f 3?/ = 11, a: — y = 3. 

73. X — 3y + z = —6, 2a; — y -I- 2 : = 2, 3a: — 4?/ ■+• 3^ = —3. 

74. x + p- z = 0, x-ij + z = 4, -x + y + z = 2. 

Let any number of variables be connected by a single equation of the 
lorm f{x,y,z,u,v, • • • ) = 0. Prove the following relations between 
partial derivatives, each formed with all variables except the two directly 
involved held fast: 


76. 

78. 


^ = - h. 

dx // 
dx dy dz du 
dy dz du dx 


76. 


dx ^ 
dy dx 


1 . 


,j.j ^dydz _ 

§ i • f\ rv •— 1 , 

dy dz dx 


79. 


da; dy dz du dv 


• 1 . 


dy dz du dv dx 

2 — ■ujz = 0, verify the equations of 


80. If x'^ 2?/''^ 4z‘^ — — V 

Probs. 76 to 79 after evaluating each of the partial derivatives. 

81. lif{v,p,T)=0,undap = ^(^^^ while show that 

(If). = 

82. If w = f{x,y), V = y{x,ij) may be solved for x and y, prove that 

the partial derivatives satisfy - 1 and 

(fi), (If). + (Z). (^). “ expression is 

{dx/dx)y = 1, and the second is {dy/dx)y = 0. 

83. If -a = e* cos y, v = sin y, verify the equations of Prob. 82 
after evaluating each of the partial derivatives. 

84. If F{x,y,z) = 0 and G{x,y,z) = 0, we may consider any two of 
the variables x,y,z as a function of the third. Deduce the relations 

dx _ dy dz 

d{Fjf)/d(y;^) - " d{F,G)/d{x,yy 


if no denominator is 


zero. 


In Probs. 84 to 94 it is assumed that all Jacobians used as denomina- 
tors are not zero for the values considered. 

86 . Use Prob. 84 to find the ratio of the differentials dx,dy,dz when 
+ ^2 = 1 and + 2y^ -f 3z^ = 2. 
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86 . If a; = fiUjV), y — g{:u,v), z — h(u,v), we may consider ^ as a function 

of X and y. bhow that ( 3 - ) = 57- — 777 . 7 — .. • 

^ \dx/y d{x,y)/d{u,v) 

87. If a: = f(u,v,w), y = g{u,v,w), z — h(u,v,w), show that 


\duJ, 


d{x,y,z)/d{u,v,w) 

diy,z)/d{v,w) 


88 . If x,y,z,t are each functions of u and v, show that as a consequence 

^iM) K^A . d(y,tl _ 

d(u,v) d(u,v) + d(u,v) d(u,v) + d{u,v) d{u,v) ~ 

first term and use Prob. 86 to get 1 — ~ ~ 

or = !• Now reverse the steps. 

89. If/(a:,^ ,u,v) = 0 .and g(x,y,u,v) = 0, show that 


d(f,g)/d(x,v) 
\dxJy d{f,g)/d{u,v)' 


90. Use Prob. 89 to evaluate {du/dx)y when x + tz + w + r — 4 = 0 and 

4" d" "W* + — 4 = 0. 

91. If is a function of S and v, and dE — T dS — p dv, show that 
idE/dS)y = T, idE/dv)s = -V, and hence {dT/dv)s = -(dp/dS)„. 

92. If the quantities of Prob. 91 are all expressed as functions of any 
pair of variables a, ^ show that d{T,S)/d{a,^) = d{p,v)/d{a,0). Hint: 
Express the derivatives in the last equation of Prob. 91 in terms of 
Jacobians with respect to a,^ by applying Prob. 86 with suitably modi- 
fied notation. 


93. Prove that 


dix,y) d{u,v) d{x,y) 


d{u,v) d{s,t) 
Jacobians of any order. 

94. Show that 

d{u,v) 

case of Prob. 93. 


d{s,t) 


d{u,v)/d{x,y) 


A similar result holds for 

t 

either directly or as a special 


96. If a: = e“ cos v,y = sin v, verify the equation of Prob. 94 after 
evaluating each Jacobian. 

96. If It = log x d- log y and v = cos xy, verify that d{u,v)/d(x,y) is 
identically zero. Also show directly that v is a function of u by elimi- 
nating x or y. 

For each of the following functions, write the first few terms of the 
Taylor’s series about 0,0: 

97. cos xy -p xy sin xy. 


98. e*' log (1 d- x). 
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99 . e* cos y. Check as the real part of the series for 

100 . Find the value of x,y which makes the function of two variables 
X* y* — 4x — 32y + 2 a minimum. 

101 . Find the point inside a triangle at which the sum of the squares 
of the distances to the vertices is a minimum. 

102 . A rectangular box, open at the top, is to hold 500 in.* Find the 
dimensions for which the surface is a minimum. 

103 . A tank, open at the top, is in the form of an inverted cone sur- 
mounted by a cylinder. If the volume is given as 706.9 ft.* (that is, 
2257 r ft.*), find the dimensions for which the surface is least. 

104 . If Ax* + 2Bxy -b Cj/* = 1, where AC > B‘\ then the maximum 

A -f C + VU - C)* -t- 4J5* 

and minimum values of u = x* -h ?/* are ^{AC — W) 

Prove this statement. 

106 . Show that the area of the ellipse of Prob. 104 is expressible as 
S = tt/V^AC — IP. Hint: S = Tob, where a and b are the semiaxes. 
And a* and 6* are the maximum and minimum values of u found in 
Prob. 104. 

106 . Find the point in the plane Ax A- By + Cz = D which is nearest 
to the origin. Hint: Minimize m = x* -p y* + 2^ subject to the condi- 
tion Ax 4" By Cz — D — 0. 

107 . Find the point in the surface 2xt/z* = 1 which is nearest to the 
origin. Hint: Minimize w = x* -|- i/* -p z* subject to the condition 
log X -P 4 log 2 / + 4 log 2 -P log 2 = 0, for the case x, y, z positive. 

108 . Find the value of x,y,z which makes x^y*z^ a maximum subject to 
the condition x-p 2 /-pz = l, if x,y,z are all positive. 

109 . Let S denote the area of a triangle whose sides are a, 6, and c. 
From any point P inside the triangle draw perpendiculars to the sides 
and denote their lengths by u, v, and w. Show that these lengths may 
have any values that satisfy the condition au bv cw — 2S, and 
find the values of u, v, and w for which w* -p + «>* is a minimum. 
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VECTORS, CURVES, AND SURFACES IN SPACE 

The main topic of this chapter is the differential geometry of 
twisted curves and surfaces in space. We begin with an intro- 
duction to solid analytic geometry. In this connection we 
present some elementary parts of vector analysis, the use of 
which greatly simplifies the entire discussion. 

36. Coordinates in Space. We may locate points in three 
dimensions by using a coordinate system constructed as follows : 
Through any point 0, selected as origin, we draw three mutually 

perpendicular lines, the x, y, and z 
axes. On each of these we take a 
positive direction, as indicated by the 
arrows in Fig. 12. We shall use right- 
handed systems. That is, we so 
choose the positive directions that a 
right-threaded screw along the z axis 
will advance in the positive direction 
when given the 90° turn which takes 
the positive x axis into the positive 
y axis. 

The coordinate axes determine 

three coordinate planes, the rjz, zx, and xy planes. The signed 

distances of any point P from these planes are denoted by x, y, 

and z and are called the coordinates of P. 

« 

By drawing planes through P parallel to the coordinate planes, 
we may construct the rectangular parallelepiped shown in 
Fig. 12. The points D, E, F are the projections of P on the 
yz, zx, and xy planes. The points A, B, C are the projections 
of P on the x, y, and z axes. 

X = EP = BF = CE = OA. (1) 

Thus X is the x coordinate of the projection F in the xy plane, or 
of the projection E in the zx plane. Also x is the distance from 0 
to A, the projection on the x axis. 

78 
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In the figure the signs of x, y, and z are all plus since the 
directions from D to P, E to P, and F to P are those taken as 
positive on the coordinate axes. But if P were behind the yz 
plane, x would be minus ; if P were to the left of the zx plane, y 
would be minus; and if P were below the xy plane, z would be 
minus. 

\i a, h, c are given values of the coordinates, the point P may 
be constructed either by taking OA = a, AF = h, and FP = c; 
or by taking OA = a, OB — b, and OC = c on the coordinate 
axes and thence determining the parallelepiped having P as the 
vertex opposite to 0. 

37. The Segment OP. Let P be the point x,y,z and consider 
the directed line segment OP. From the right triangles OFP 



and OAF, we find 

Op-i = ^ OA^ A- AF\ 


so that 


OP2 = OA^ A- AF'^ 4- PP“ = + 2 ". (2) 

This determines OP, the length of OP. 

The direction of OP may be fixed by the cosines of the angles 
POX, POY, POZ which the segment makes with the positive 
coordinate axes. The cosines, which Ave denote by l,m,n are 
called the direction cosines of OP. The angles themselves are 
called the direction angles of OP. The direction angles, denoted 
by a,^,y, may always be considered as having values in the 
range 0 ^ 0 ^ tt. (t radians = 180°.) From the right tri- 
angles OAP, OBP, OCP we find 
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\j A. CO y 

I = cos a = Similarly, w = cos /3 = 

n = cos 7 = ^* (3) 

From these relations and (2) we may deduce that 

= cos^ a + cos^ l8 + cos^ 7 = 1- (4) 

If we extend the line PO through 0 to a point P' such that 
OP' — PO, the segment OP' will have direction angles r — a, 
X — /3, T — 7 so that its direction cosines V,m',n' will be equal 
to 

38. Direction Ratios. Let L be any straight line. Draw the 
line through 0 parallel to L, and let WP be a segment of this line 
bisected by 0. Then I, m, n the direction cosines of OP, or 



V, m' , n' those of OP', are taken as the direction cosines of L. 
Any set of numbers a,h,c not all zero which are proportional tp 
these cosines are called direcMon ratios. Except for the distinc- 
tion between OP and OP', the cosines may be found from the 
ratios. For if 


then 

and 


I = ka, m = kb, n = kc 
1 = U -V = k‘^{o} -f- IP -f- P) 

k = + _r.— TT- r- -. -= n 

-jr b^ P 


(5) 

( 6 ) 


one sign giving I, m, n and the other I', m', n'. 

39. Projections of Line Segments. Let L be a line through 
the two points A and B. And, on L, choose the positive direc- 
tion as that from A to B. Also let PQ be any directed line seg- 
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ment. The planes through P and Q perpendicul ar to L will 
determine points P' and Q' on L. The segment P'Q', or the 
signed distance from P' to Q', is called the 'projection of PQ on L 
or on A P. We determine the angle 6, between L and PQ as 
follows: Draw a line segment parallel to PQ through any point 
of L, for example, P'Q" through P'. Then take 6 as the angle 
in the range 0 ^ 9 ^ r made by this segment with the positive 
direction on L, that of AP. 

From the right triangle P'Q'Q’' we find 


Proj^B PQ = P'Q' — P'Q" cos 9 = PQ cos 9. ' (7) 

Consequently, 

ProjxB QP = Q'P' = —PQ cos 9. (8) 

For any three points P, Q, and R we see that 

ProjxB PR = Proj^s PQ + Proj^s (9) 

since this is equivalent to P'R' = P'Q' + Q'R' where P', Q', R' 
are the projections of P, Q, R 
on AP. 

40. The Segment P'P". 

Consider a pair of points 
P'{x',y',z') and P"{x'',y",z"). 

Let the segment P'P" have 
direction cosines l,m,n and a 
length s. Then the projections 
of the segment P'P" on the 
coordinate axes are 

x" - x' = si, 

y" - y' = 

But by Eq. (4) 

1-2 _|1 ^2 ^2 1. (11) 

Consequently, 

(x" - P)2 + (y" - y'p-\- (z" - z'P = s2(P + + n2) = s2. 

( 12 ) 

This determines the length s, 



z" — z' = sn. (10) 


s = |PP"| = ^{x" - x'Y + iy" - y'Y + {z" - z’)\ (13) 
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And from Eq. (10), 


x" - 
t = — 
s 


y" - y' 


Equations (J3) and (14) could also be deduced from the parallele- 
piped with edges parallel to the axes and diagonal P'P" by reason- 
ing similar to that of Sec. 37. 

Equation (14) sho\vs that Ave may take x" — x', y" — y' , 
z" — z' as direction ratios for the straight line through the 
points P' and P". 

41. The Straight Line. Let us keep the point P' fixed and 
take P{:x,y,z) as any point on the straight line through P'P". 
Then if t is the (variable) signed distance from P' to P, Ave shall 
have the relations 


X — x 
t ’ 


y - y 


z — z 


analogous to Eqs. (14). Conversely, if these equations hold, the 
segment P'P (or PI^' if t is negative) Avill have the same direction 
cosines as P'P", and P will be on the straight line through P' 
and P". It folloAvs that the e(iiuitions 

X = x' It, y = y' + mt, z = z' -{■ nt (10) 

determine the points on the straight line in terms of the signed 
distance t. 

The equations 


x — X 


y - y 


are an equivalent set, since if these hold Ave may take the common 
value of the ratio as the parameter t. Here, in place of the 
direction cosines I, m, n, Ave may use any direction ratios a, b, c 
proportional to them. We then write 

( 18 ) 

a b c 

These equations hold if, and only if, the segment P'P has a fixed 
direction, and so are the equations of the straight line through P' 
with direction ratios a, b, c. In particular, avc have 


X — X 


y - y 
y" - y' 


r,lf 

z — z 


( 19 ) 
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as the equations of the straight line through the points P' and 
P". 

We continue to write equations of the form (17), (18), and (19) 
even when one or two of the three denominators are zero, inter- 
preting them as meaning that the corresponding numerators are 
zero. 

42. Vectors. In many geometrical and physical applications 
of mathematics we meet the concept of a vector, or directed 
magnitude. A vector is determined by its length and direction. 
It may be graphically represented by any line segment having 
this length and this direction. The position of the initial point 
is unessential, and any two segments P'P" having the same 
length and the same direction represent the same vector. We 
sometimes use a particular representative segment as P'P" to 
denote a vector but more often find a single letter convenient. 
In print, we use boldface type, as a, to indicate a vector. In 
writing, a dash over the letter, as a, may be used. The length 
of a vector may be denoted by the absolute value sign or simply 
by the letter in ordinary type or without the dash. Thus with 
the notation of Sec. 40, if 

a = FW', la| or a = |P'P"1 = s. (20) 

We may think of a segment with coincident end points P'P' 
as representing a vector of zero length and undetermined direc- 
tion. We call this the null vector but represent it by an ordi- 
nary zero in equations where its character may be inferred from 
the context. 

For any real number C, by Ca (or aC) we mean the vector 
whose length is C times that of a and having the same direction 
as a if C is positive and the opposite direction if C is negative. 
If C is zero, Ca is the null vector. In particular when C is — 1 , 
we write —a for ( — l)a and if 

a=FF'', -a = F^. (21) 

The real numbers, or numbers represented by signed coordi- 
nates on a scale, are referred to as scalars. The operation that 
converts the vector a into Ca is called multiplication of the vector 
a by the scalar C. 

43. Addition and Subtraction of Vectors. Let PQ be a seg- 
ment representing the vector a and QR be a segment representing 
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the vector b, so that 

a = b = Then a + b = (22) 

Also if S is on RQ produced so that SQ = QR, 

b = SQ, -b = ^, and & - h = PS. (23) 

Thus vectors are added and subtracted by the parallelogram law. 



Fia. 16. Fig. 17. 

It follows at once from the definition that 


a + b = b -b a. 

(24) 

C(a + b) = Ca + Cb. 

(26) 

a + (b -b c) = (a + b) -b c. 

(26) 

-b b = c, then c — b = a. 

(27) 


44. Components. By drawing OP equal in magnitude and 
direction to a given vector r, we obtain a representative segment 

for r with initial point at the origin. Let 


C 



Fig. 18. 


the coordinates of P be x,yyZ and constrilct 
the parallelepiped as in Sec. 36. If i, j, 
and k denote unit vectors along the posi- 
tive X, y, and z axes, respectively, we shall 
have 

OA = xi, 

OB = yi, (28) 

OC = 2k. 


Consequently, 


r = ai + t/j 4- 2 k, 


(29) 


and we have decomposed r into three component vectors, each 
parallel to a coordinate axis. We call the scalars x, y, z which 
multiply i, j, k the components of the vector. Thus the vector r 
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has components x, y, and z if its component vectors are xi, yj, and 
zk and the relation (29) holds. The components may be obtained 
directly from the projections of any representative segment on 
the coordinate axes. 

By the rules of Sec. 43, we may deduce from Eq. (29) that 

Ct = Cxi + Cyj + Czk, (30) 

so that the components of Cr are C times the components of r. 
Again, if 

r' = x'i + y'} + z% (31) 

we find from this and Eq. (29) that 

r + r' = (x + x')i + (y y')) + (2 + z')k, (32) 

so that the components of r + r' are formed by adding corre- 
sponding components. 

In general, the operations of addition, subtraction, or mul- 
tiplication by a scalar may be effected by applying these opera- 
tions to the components of the vectors involved. 

As an illustration, the two points P'(x',y',z') and P"{x'' ,y" ,z") 
determine vectors 

^' = r' = x'i -b y'i -}- z'k, OP^ = r" 

= x"i -f -f- 0"k. (33) 

The vector 

PW - r" - r' = (x" - x')i + {y” - y')] -j- («" - z')k. (34) 

This is in accord with Sec. 40. 

If I, m, n are direction cosines, the vector 

u = Zi -f- w?j -f nk (35) 

is of unit length, since 

|ul = w = = 1. (30) 

For any vector r with length r and direction cosines I, m, n, we 
have 

r = m = rZi -f rmj -b rnk. (37) 

Thus r has as its components rl, rm, rn and its direction cosines 
may be found by dividing its components by its length. Applied 
to the vector r" — r' of length s, this checks Eq. (14). 
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Similarly, Eq. (15) states that 

r — r' = hi, or r = r' + hi, (38) 


in which t may be positive, negative, or zero. 

46. The Scalar Product. For any two vectors a and b we may 
calculate the expression ah cos d, where d is the angle (0 ^ 6 ^ r) 
made by their positive directions as in Sec. 39, and a and h are 
their lengths. We call this expression the scalar or dot product 

of the two vectors and write 



a • b = a6 cos 6. (39) 

By Sec. 39 the projection of a on b is a cos d, 
and the projection of b on a is 5 cos 6. 
Consequently, we have 

a . b = a Proja h = b Projb.a. (40) 

It follows from the original definition that 


a • b = b • a, (41) 

so that the scalar product is commutative, that is, does not 
depend on the order in which the two vectors are written. 

Also, for any two scalars p and q, 

(pa) • ((/b) = pqah cos 6 = pq{a • b). (42) 

Finally, by Eq. (9), 

Proja b + Proja c = Proja (b + c). (43) 

If we multiply by a and use Eq. (40), we may deduce that 

a • (b + c) = a • b + a • c or (b + c) • a 

= b • a + c • a. (44) 

Thus the scalar product is distributive and we may expand 
products like 

(a4-b)*(c + d) = a*c + a*d-f-b*c + b ‘d (45) 
as in ordinary algebra. 

If the two vectors a and b have the same direction, they make 
a zero angle. Thus 6 = 0 and cos 0 = 1 in Eq. (39). In 
particular, 

a • a = a2, (46) 

and the scalar product of a vector by itself is the square of its 
length. 
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If the two vectors a and b are perpendicular, 6 = 90° and 
cos 6 = 0. Hence, 

if a ± b, a • b = 0. (47) 

These facts enable us to compute all the scalar products 
involving the three unit vectors i, j, k. We have 

i . i = j . j = k • k = 1 (48) 

and 

i.j = j.i = j.k = k*j = k*i = i«k = 0. (49) 

We may now express the scalar product of any two vectors in 
terms of their components. Let a have components a^, a„, 
and b have components 6^, hy, bz. Then 

a = ttxi + aj + «^k and h = b^i + by) + bX (50) 
Thm 

a • b = (rU + aj + a.k) • (5*i + byj + 6,k). (51) 

By the process used in Eqs. (44) and (45), this may be distributed 
into nine separate products. We may then bring out the scalar 
factors, as in Eq. (42), and reduce the dot products which 
involve i, j, and k only by Eqs. (48) and (49). The final result is 

a • b [ ^yby “E ^zbz. (52) 

In particular, by Eq. (40) 

= a • a = Ux^ + (ly^ -|- (53) 

and similarly 

//■* = b • b = bj + by^ + bz^. (54) 

Except for notation, these are equivalent to Eqs. (2) and (12).. 
Since 

a • b = cos 6, or cos 6 = (55) 

we have by Eqs. (52), (53), and (54): 


cos 6 


O/jJbx I ^yby *E CL;^z 
■x/a*" + a„® -j- az^ + hy^ + 


(56) 


This determines the cosine of the angle between two vectors or 
segments in term^ of their components. 

If the two vectors are perpendicular, cos 0 = 0, and 


O/sJ^X I Ofyby ^zbz 0. 


(57) 
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Conversely, if this condition holds, by Eq. (52), 

a • b = a6 cos 0 = 0. (58) 

Hence, either cos 0 = 0 and the vectors are perpendicular, or 
a or 5 is zero, and one of the vectors is a null vector. Thus, if 
neither vector is a null vector, condition (57) is a necessary and 
sufficient condition for perpendicularity. 

Whereas scalar or dot multiplication of vectors may for the 
most part be treated by the familiar rules of algebra, there is one 
important exception. In ordinary algebra, if a product is zero, 
one of the factors must be zero. But if the scalar product of 
two vectors is zero, we have the alternative possibility of per- 
pendicularity. For example, in ordinary algebra, if 

a 7 *^ 0, and ah = ac or a{b — c) = 0, (59) 

we may conclude that 

6 — c = 0 and b = c, (60) 

But if 

a 7 ^ 0, and a • b = a • c or a • (b — c) = 0, (61) 

we may conclude only that 

either b — c = 0, or (b — c) ± a. (62) 

46. Planes. Consider any ec^uation of the first degree 

Ax -|“ By “1“ Cz = D, (63) 

Then A, B, C cannot all be zero, since it is of the first degreb. 
Let P'(x',y',z') be one point whose coordinates satisfy the 
equation, so that 

AP + By' -f Cz' = D. (64) 

Then, if P{x,y,z) is any point that satisfies (63), we may deduce 
by subtraction that 

A{x- x') + B(y - y') -f C(z - z') = 0. (65) 

By Eqs. (52) and (34) the le ft m ember may be considered as the 
scalar product of the vector P'P and a vector a with components 
A,B,C. Since a 0, either P'P = 0 and P is P', or the vector 
P'P is perpendicular to the vector a. In either case the point P 
lies in the plane through P' perpendicular to a. Conversely, 
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if P is in this plane, either P'P = 0 or JP'P is perpendicular to a, 
and Eq. (65) will hold. But Eqs. (65) and (64) may be added 
to give Eq. (63). This proves that Eq. (63) is the equation of 
a plane. 

Conversely, by taking A,B,C any set of direction ratios for the 
direction perpendicular, or normal, to a given plane, and x',y',z' 
as the coordinates of any point in the plane, we may write an 
equation of the type (65). If we define D by Eq. (64), this 
equation is reducible to the form (63). This proves 

Every first-degree equMion in x, y, and z represents a plane, and 
every plane is representable by some first-degree equation. 



Fiu. 20. Fia. 21. 


Consider next a point P{x,y,z) not in the plane (63). Let a be 
a normal vector with components A,B,C. Denote by Lp the 
signed perpendicular distance from the plane to P, measured' 
positive in the direction of a. Then Lp equals the projection of 
P'P on the direction of a, so that by Eq. (40), 

aLp = aProjaFP = a-FP 

= A{x — x') B{y — y') C{z — z'). (66) 

But 

a = (67) 

so that 


x') + B{y — y') A- C{z 

\/A^ -A B^-hC^ 


Ax + By A- Cz — D 


This determines the distance from the plane to P. The distance 
Lp is positive for x,y,z on the same side of the plane as a:' + 
y' -{■ B, z' A- C, and negative for x,y,z on the same side of the 
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plane as a:' — A, y' — B, z' — C. When the point is in the 
plane, Lp is zero, and Eq. (63) holds, so that (68) still applies 
in this case. 

47. Tangent Line to a Space Curve. The equations 

^ = fit), y = z = hit) (69) 


determine a point P{x,y,z) for each value of t. In general, this 
point will vary continuously with t and as t traces an interval, 
P will describe the arc of a curve in space. Let U be a fixed value, 
which determines a fixed point Poix(i,yo,Z(i). Then if U + At is 
a value near ta, which determines P'(xo + Ax,yo + Ay,Zo + Az), 
the segment PoP' will have components Ax, Ay, Az. Thus these 
numbers, or 


Ax Ay Az 

li' li’ IS 


(70) 


Avhich are proportional to them, are the direction ratios of a 
secant through Po- Now let At — » 0. Then, if our given func- 
tions are differentiable, these approach 



(tx 

(it 


= fih), 

dz 
(it 


dt 


10 


= g'(to), 


= h'ih). 


(71) 


Assume that these are not all zero, so that 

rw + g'iuy + h’ihY > 0 . ( 72 ) 


Fig. 22. 


Then the numbers in (71) may be taken a$ 
direction ratios of a line through Po and 

Q[xo -l-/'(^o), 2/0 + g'ih), Zo + h'ito)]. 

The equations of this line may be written 

X — xo y — yo 


Z — Zq 
^ h'ito) ■ 


(73) 


f'ih) g'it.) 

But the secant line through Po and P' has direction ratios (70) 

( Ax A^ Ai2j\ 

a^o + yo 

When At — » 0, Q' Q, so that the secant through PoQ' 
approaches the line through P^. This limiting line is defined 
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to be the tangent to the curve at Po. Thus the equations of the 
tangent are given by (73) and may be v^ritten in the alternative 
forms : 


or 


X — 

Xo ^ 

_y - 

Vo ^ 

z •— 

Zo 

dx 


dy 


dz 


dt 

0 

dt 

!o 

dt 

0 

- m _ 

_y - 

g(to) 

z 

— h{ti 

f'ito) 


g'ito) 




(74) 

(75) 


The fact that the length of the chord PoP' is 


PoP' = (76) 


suggests that a definition of length of arc based on inscribed 
polygons would make 

©* = (ly + (s + 6) ’ 

and 

« - = £ 'jw^y + (0 

This is, in fact, the case and we shall accordingly use these 
relations as the fundamental ones for the arc length s. 

48. Derivative of a Vector. If a vector has its components 
variable but functions of a parameter t, we may write 


r(0 = f(i)i + g(0j + HOk. (79) 


By the derivative of the vector r with respect to t we mean the 
vector 


r'(0 


lim 

A<— >0 


"h A{) — r(^) 

aT” 



By applying this definition to the form given in (79), we find 

r'(0 = + g'im + h'm. (81) 

Thus to differentiate a vector, we need merely differentiate each 
component. 

Let us take a point P{x,y,z) such that 
OP = r(0, and x = f{t), y = g{t), z = h{t). (82) 

Then, when t varies, the end point P will describe a space curve 
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as in the last section. The vector r'(0 is parallel to the tangent 
to this curve. And the length of x'{t) is 

|r’| = Vr' ■ r' - + h’(iy = (83) 

the derivative of the arc length with respect to the parameter. 

When t is the time, T'{t) has a length equal to the speed in the 
path, and components equal to the velocities of x, y, and z along 
the axes. Thus it is the velocity vector of the moving point P. 
Similarly, x'’{t) with components d^y/dP, dH/dP^ or 

r"(0 = /"(Oi + g''{m + (84) 

is the time derivative of the velocity vector or the acceleration 
vector of the moving point P. 

49. Surfaces. The equation 

2 = Sx{x,y) (85) 

determines a single point P for each value of x and y. In general, 
when X and y vary continuously over some two-dimensional 
region, the point P will vary continuously over the portion of a 
surface in space. Similar remarks apply to a: = f^iy^z) and to 
y = fi{z,x). A more general equation is 

F{x,y,z) = 0. (86) 

If Fx, Fy, Fz are not all zero, this may be solved in some restricted 
region for one of the variables in terms of the other two and so 
represents a surface. 

Let X = x{t), y = y{t), z = z{t) be the equations of any curvo 
lying in the surface (86), so that 

F[x{t),y{t),z{t)] = 0 (87) 

for all values of t. Then, by differentiation with respect to t, 

We assume that the parameter t has been so selected that 
[x'{t)Y + [y'{t)Y + > 0. For example, we may take 

t = 8, the arc length. By Eq. (52) the left member of (88) may 
be considered as the scalar product of the two vectors : 

N = F.i -f- Fy] + Fzk 


( 89 ) 
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and 

T = x'{t)i + y'{t)} + 2 ' (Ok. (90) 

As neither of these vectors is zero and N • T = 0, they must be 
perpendicular. Thus a plane through the point P{x,y,z) perpen- 
dicular to N will contain all the tangent lines drawn to curves 
on the surface passing through P. We call this plane the 
tangent plane to the surface at P. The direction of N, which is 
perpendicular or normal to this plane, is called the normal to the 
surface at P. 

The equation of the tangent plane to the surface at Po(a:o,yo,2o) 
is found by Eq. (65) to be 

Fxixo,yo,zo)(x - xo) + Fy{x(),yn,Zo)(y - yo) + h\(xo,yo,zo)(z - 2 .,) 

= 0. (91) 

If the equation of the surface is given in the form 


2 = f(x,y), 


(92) 


we may put F(x,y,z) — z — f(x,y) and write the equation of the 
tangent plane at Po(xo,yo,Zn) in the form 


2o 


dx 


(X — Xo) + 


dy 


(y 



60 . Surface near a Tangent Plane. We 

wish to investigate the form of a surface S 
near a given point. Let 2 = f{x,y) be the 
equation of S, so that Zo — f{xo,yo)- Consider the Taylor’s 
expansion of f(x,y) about Xo,yo, namely, 


2 = f{xo,yo) + 


df 


+ 


dx 
2 dx"^ 


{x - Xo) 

0 dy 


(y - yo) 


(x - Xo)^ + 


+ 


dx dy 
1 ^ 
2 dy^ 


{x - xo)(^- yo) 

) 

{y - yo)^ + • • ■ 


(94) 


We note that since Zo — f(xo,yo), this expansion reduces to 
Eq. (93) of the tangent plane at Po if we omit all terms containing 
powers of degree greater than one in (x — Xo) and (y — yo). 

Let us next take new coordinate axes x',y',z' with the x'y' plane 
coinciding with the tangent plane to the surface at xo,yo,2o. 
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Then the new equation of the tangent plane will be z' = 0, so 
that the constant term arid first-order terms will not appear. 
We also take the new origin at the point Pq. Then the new 
coordinates of Po are 


a:o , yo , 2o' = 0, 0, 0. 

Consequently the expansion (94) takes the form 
z' = i(Ax'^ -f- 2Bx'y' -f- Cy'^) 4- • • 


where 


A = 


aPMo ^ ~ dx'dy'W ^ ~ dy'^lo 

For the new axes the equation of the surface is z' = f(x',y'), and 
* the second derivatives are evaluated at the 

2 origin. 

S Up to terms of the third order, the sur- 
fjJ'Ce is approximated by the second-degree 
Y' surface : 

/ ~ z' = h(Ax'^ + 2Bx'y' + Ct/'-)- (98) 

/ This is called the osculating paraboloid. 

^ ^ By a suitable rotation of the axes in the 

■ x'y' plane, the term Bx'y' may be made to 

disappear, and the equation of the osculating paraboloid reduced 
to the form 

z" = 4(a:c"2 -f- hy"^). (99) 

In this ecpiation the z" axis is along N, the normal to the surface 


_ 


Fig. 24. 



Fig. 26. Fig. 26. 

at Po, and the x" and y" axes are suitably chosen in the tangent 
plane to the given surface S at Po. 

The curves in which S is cut by planes through the normal N 
are called the normal sections of S at Po. Suppose that a normal 
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section C is cut out by a plane making an angle 6 with the x”z*' 
plane. Let P be any point of C near Po, and R the projection of 



Next draw a circle through P tangent to PoR at Po. Then, if 
Pp is the radius of this circle and z/' — RP, we have from Fig. 28, 

= UQ. Qp^ or r2 = (2pp - z/')z/' 

and 

_ - zi"-^ 1 _ 2zp" 

““ 22i" ' pp r2 

But, since Eq. (99) was obtained by dropping higher powers, for 
a point x'',y" ,Zp'^ on S we may write 

22 p" = (ax"‘^ + by"^) + 0(r®) = r‘^(a cos^ 0 + 6 sin- 0) + 0{r^). 

(103) 

Here 0(r*) stands for terms whose degree in x" and y" is at least 
three. Hence, when transformed by Eq. (100), they contain a 
factor and so are of the third order in r. 

It follows from Eqs. (102) and (103) that 

1 a cos* 0 + 6 sin* 0 + 0(r) /irk^\ 

- = HFom (‘<M) 

where the terms 0(r) contain a factor r and the 4;erms 0(r*) 
contain a factor r*. Hence these terms approach zero when 
r — >• 0. If we denote the limit of pp when r — » 0 by p, we have 

- = a cos* 0 + 6 sin* 0. (105) 

P 

This is Euler’s form for the curvature of any normal section. 


, ( 101 ) 
( 102 ) 
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Since sin^ 6 + cos^ ^ = 1, 

- = a + (6 — a) sin^ 6. (^06) 

P 

The maximum value of sin‘^ 0 is 1 for d — 90° or 270°. The 
minimum value is zero for ^ = 0° or 180°. Hence the maximum 
and minimum values of l/p are b,a (if h > a), and a,b (if a > b). 
In these cases the x” and y" axes may be located as the tangents 
to those normal sections at Po which make 1/p take on its 
extreme values. If we write 1/pi and l/p 2 for these extreme 
values, Eq. (99) takes the form 



The numbers pi and pa are called the principal radii of curvature 
of the surface S at Pa. The product l/(pip 2 ) is called the total 
curvature. 

The sections of the surface S parallel to the tangent plane are 
found by placing Zp — kin Eq. (103). The result may be written 

2A: = — + ^ + 0(r3). (108) 

Pi P2 


Hence, to within terms of the third order these curves are conics 
similar to the curves found by putting 

^1 ■ z" = ±1 in (107), or 


= 

2 Vpi 




(109) 


^ This is called the equation of the indicatrix of the 
/ surface S at Po. When pi and p 2 have the same 

/ sign, the indicatrix is an ellipse for one of the 

"^Fig 29 signs and is an imaginary ellipse for the other 
sign. Hence the sections of the surface are 
approximately ellipses on one side of the tangent plane. Near Po 
the surface lies entirely on this side. Such a point is called an 
elliptic point or point of positive total curvature, since l/(pip 2 ) is 
positive. When pi and p 2 have opposite signs, the indicatrix is a 
hyperbola with asymptotes given by 


— + ^ = 0, z" = 0. (110) 

Pi P2 
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In this case, near Po, the surface will lie on one side of the tangent 
plane in one set of opposite regions between these lines, and on the 
opposite side in the other pair of opposite regions. The surface S 
near Po will cut the tangent plane in curves tangent to the 
asymptotes (110). Such a point is a hyperbolic point, or point 
of negative total curvature, since l/(pip 2 ) is negative. 

If one coefficient 1/pi or l/p 2 is zero, the indicatrix (109) 
represents a pair of (real or imaginary) parallel lines. In this 
case Eq. (107) represents a parabolic cylinder, and the point is 
called a parabolic point, or point of zero total curvature, since 




l/(piP 2 ) = 0. In this case the osculating paraboloid (here a 
parabolic cylinder) lies on one side of the tangent plane and is 
tangent to it along the x" or y" axis. The surface S, near Po, 
will also touch or cut the tangent plane in a curve tangent to this 
axis, but in general it will lie on both sides of the tangent plane 
near Po. 

The bell-shaped solid of revolution, shown in Fig. 31, illustrates 
all three types of points. There is a circle of parabolic points. 
All points above this are elliptic, and all below this are hyperbolic. 

Let us return to the original axes, in which S had the equation 
z = f{x,y), and introduce the abbreviations 

dz dz dh dH d^z . 

dx dy dx"^ dx dy dy^ 

We indicate that these derivatives are to be evaluated at Po by 
appending a subscript zero. Then Eq. (93) for the tangent 
plane at Po may be written 

z - Zo = Pa{x — a:o) + qaiy - yo). (112) 

And the equation of the osculating paraboloid at Po is 

z = Zo-\- po{x - Xo) -f qo(y - yo) + iro(a: - .ro)^ 

-f so(x - xo)(y - yo) + i<o(2/ - 2/o)^ (113) 
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since this approximates the expansion (94) up to terms of the 
third order. The points on this paraboloid whose perpendicular 
distance from the tangent plane (112) is ±1 will make up the 
indicatrix of Eq. (109). By Eq. (08), such points P{x,y,z) will 
satisfy the relation 

2 - Zo - po(a: - x^) - qo(y - yp) ^ ^ 

•\/l + 

If we solve this equation for z and substitute in Ecj. (113), we 
obtain 


±2 \/l + + qo^ = n{x - XoY + 2so(a’ - Xo)(y - p,,) 

+ io(y — yo)-, (115) 

as a relation satisfied by all points of the indicatrix curves. 

The locus in space of this equation 
in x,y,z with z missing is a cylindrical 
surface with elements parallel to the z 
axis which passes through the indi- 
catrix curves. In the xy plane the 
locus of this equation in x and y is the 
orthogonal projection of the indicatrix. 

0 ) I I The point Po on the surface S will be 

elliptic, hyperbolic, or parabolic ac- 
cording as the indicatrix curves and 
hence their orthogonal projections an^ 
ellipses, hyperbolas, or pairs of parallel 

straight lines. 

When Eqs. (115) represent hyperbolas, the asymptotes are 
given by the equation 

ro{x — XoY + 2so(a: - xo)(p - yo) + to(y - yo)“ = 0. (116) 

If we divide this equation by (x — Xo)^ and set the slope 





d 

\ 

/ 

X"/ 


~ 



Y 


Fig. 32 . 


= X, 

X — Xo 


(117) 


we obtain the quadratic equation 

“f- 2soX -f- ro = 0, (118) 

whose roots are the slopes of the asymptotes. Hence the roots 
are real, and the discriminant of the quadratic equation (118), or 

(2so)2 - 4^oro = 4(so2 - roh), (119) 
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— ro^o > 0, 


( 120 ) 


Eqs. (115) will represent hyperbolas. 
If 


■S'o^ r 0^0 — 0, 


( 121 ) 


the roots of Eq. (118) will be equal. Hence the left member 
of Eq. (118), as well as of (116), will be a square. In this case 
Eqs. (115) will represent pairs of parallel lines. 


If 


.s'o" < 0, (122) 

m 

the roots of Eq. (118) will be imaginary. Hence the left mem- 
ber of Eq. (118), as well as of (116), will be a sum of two squares. 
In this case Eqs. (115) will represent ellipses. 

The discussion just given leads to the following conclusions: 
The point P(x,y,z) of the surface z = f{x,y) will be 


Elliptic, if 
Parabolic, if 
Hyperbolic, if 



dy'^ ’ 


Q2J Q2J ^ 

dx‘ dy‘^ 


d^f 

dx^ dy‘^ ’ 


(123) 


where all the derivatives are evaluated at P(x,y,z). 

51. The Vector Product. For any two vectors a and b, taken 
in this order, we may form a new vector by the following geometric 
construction: (1) Represent the vectors by two segments OA 
and OB having the same initial point 0. (2) Determine the angle 

6, 0 < 0 < T, from a to b, and compute the value n = ah sin d. 
Since 6 = ZAOB, n equals the area of the parallelogram OAPB. 
(3) Draw ON of length n, perpendicular to plane OAB and in 
such a direction that a right-threaded screw along ON will 
advance when turned. from OA to OB through the angle d. Then 
the segment ON represents the new vector n to be constructed. 

We call the vector n the vector product, or cross product, of 
a and b in this order, and denote it by a x b. Thus in Fig. 33, 


n = ON = a X b == OA X OB. 


(124) 
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To construct the vector product b x a, we compute 

n' = ha sin 6 = n, 

as before. However, since we now rotate the screw from OB to 
OA through the angle 6, we must draw ON' in the opposite 



Fig. 33. Fig. 34. 


direction to that previously used. Thus the direction of a 
vector product is reversed if we interchange the order of the 
factors, and 

b X a = — a X b. (125) 

Hence vector products are not commutative, and we must note 
the order of the factors. The property expressed in Eq. (125) 



Fig. 35. Fig. 36. 


merits careful attention, since it makes vector products unlike 
the products used in arithmetic and algebra. 

However, vector products are distributive. That is, 

ax(b + c) = axb + axc. (126) 

This may be seen from Figs. 35 and 36. In Fig. 35, OB = b 
and BC = c, so that OC = b + c. Also OA — a, and a tri- 
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angular prism is constructed with OA as one edge and OBC as 
the base. Then a right section OB'C' is formed by a plane 
through 0 perpendicular to a. Call OB' = b', B'C = c', and 
OC' = b' + c'. Then the parallelogram formed on OA and 
OB has the same area as the rectangle formed on OA and OB' , 
so that 

a X b = a X b'. (127) 

Similarly, 

a X c = a X c' and a x (b + c) = a x (b' + c'). (128) 

In Fig. 36, triangle OB'C' is shown in its true shape, and triangle 
OB"C" is formed from it by multiplying each of its sides by a 
and rotating the triangle through 90°. OA is not shown in this 
figure but would be represented by a vector coming forward per- 
pendicular to the page. It follows that 

OF' = axb', F^ = axc', = a x (b' + c'). (129) 

This shows that 

a X (b' + c') = OC^ = OW' + WW = a X b' + a X c', (130) 

or by Eqs. (127) and (128) 

ax(b + c) = axb + axc, (131) 

which is the distributive law we wished to prove. 

By multiplying Eq. (131) by —1 and using Eq. (125), we 
may deduce that 

(b4-c)xa = bxa + cxa. (132) 

For any two scalars p and q, it follows directly from the 
definition of the cross product that 

(pa) X (?b) = pq(a. X b). (133) 

If the two vectors a and b are parallel or lie on the same 
straight line, they make a zero angle. Thus 6 = 0 and sin 6 = 0. 
Consequently n = ab sin 6 = 0 and n = 0. In particular, 

a X a = 0, and (pa) x (qa) = 0. (134) 

If the two vectors a and b are perpendicular, 6 = 90° and 
sin 0 = 1. Consequently, n = ab sin 6 = ab, and, 

if a i. b, |a X b] = ab. 


(135) 



102 


CURVES AND SURFACES 


§61 


Equations (134) and (135) are easily remembered by noting 
that the parallelogram OAPB degenerates in the first case and 
is a rectangle in the second case. And its area is n = la x bj. 
Using Eq. (134), we find for the three unit vectors 

i X i = 0, j X j = 0, k X k = 0. (13G) 

And, by a direct application of the definition 

j X k = i, k X i = j, i X j = k, (137) 

Avhile 

k X j = -i, i X k = -j, j X i = — k. (138) 

That the product has length unity is in accord Avith Eq. (135). 

Also the relation of Eq. (138) to (137) is in accord 
with Eq. (125). 

We may now express the vector product of two 
vectors a and b in terms of their components. 
Let 

a = cbxi dyi ttik, (139) 

and 

b = 64 + by} + bX (140) 

Then 

a X b = (a4 + aj + «*k) x (64 + by} + 64c). (141) 

This may be distributed into nine separate products, by Eqs. 
(131) and (132). We may then bring out the scalar factors by 
Eq. (133). Practically this is essentially the method of expand- 
ing a product in algebra, except that here in each final term we 
must write the unit vector which came from the first parenthesis 
in (141) before that which came from the second parenthesis. 
Finally, we may evaluate the cross products involving i, j, and 
k only by using Eqs. (136), (137), and (138). The result is 

a X b = xi^Q/ybz O's^y) “f” }(.(^zbx ax6z) T ^(.O'xby (142) 

This is easily kept in mind if Avritten as a determinant : 


k 



Fig. 37. 


a X b = 


i j k 

bx by bz 


Cty Ctz\ 

\by bz 


+ j 


dz dx 

bz bx 


4- k 


(lx Cty 

bx by 


(143) 


The form (142) may be obtained from this by expanding the 
determinants by the methods of Sec. 26. 
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The fact that bxais — axb corresponds to the fact that 
interchanging two rows of the determinant reverses its sign. In 
writing the determinant for a cross product we must be careful 
to put the components of the first factor in the middle row. 

Let us project the vectors OA = a and OB = b on the yz 
plane, to obtain OA' = a' and OB' = b'. Then 

a' = Oj/j + and b' = hyj + hjs:. (144) 

By putting Ux = bx = 0 in Eq. (143) we find that 


a' X b' = 


by b^ 


l((lj/i>z dzhy) . 


(145) 


This shows that the vector product of the projections of a and 
of b on a plane perpendicular to 
the X axis is equal to the vector 
component of a X b on the x axis. 

Hence the length of this com- 
ponent equals the area of the 
parallelogram OA'P'B' , the pro- 
jection of OAPB on the yz plane. 

Similar statements hold for the 
components on the y and z axes 
and for projections on planes per- 
pendicular to them. 

We may find the length of 
a X b by using Eqs. (53) and (143) to obtain 



a X bj^ = (a X b) • (a X b) = 


dy dz 

by hz 


+ 


dz dx 

hz hx 


+ 


dx dy 


l?)x by 


But, since |a X b] — ah sin 6, 

\sL X bj^ = a'^b^ sin^ d = a%^(l — cos^ 6) 



ab cos d 


a • a 

a ‘'b 

ab cos 6 

62 


a • b 

b -b 


(146) 


(147) 


A comparison of Eqs. (147) and (146) establishes the Lagran- 
gian identity: 


a • a a • b 

a • b b • b 


= (a X b) • (a X b). 


(148) 
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Written in terms of the components, the identity is: 


Clx^ I I 0/xl)x I "h 

(ix^>x "h (^yby “H ciz^iz bx^ by^ -h bi^ 


Cly CLz 

by bz 


\bz bx\ 


bx by 


We may determine sin 6 by noting that 


dn2 ft = ^ (a X b) » (a X b) 

a^b^ (a*a)(b-b) 


(149) 


(150) 


The expression for the numerator in terms of components is the 
right member of (149), while the denominator is 

(a • a)(b • b) = (a^^ 4* o,y^ + (iz^)(bx^ + by^ + bz^). (151) 

If a X b is the null vector, it will have zero length and con- 
versely. That is. 


a X b = 0 if, and only if, ab sin 0 = 0. 


(152) 


The last equation shows that a, h, or sin 0 = 0. In the last 
case 0 = 0° or 180°, the direction of a is either the same as, or 
opposite to, the direction of b, and the vectors are parallel. 
Hence, if neither a nor b is a null vector, the equation 

a X b = 0, (153) 

is a necessary and sufficient condition for parallelism. 

Again, from the relation between three vectors 

axb = axc or ax(b — c)=0, (154J 

we may conclude only that either 

a = 0, b = c, or b — c is parallel to a. (155) 


62. Angular Rotation. Suppose that a rigid body is rotating 
about an axis OQ with angular velocity <0 radians/sec. Let a 
be any vector of length w drawn along the axis in the direction 
in which a right-threaded screw would be advanced by the 
rotation. Let P be any point of the body and 0 any point on 
the axis. Denote the vector OP by b. Also draw PQ, the per- 
pendicular from P to the axis. Let q denote the length of QP. 
Then the rotation causes P to move in a circle of radius q, with a 
velocity of uq. This velocity is perpendicular to QP and OP, and 
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hence in the direction of a x b. Again, 

a = 03 and q = QP = h sin 0, (156) 

so that the length of a x b is 

la X bj = ah sin 6 = cdq — v. 

Consequently, v, the induced velocity at P is given by 

V = a X b. (157) 

If we call a the vector angular velocity, this may be written 

Induced velocity at P = (vector angular velocity) x (OP), (158) 

where 0 is any point on the axis of rotation. 

The relation (158) shows that angular velocities may not 
only be represented by vectors but may be added vectorially, 
provided their axes intersect. For, 
let OQi and OQ2 be two intersecting 
axes of rotation, and let the vector 
ai of length coi on and the vector 
as of length co2 on OQ2 represent veloc- 
ities. Then the induced velocities at 

P are 

vi = ai X OP 

and (159) 

V 2 = a2 X OP. 

It follows by Eq. (132) that 

Vi 4- V2 = (ai -f a2 ) X Op. (160) 

That is, if the rotations ai and a2 act simultaneously, the sum of 
the velocities induced by them is the velocity induced at P 
by the rotation about an axis through 0 whose angular velocity 
vector is ai 4- a2. Under these conditions it is usually most 
convenient to represent the vectors ai, a2, and ai 4* ^2 by seg- 
ments having 0 as their initial point. Such as OQi, OQz, and 
OQ in Fig. 40. 

63. The Triple Scalar Product. If a, b, c, are three vectors 
taken in such an order that a X b makes an acute angle with c, 
the triple product (a x b) • c is a scalar quantity equal to the 
volume of the parallelepiped having a, b, c as three of its edges. 
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For let the segment ON represent n = a X b, and let C' be the 
projection of C on the line ON. Then if OC' = h, 

(axb)*c = n*c = n Projn c = nh. (161) 

But n is the area of OAPB, the base of the parallelepiped, and 
since ON is perpendicular to this base, or the parallel base 
CA'P'B', OC' or h is the height of the parallelepiped. Hence 
the right member of Eq. (161) is the base times the altitude. 
This is the volume as we stated. 



Fig. 40. Fiu. 41, 


Of the six possible orders in which the vectors a,b,c may be 
taken, three give the volume of the parallelepiped V = nh: 

(a X b) ♦ c = (b X c) ♦ a = (c X a) • b = y. (162) 

The other three orders give the negative of the volume 

(b X a) • c = (c X b) • a = (a X c) • b = —V. (163) 

Since the dot product is commutative, we also have 

c • (a X b) = a • (b X c) = b • (c X a) = y. (164) 

Let us express the middle one of these in terms of components. 
By Eq. (143) we have 

i j k 

bx by hz 
Cx Cy Cz 

From this and Eq, (52) 

O'X 

hx hy hz 

Cx Cy Cz 



a • (b X c) == aa 


+ 


bx by 

Cx Cy 


b X c = 
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If /i = 0, OC =■ 0, and C is in plane OAB. If n = 0, OB — 0, 
OA — 0, ov B is on the line OA. In any of these cases, the 
points 0, A, B, C are all in the same plane. And these are the 
only cases in which V = nh = 0. Hence a necessary and 
sufficient condition that the vectors a, b, and c are all parallel 
to the same plane is 

a • (b X c) = 0. (167) 

64. Frenet Formulas for Twisted Curves. Let P{x,y,z) be any 
point on a curve in space, and let us take s, the arc length from 
some fixed point of the curve to P, as the parameter. Then if 
r = OP, the vector from the origin of coordinates to P, we shall 
have 


r(s) = x(s)i + y{s)] + 2(s)k. 


Hy Sec. 48, the vector 


dr 

ds 


= r'{s) = P(s)i + y'{s)} + 2 :'(.‘?)k 


(108) 


(169) 


is directed along the tangent to the curve, in the direction of 
increasing s. Its length is unity, since s here plays the role of the 


parameter t in Eq. (83). 

This also follows from Eq. (77), 

or 

ds"^ 

= dx^ + _i_ ^^ 2 , 

( 170 ) 

which implies that 



■ ■ (;»)’ + ( 

S’ + (S’ - + >" + 

( 171 ) 

Let t denote the unit vector along the tangent line, r'(s). 

Then 


. dr 

(172) 


By Eq. (169), x'{s), y'{s), z'{s) are direction ratios for r'(s) or t. 
And by Eq. (171) they are the direction cosines themselves. We 
denote them by k, rrit, ut, so that 


It — 


dx 

Is’ 


mt 


ly 

ds 



(173) 


And 


t = hi mi + ntk. 


(174) 
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By differentiating t(s), we obtain a new vector t'(s). The line 
through P in the direction of t'(s) is called the principal normal of 
the twisted curve at P. Denote a unit vector along t'(s) by p, 
and let C be the length of t'(s). Then 

5 = t'(s) = Cp. (175) 

And if Ip, Mp, np are the direction cosines of the principal normal, 
that is, of t'(s) or of p, we have, as in Eq. (35), 

p = Zpi 4” nipj -|- /ipk. (176) 

The curvature of the given curve in space is the rate of turning 
of its tangent line as determined by the following construction. 
For each value of s, represent the vector t(s) by a segment with 
initial point at the origin, OQ. Since t(s) is a unit vector, Q will 



Fig. 42. Fig. 43. 


lie on a sphere of unit radius with center at 0. As s varies, the 
end point Q will trace a space curve Q 1 QQ 2 on the sphere. And 
the segment OQ will trace out a conical surface, which may bq 
developed on a plane into a sector of a unit circle. Let a denote 
the length of arc on the spherical curve from some fixed point Qi 
to any point Q. Then <r equals arc QiQ on the sphere, and hence 
equals arc QiQ on the plane development. Let the angle at the 
vertex QiOQ in the plane development be called <l>. Then the 
rate of change of <l> with respect to s is defined to be the curvature 
of the given curve in space. Its reciprocal is called the radius of 
curvature and is denoted by p. Thus 


On the unit circle. 


1 

P 


lim ^ 

Ag_.0 


d<t> 

ds 


^ = AQiOQ = QiQ = cr. 


( 177 ) 
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And we may apply Eq. (83) to the curve Q1QQ2 on the sphere by 
replacing r, s, and ^ by OQ = t, <r, and s. The result is 


d<7 _ dt 
ds ds 


dt 

\ds 


ds ds 


or C Vp • P = (178) 


by Eq. (175). It follows that 


1 _ d<l> _ d<T 
p ds ds 


(179) 


Hence the factor C in Eq. (175) is the curvature, as we antici- 
pated by our notation. We may rewrite Eq. (175) as 


dt 

ds 



or 



(180) 


It follows from this and Eqs. (174) and (176) that 


Ip = P 


dlt 

ds 


rup = p 


drtit 

ds 


Up 



(181) 


Since t is a unit vector, we may write 

t • t = 1. (182) 


The familiar rule for differentiating products applies without 
change to scalar products. That is, 


and 


rf(U.y) = f .V + U.^ 


^(U.U)=2U.f. 


(183) 


By differentiating Eq. (182) we find 


2t-T 

ds 


0 . 


(184) 


This shows that either t'(s) is a null vector, or t'(s) is perpendic- 
ular to t. If t'(s) = 0, it has no direction, and Eq. (175) is 
true with C = 0 and any unit vector p. However, in this case 
we take p any unit vector perpendicular to t, so that in all cases 

t • p = 0, and t X p. (185) 
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As we consider the curve to have the same direction as its 
tangent, all lines through P perpendicular to the tangent are 
normal to the curve. Thus Eq. (185) justifies the designation of 
p as the principal normal. 

Let us next consider the vector b defined by the relation: 


b = t X p. 


(186) 


Since t and p are each of unit length and are perpendicular, the 
vector b is of unit length. And t, p, and b are three mutually 

perpendicular unit vectors which form a 
right-hand trihedral like that formed by i, j, 
and k. The line through P in the direction 
of b is called the binormal of the twisted curv(' 
at P, since it is a second special direction 
normal to the curve. If lb, nib, ih arc the 
direction cosines of the l)inormal, we may 
write 

b = Li + nib} H“ nfck. (187) 

The familiar rule for differentiating pro- 
ducts applies to vector products, provided we preserve the order 
of the factors. That is, , 



^(0xV) = f xv + uxf- 088) 

By differentiating Eq. (180) we find 

dh di . . dp 

The first term is zero, by Eqs. (175) and (134). Hence 

db . (fp f\r\\ 

and the vector dh/ds is perpendicular to t. 

But b is a unit vector, so that we may write 

b - b = 1, (191) 

and deduce by differentiation the equation analogous to (184) : 

db 


2b ~ = 0. 
ds 


(192) 


This shows that either db/ds = 0, or it is perpendicular to b. 
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In any case we may write 

fs “ 

since db/ds must be parallel to p by reason of its perpendicularity 
to t and b unless dh/ds — 0, in which case (193) holds with 
T = 0. 

Let us next construct an angle d related to b and Eq. (193) in 
the same way that the angle </> was related to t and Eq. (175). 
That is, we represent the unit vector b by a segment with initial 



Fig. 45 . Fig. 40 . 


point at the origin, OR. Then as s varies, OR = b(s) traces 
out a conical surface bounded by the curve R 1 RR 2 on the unit 
sphere. This conical surface may be developed on a plane into 
a sector of a unit circle. And, if Ri is a fixed point and R a 
variable point on the spherical curve or on its plane development, 
we define 

d = ARiOR = RiR. (194) 

We then have, analogous to Eqs. (178) and (179), 


dd _ dh _ Idh db 
ds ds \ ds ds 


(195) 


This equation shows that T measures the rate of turning of the 
binormal, with respect to s. We call T the torsion, and its 
reciprocal, t = l/T, the radius of torsion. The direction of 
turning of b may be associated with the direction of the tangent 
to the arc RiRR% in Fig. 45 fomncreasing s, that is, the direction 
of b'(s). And, by Eq. (193), the sign of T or of t determines 
whether this last direction is negatively or positively directed 
along p. 
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We may rewrite Eq. (193) as 

dh 1 db 

-j 5 =--p, or p=-r; 5 j- 


( 196 ) 


We wish next to find a simple expression for dp/ds, similar to 
that for dt/ds in Eq. (180) and that for db/ds in Eq. (196). 
We begin by noting that 


p = b X t, 

and 

p X t = -b, 
b X p = -t. 

These relations are analogous to 


(197) 

(198) 
(199) 


j = k X i, j X i = -k, k X j = — i (200) 


and may be seen to hold by inspection of Fig. 44. 

Next, differentiate Eq. (197) by the rule given in (188). The 
result is 


ds 


db . , , dt 
^ X t 4- b X J- 
ds ds 


( 201 ) 


On substituting the expressions given in Eqs. (196) and (180) for 
the derivatives on the right, we find 



-%Xt + -bxp. 
r p 


( 202 ) 


Finally, we may replace the cross products by their values as 
given in Eqs. (198) and (199), and so find 

I 


^ _ 1 
ds T 


b 



(203) 


This is the expression that we were seeking. 

Equations (180), (196), and (203), or 

— — - ^ — ih — it 

Ts~ p^’ Ts~ ds^T p- 


(204) 


are collectively known as the Frenet formulas for curves in space. 

We obtain a simple interpretaticJH of these equations if we think 
in terms of motion. Let us allow a point to move along the given 
curve with unit velocity, so that the elapsed time is measured 
by s. And let the moving point P be one vertex of a rigid body 
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in the form of a cube, one unit on a side, which moves so that at 
each instant three of its edges PT^j PP', PB' coincide with 
t, p, b for the point P. The instantaneous motion of the cube 
will be a translation of P along the curve with unit speed, com- 
bined with a rotation about some axis through P, The rotation 
will be the same as that of the cube with one vertex at 0, and 
having three of its edges OT", OP”, OB” parallel to PT\ PP, 

PW or t, p, b. 



Fig, 47 . Fig. 48 . 


Now suppose that this second cube were rotating with vector 
angular velocity, as defined in Sec. 52, OA” = a, where 


. It. 
a — — t d — b. 

T p 


Then by Eq. (157) the induced velocity at T” would be 

v, = a X (OT^) = (-t + -h)xt = -p. 

V P / P 

Similarly the induced velocity at P” would be 

Vp = a X (OP") = (-t + -b)xp = -b — -t, 

V P / r _ p 

and that at B” would be 


(205) 


(206) 


(207) 


V6 = a X (OB”) = 0t + ib^xb = - ip. (208) 

The right members of the last three equations are the same as 
the right members of (204). And, since s measures the time, the 
left members of (204) may be thought of as velocities. Hence, 
with our hypothetical rotation, three of the edges, and hence 
all points of the cube, would have precisely the velocities needed 
to keep the cube in Fig. 48 parallel to that in Fig. 47. 
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This shows that the instantaneous motion of the cube on the 
trihedral t, p, b in Fig. 47 is a unit translation along t combined 
with a rotation whose angular velocity vector is FA' = a. And 
the Frenet formulas (204) state that a is given by Eq, (205). 
That is, a is perpendicular to the principal normal, has a com- 
ponent 1/p along the binormal, and has a component 1/t along 
the tangent. The plane through P, t and p, or PT'P' is called 
the osculating plane of the given curve at P. When t is posi- 
tive, the osculating plane is rotating about the tangent so as to ad- 
vance a right-threaded screw in the direction of t, or increasing s. 

By using Eqs. (174), (176), and (187) we may express the 
Frenet formulas (204) as nine equations in the components. The 
first three are 


^ _ 1 , dlh _ 1 

ds p ds T 


It. (209) 

ds T p 


The others may be obtained from these by replacing Z by w and 
then by n. 

By starting with Eq. (172) and using the Frenet formulas 
(204), we may establish the following series of equations: 

Ts~^’ ^ 

( 210 ) 

dh d /p\ d /l\ , 1 dp p', 1 , 1 , 

These may be used to study the behavior of a space curve near fe 
particular point Po. To do this, let us measure s from this point 
and take a set of axes with this point as origin, and the x, y, and 
z axes along the tangent principal normal and binormal, 
respectively. Then we may write the vector Maclaurin’s series : 

r = 

for 

t = 2k, (212) 

since the components of the right member of (211) are the ordi- 
nary Maclaurin’s series for the components of the left member. 
The subscripts zero mean that the derivatives are to be evaluated 


Vds/o ^2!\dsV. ^3!V*V« ^ 


( 211 ) 
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at the new origin, Po = 0, and the first term is absent since r = 0 
when s = 0. If we evaluate the derivatives in Eq. (211) by 
using Eq. (210) and noting that for our special coordinate system, 


to — i, po — j, bo — k, 

we find that 



The components of this eciuation are 


+ 


(213) 

(214) 


X = s 


y 




* ^ , 

6po^ 


2po 


Opo^ 


+ 


z = 


OpoTo 


+ 


(215) 


These expansions show that the tangent line {y — D, z = Qi) 
approximates the curve to terms of the 
first order in s. And the parabola in the 
osculating plane (z = 0) whose equation 
is 2po?/ = approximates the curve to 
terms of the second order in s. In place 
of the parabola we could use the circle of 
curvature given by 

z = 0, 2po?/ = -\- ^2. (21(5) 

To approximate the curve to terms of the 
third order in s, wo must use a twisted 
curve and could use the third-order curve given by 



y = 


2p(i 


Po'x^ 

Opo^ 


and 


z = 


X 


.•3 


fipoTo 


(217) 


Any curve with the same position of to, po, and bo and the same 
values of po and to will have the same leading terms in the expan- 
sions (215) and may be used in place of (217). In particular, we 
may find a suitable circular helix. This is called the osculating 
helix of the given space curve at Po and will be right-threaded 
if the torsion is positive and left-threaded if the torsion is negative. 

66. Curves with Parameter t. Let the variable point P on a 
space curve be expressed in terms of the parameter t. We may 
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think of P as a moving point with t the time. As in mechanics, 
we use dots over the letters for differentiation with respect to t, 
the time. Then 

r(0 = x{t)i + y{t)] + 2 ( 0 k, (218) 

and, as in Sec. 48, the velocity vector 

V = f = xi + 2/j + 2k, (219) 

while the acceleration vector 

a = V = r = + 2 k. (220) 


If we denote the speed in the path, s by v, and recall (172), we 
find 


dt _ dt ds 
dt ds dt 


( 221 ) 


Since t is a unit vector, * v is the length of v and 


= i2 (222) 

This equation determines the speed v in terms of the time t. 
Similarly if a is the length of a, 


a2 = x2 _|_ ^2 ^2^ 


This determines the acceleration in the path. 
We find from Eq. (221) that 



d 

dt 


(tv) = 




(223) 


(224) 


But, by Eq. (180), 


It follows that 


dt 


dt ds 
ds dt 



a = vt 4 — p. 
p 


(225) 

(226) 


This equation shows that the acceleration vector lies in the 
osculating plane and has components 

V = dv/dt along the tangent and v^/p along the principal normal. 

(227) 

This fact is of importance in mechanics and shows that the 
* In this section t always means the time, or parameter, and not [t] = 1. 
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accelerations for the motion in a space curve are the same as 
they would be if the point moved along the circle of curvature 
(216) with the same value of v and dv/dt. 

We may determine one expression for p as follows. From 
Eq. (226) and the fact that t and p are perpendicular unit vectors, 
we find 




a • a 


= 


+ 


Consequently, 




and 


■\/ 


(228) 

(229) 


We use the positive square root, since p is positive. 
Again, from Eqs. (221) and (226), 




'■ V X a = (tv) X 
since from Fig. 44, 

t X t = 0 and t X p = b. 
But by Eqs. (219), (220), and (143), 


V X a = 

i j k 

X y z 

= 

y z 

y z 

i + 

Z X 

Z X 

3 + 

X y 
X y 


X y Zi 






k. 


(230) 

(231) 


(232) 


Since b is a unit vector, Elq. (230) shows that the length of 
v X a is v^/p. Hence we may equate v^/p^ to the square of the 
length of V X a, as found from the right member of (232), and 


_ 

0 

y ^ 

2 

+ 

Z X 

2 

+ 

X y 

p* 

y z 


Z X 


X y 


This leads to an alternative expression for 


) 

y 


y 2 
y z 


+ 


Z X 
Z X 


+ 


X y 
X y 


(233) 


(234) 


We note that by the Lagrangian identity, (148) and (149), the 
right member of (233) is equal to 


^2 ^2 _|_ ^2 


xA vi) 

M At yy A- z^ 


vv 


( 235 ) 
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Consequently, ‘ 

^ = y2^(j2 _ £,2^^ (236) 

which is equivalent to the relation (229). 

Since v = Xv, the direction of t is the same as that of v, whose 
components are given in (219). And the direction of b is the 
same as that of v x a, by (230), of which the components are 
given in (232). To find the components of a vector in the 
direction of p, we proceed as follows. From Eq. (226), 

— p = a — i)t, and — p == ~ wv. (237) 

p p 

We may express this in terms of x, y, z, and their derivatives by 
using Eqs. (219), (220), (222) and 

Vi) — XX yy zz, (238) 

which is obtained by differentiation from Eq. (222). The result 
is 


— P = + i^)^ - {yy + zz)x]i + [(x^ 4- Z^)y - (xx + zz)y]i 

P 

[(x2 + y^)z — {xx + #)i]k. (239) 

This same equation might have been obtained from 


^ p = vb X t = X (vt) = (v X a) X V, 


(240) 


expressed in terms of components by the use of (219) and (232^. 

To obtain an expression containing t, we differentiate ICq. 
(226) : 

A di) dt d /vA v'^dp . . 

But, by Eq. (203), 

dp dpds /l, 1 A V, V. 

Using this and (225), we may deduce from Eq. (241) that 
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It follows from this and the relations 

b • t = 0, b • p = 0, b • b = 1, (244) 

that 

b • a = — • (245) 

pr 

From p]qs. (245) and (230), 

(v X a) • a = - b . a - (246) 

P P r 

The components of v are given in Eq. (219), those of a in p]q. 
(220), while those of a are given in the equation 

d = X'i + y'j + zk, (247) 

found by differentiation from (220). Using these, Eq. (166), 
and the discussion in Sec. 53 which precedes it, we find 


(v X a) • a = V • (a X a) = 

We may deduce from Eq. (246) that 

1 (v X a) • i 


X y 
X y 
X y 




or by Eqs. (233) and (248) : 



X y z 
’x y z 
X y 'z 


y z 
y z 

2 

+ 

Z X 

Z X 

2 

X y^ 

X y 


z 

z 

‘z 


1 

T 


We note here the corresponding formula for 1/p, 

r2 


1 

p 




y z 

y z 


+ 


Z X 

i 

Z X 


+ 


X y 
X y 


(# + + 2^)'^^ 


(248) 


(249) 


(250) 


(251) 


deduced from Eqs. (233) and (222). 

It is easy to compute all the quantities mentioned in this sec- 
tion for a specific curve for which we are given the coordinates 
as definite particular functions of ^ We differentiate each 
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coordinate three times and calculate the values of 

X y z 

X y z 
X y z' 

Then the first triplet determine the direction of the tangent t. 
The second triplet determine the direction of the binormal b. 
And since p = b X t, the direction of the principal normal may 
be found from the cross product of any vector along the binormal 
by any vector along the tangent. And from the quantities 
(252), the curvature may be found from Eq. (251) and the torsion 
from Eq. (250). 

66. Curvilinear Coordinates on a Surface. Just as the coordi- 
nates of a point on a space curve may be expressed in terms of 
one parameter, so the coordinates of a point on a surface may 
be expressed in terms of two parameters. In fact the equations 

X = f{u,v), y = g{u,v), z = h{u,v) (253) 

in general determine a surface. For, if the Jacobian 

ts - ». » 

we may solve the first pair of equations for u and v in terms of 
X and y. And then, by substitution in the last equation, obtain 
an equation of the form. 

3 = F{x,y). (255) 

For any particular value of v, Vo, Eqs. (253) represent a space 
curve in terms of the parameter u. Similarly, for any particular 
u, uq, the equations represent a space curve given in terms of 
the parameter v. These curves form a curvilinear coordinate 
system on the surface. 

As an illustration, suppose that 

X = a cos V cos u, y — a cos v sin u, z = a sin v. (256) 
From the first two equations, 

_|_ ^2 _ ^2 (,Qg2 

so that 

rr2 + ^2 = aK (257) 
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Hence in this case the surface is a sphere of radius a with center 
at the origin. For v = Vo, z is constant and the resulting curves 
are parallels of latitude on the sphere. For w = mo, y = a; tan wo 
and the resulting curves are meridians. 

A curve on the surface (253) may be defined by two equations 

u = u{t), V = v{t). (258) 

For these, combined with (253) determine x, y, and z in terms 
of t. For such a curve we have 


dx _ dx du . dx dv 
dt du dt dv dt 


(259) 


Using (lots for t differentiation and subscripts for partial deriva- 




tives, we may rewrite this equation as 

X = XnU XvV. (260) 

Similarly, we have 

y = VuU + yvV and z = ZuU Zvi). (261) 
If we substitute these expressions in the equation 

^2 = ^2^ (262) 

obtained from Eq. (77), and introduce the abbreviations 

E = xj + yj + Zu^ F = XuXv + yvyv + ZnZv, 

G = x,^-\- y.^ + (263) 

we find that 

52 = Eu^ -f 2Fuv + GvK (264) 
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Let us introduce the vector U, tangent to the curves v = con- 
stant, defined by 

U = rcj -b 2/„j + 2«k, (265) 

and the vector V, tangent to the curves u = constant, defined by 

V = + Vv} + Zvk. (266) 

Also let us denote by T the vector tangent to the curve with 
parameter t, defined by 

T = ii + i/j + zk. (267) 

Then we may abbreviate Eqs. (260) and (261) as 

T = Uu + Vv. (268) 

And Eq. (264) may be written 

s2 == T . T = (U • U)w2 + 2(U • Y)uv -b (V • Y)v^. (269) 

In differential form, Eq. (264) is 

ds^ — E du^ 4- 2F dii dv G dv^. (270) 

We may calculate the arc lengths of curves in the surface from 

s — j ■\/ E du^ -b 2F dll dv G dv'^ 

= f 2 Fuv -b dt (271) 

Consider next a second curve on the same surface, with pa- 
rameter ii. Let us use primes to denote differentiation with 
respect to h and introduce the vector Ti, tangent to the secoi^d 
curve, defined by 

Ti = x'i + 2/'j + z'k. (272) 

Then for the q.rc length of the second curve Si, we have 

.Si'2 = Tx . Tx = .t'2 + 2/'^ + 2'^ (273) 


Suppose that the two curves intersect and that the angle between 
the curves, defined as the angle between their tangent lines, is 0. 


Then 


T • Tx = ssx' cos 6 = xx' -j- yy' + zz'y 


(274) 


cos Q 


xx' -b yy' + zz' 

'x^ -b 2/^ + 2^ ■\/x'^ -b y'^ + z'^ 


(275) 
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Let us apply this to the two coordinate curves through a given 
point V constant with tangent U and u constant with tangent V. 
Here Eqs. (265) and (266) replace (267) and (272), and u and v 
are the parameters in place of t and L- We call the angle 
between the coordinate curves w. Then we have 


. * . 

a/U • U Vv • V 

^ XuXy + Vnyv + ZmZi; ^ F 

V + yy} + Zy^ a/ 4- ^ ^EG 

where the last term follows from Eq. (263). 

This shows that F = 0 is a necessary and sufficient condition 
for the parametric curves to cut at right angles, or orthogonally. 
The meridians and parallels on the sphere given by Eq. (256) 
are an illustration, since for these equations we have 

ds^ = a2(cos^ V dn^ + dv^), (277) 

so that E = 0. 

Let A denote the vector product U x V, having a length A 
and components Ji, J 2 , J\. Then 


A — U X V — J li + /2j + t/sk. (278) 

But by Eqs. (265), (266) and (143), 


U X V 


Hence, 


Jx 


1 3 k 

i^'« y u 



yu Zy 

i + 


j + 

Xy yy 

.r„ Vv 


Vv 


\Zv OC'i) 

Xv yv 


(279) 


d(?/,^) j _ d{z,x) _ d{x,y) 

d{u,v)’ ' ^ d{u,vy ' ^ d(u,vy 


(280) 


and each of J i, J 2 , J 3 is the Jacobian determinant of a pair of 
coordinates with respect to the parameters. By Eq. (145) 
and the conclusions drawn from it, each of the components 
d 1 , J 2 , J 3 may be interpreted geometrically as the signed area of 
the parallelogram obtained by projecting the parallelogram on 
U and V on one of the coordinate planes. 

The area of the parallelogram on U and V is A. By Eq. (278) 
we have 


42 = ./i2 4- 4. J32, 


(281) 
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A second expression for A may be found by applying the Lagran- 
gian identity, (148), to 


(UxV).(UxV) = 


U-U 
U. V 


U- V 
V- V 


(282) 


A comparison of Eqs. (269) and (264) shows that the determi- 
nant in the right member is 

^ ^ = EG - F^, and = EG - (283) 


For a small value of the differential du, the arc of the curve 
V = constant, for values of u between u and u + du, is approxi- 
mated by the differential tangent vector 

U dw = Xudu i 4* Vudu j + Zudu k. (284) 

Similarly, for a small value of the differential dv, the arc of the 
curve u = constant, for values of v between v and v + dv, is 
approximated by the differential tangent vector 

V dv = Xvdv i -f- y^dv j + Zvdv k. (285) 


67. Area of a Curved Surface. A definition of the area of a 
curved surface may be based on the principle that the area of a 

small part of the surface is ap- 
proximated by the area of the 
projection of this part on the 
tangent plane to the surface at 
any point of the small part. 
This principle suggests that tAe 
area of the curvilinear quadri- 
lateral P>S' made up of points on 
the surface for which u is between u and u + du, and v is between 
V and V A- dv may be approximated by the area of the paral- 
lelogram PT' in the tangent plane and having the vectors U du 
and V dv as two of its sides. But the area of PT' is the length 
of the vector: 



S' 


(U du) X (V dv) — du dvCU xY) = du dv A. (286) 
Hence by Eq. (283) 

(area PT') = A dudv ^ VEG - F^ du dv. (287) 
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If we denote the area of the curved surface by S, the approxi- 
mation of curved area PS' by plane area PT' and Eq. (287) 
makes plausible the differential relation: 

\ 

dS A dudv \/EG - du dv, (288) 

an abbreviation for the fact that the curved area S of the por- 
tion of the surface made up of points for which U\ < u < Ut, 
Vi{u) < V < V 2 {u), is given by _ 

r U 2 r viiu) 

S= du y/EG - E* dv. (289) 

J U\ J Vi(u) 

The two preceding equations are, in fact, consequences of the 
definition and we shall accordingly take them as the funda- 
mental relations for surface area. 

We note that since the vectors U and V are in the tangent 
plane to the surface at P, the vector A = U x V is normal to the 
surface at P. Hence, by Eqs. (278) and (281) the direction 
cosines of this normal direction will be 

cos a = I — cos /3 = m = cos 7 = n = ^- (290) 

From the last of these relations, 

A = = sec 7 Jz- (291) 

cos 7 

Suppose that the ecpiation of the surface is given in the form 

2 = (292) 

This is equivalent to the relations 

X = u, y = V, ^ z = f{u,v). (293) 

Consequently, we have for the partial derivatives 

Xu — 1, Xv = 05 y,, — 0, JJr = 1 J Zu — fx} ~ fy (294) 

Since x = u and y = v, we may replace u,v by x,y and write 
fx and fy in place of and /» as we have done in evaluating 
Zu and Zv. 

From the values in (294), by Eq. (263), 

F^f4y> (7==1+A^ 


(295) 
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Accordingly, by Eq. (270), 

ds^ = (1 + fj)dx^ + 2fjydxdy + (1 + fv)dy‘^. (296) 
Again, from the values in (294) and Eq. (280), 

= ~~fx, J -1 — ~fy, J s = 1. (297) 

Accordingly, by Eq. (281), 

.1- =/x- +/;•*+ 1. (298) 


This may be checked by using Eqs. (283) and (295). 

Another expression for A follows from Eqs. (291) and (297): 

A = sec 7 . (299) 

The result of substituting the values of A from hlqs. (298) 
and (299) in P^q. (288) and replacing u,v by x,y is 

dS = A dx dy = + fu'^ + 1 dx dy = sec y dx dy. (300) 

The equation corresponding to (289) for the area S of the portion 
of the surface (292) made up of points for which xi < x < x^, 

yi{x) < y < y^ix), is 



B' 


S = /■ ’ dx VU- +/,*+! dy. 

Jxi Jyi{x) 


(301) 

We may interpret the expression for 
B dS involving sec 7 if we recall the 
following geometrical facts about the 
projections of plane areas. Let AN 
be normal to plane AD, and AN' lie 
normal to plane AD', and let AC be on 
the line of intersection of the two planes. Consider a rectangle 
ACD'B' in AD' and its orthogonal projection on AD, ACDB. Tf 
angle NAN' = 7 , angle BAB' also = 7 , and 

Area. ACDB = iAB){BD) = { A B' eo^y) {B'D') 

= cos 7 {AB'){B'D') = cos 7 (area ACD'B'). (302) 

A similar relation holds between the area of any rectangle with 
one side parallel to the line of intersection and its projection on 
the other plane. And as any area (Fig. 54) in one plane is the 
limit of the sum of areas of rectangles of this type, we have 

(Area in AD) — cos 7 (related area on AD'). (303) 
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Now let P be any point on the surface (292) and Q the pro- 
jection of P on the xy plane. Construct QR, a rectangle in the 
xy plane with one vertex at Q and with sides dx parallel to the 
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X axis and dy parallel to the y axis. Then, if the rectangular 
prism with edges parallel to the z axis and having the rectangle 
QR as base cuts the tangent plane to the surface at P in the 
parallelogram PT', QR will be the orthogonal projection of PT' 
on the xy plane. And, since the z axis 
is normal to the xy plane, the angle 
between the normals to the planes of QR 
and PT' will be the angle y as defined in 
(290). Consequently, by Eq. (303). 

(Area QR) = cos y (area PT') 
so that 

(area PT') = sec y (area QR). (304) 

Since the area of QR is dx dy, this may 
be written 

(Area PT') = sec y dx dy. (305) Fiq. 65 . 

This helps one to recollect Eq. (300), which bears the same rela- 
tion to (305) that Eq. (288) does to (287). 
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68. Plane Areas and Curvilinear Coordinates. Let us apply 
our formulas to plane areas in the xy plane itself. Since one 
form of the equation for the xy plane is ^ = 0, we may take 

f(x,y) =0, U = 0, fy = 0, (306) 

in Eq. (292) and those which follow from it. In particular, 
from Eq. (301), 

S = /■'’ dx /■'■‘f dy = [” [y^(x) - y,{x)]dx. (307) 

Jxi Jyi(x) Jxi 

This is the familiar expression for area as a repeated or single 
integral when we use x and y coordinates. 

Suppose next that we use curvilinear coordinates in the 
xy plane. Then, in p]q. (253), /(w,y) and g{u,v) will be deter- 
mined by the particular type of coordinates, but since 2 = 0, 

h{u,v) = 0, and Zu = 0, Zv — 0. (308) 

Consequently, by Eq. (280), 

/. = 0, = = (309) 

And it follows from Eq. (281) that 

A2 = and d = /3 = if Jz > 0. (310) 


Hence, 


ru2 Cl 

= du 

J Ui J Vi 


A dv 


5(m) 

»i(u) d(UfV') 


dv. (311) 


A comparison of Eqs. (307) and (311) shows that if the limits 
are so related that they correspond to the same areas. 


rxi /'vt(x) i'u2 r 

I dx I dy — I du I 
J XI J yi{x) J ui J V 


vi(u) d{u,v') 


We abbreviate this by writing. 


dx dy — 

^ d{u,v) 


(312) 


(313) 


The two preceding equations suggest that if the limits are 
related as they are for Eq. (312), 
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F{x,y)dy 



F[x{u,v),y(u,v)] 


dix,y) 

d(u,v) 


dv, 


(314) 


for any function F{x,y) and this is the case. 

By Eqs. (278) and (309), for the z plane as given by (308), 

U X V = Jak. (315) 

Consequently, to make Jz > 0, as required to give the positive 
square root for A in Eq. (310), we must so 
choose the parametric curves that U X V 
is in the direction of the positive z axis. 

For example, if we use polar coordinates 
in a plane, the tangent vectors in the direc- 
tions of increasing r and of increasing d 
have the directions of PR and PT. Since 

PT X PR has the direction of the negative 
z axis, while PR X PT has the direction of 
the positive z axis, we consider r,d as in the order u,v. Then from 

X = r cos d, y = r sin d, (316) 



we may deduce that 


d ix,y) ^ 

d(r,e) 


(317) 


Then we have as equations analogous to (313) and (312), 


dx dy = r dr dd, (318) 

and 

S = f^^dx dy = dr f^^^’^^rdd. (319) 

Jxi Jyiix) ^ Jri Jo,(r) ^ ' 

If we calculate the repeated integral of the differential (318) in 
the other order and suitably modify the notation for the limits, 
we find 

C I'm * F' (320) 

This is a familiar formula of elementary calculus. 

Equations (312) to (314) may be given a more general inter- 
pretation. We may think of the element of area as a signed 
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quantity, whose algebraic sign at each point is defined to be the 
sign of Js at that point. Geometrically, the sign is that of the 
z component or only nonzero component of U X V, by Eq. (315). 
Or, by the remark after Eq. (280), the signed element of area 
and the signed area of the parallelogram on the vectors U and V 
have the same algebraic sign. Thus the sign depends on which 
set of parametric curves we take first, and which direction on 
each curve we consider as that for which the parameter increases, 
since these conditions determine the direction and order of the 
vectors U and V. 


The last expression in Eq. (312) will represent the area, in 
the sense of sum of signed differential elements traced out as ui 
increases to U 2 and Vi{u) increases to And Eqs. (312) 

and (314) are then valid even when .Is < 0, provided that the 

limits are so selected that one (or three) 
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of the variables x, y, u, and v decrease.s 
if J 3 is negative. 

69. Volumes and Curvilinear Coordi- 
nates. Relations similar to Eqs. (312), 
(313), and (314) hold for repeated inte- 
grals of any order. For the third order 
we may make such equations plausible 
by the following considerations. Let 
the equations that define the three 
Cartesian coordinates x, y, z in terms 


of three curvilinear coordinates u, v, w be 


X = x{u,v,w), y — y{u,v,w), z — z{u,v,w). (321) 

I 

By putting one of the variables u, v, or w constant, we obtain 
three parametric surfaces. And by putting two of the variables 
constant, we obtain three parametric curves. These are the 
curves of intersection of pairs of parametric surfaces. If v and 
w are constant, u alone varies, and we may define a vector 
tangent to the resulting curve by the equation. 


V = Xui-\- yu] + Suk. (322) 

Similarly, we may define vectors tangent to the other parametric 
curves by the equations 

V = + yv] 4- 2 »k and W = x J -|- y^] + zjs.. (323) 
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It follows from Eq. (166) that 


U • (V X W) 


yu 

yv 

yw 


d{x,y,z) 

d{u,v,w) 


(324) 


By the discussion in Sec. 53, this will represent the volume of 
the parallelepiped formed on the three vectors U, V, W if these 
are taken in the proper order. For any order we may con- 
sider each expression in (324) as equal to the signed volume on 

U, V, w. 

For small values of the differentials, the tangent vector U du 
will approximate the arc of the first 
parametric curve whose points have 
values of u between u and u -f du. Simi- 
lar remarks apply to the vectors V dv and 
W dw. This suggests the following facts. 

The volume corresponding to points with 
u between u and u du, v between v 

and V -H dv, and w between w and w dw is approximated by the 
volume of the parallelepiped on the vectors \J du,Y dv, and W dw or 



dV = (U du ) . [(V dv) X (W dw)] = U • (V x W)du dv dw 

= du dv dw. (325) 

d{u,v,w) 

With suitably related limits. 


V 


^ j dx j dy ! j du j dv I IgjM dw. (326) 


Also, if F[x{u,v,w),y(u,v,w),z{u,v,w)] = G{u,v,w), then for 
suitably related limits. 


dy j F{x,y,z)dz 

^ f du f dv f G(u,v,w) l^^dw. (327) 

The two preceding equations, as well as others similar to them 
but with the triply repeated integrals taken in other orders, 
may be easily recollected from the differential relation' 



dx dy dz 


d{x,y,z) 

d{u,v,w) 


du dv dw. 


(328) 
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Equations (326) and (327) are valid for signed elements and 
negative values of the Jacobian, if we make proper conventions 
as to the choice of limits. 

If we change variables from x,y,z to p,q,r 


dx dy dz = dp dq dr, 

d{p,q,r) 


(329) 


while if we change variables from p,q,r to u,v,w 


dp dq dr 


d(u,v,w) 


da dv dw. 


(330) 


Since the two transformations just mentioned must combine 
to take us from x,y,z to u,v,w, Eqs. (329) and (330) must together 

be equivalent to Eq. (328) and 



^ d{x,y,z) d {p,q,r) 
d(u,V,w) d{p,q,r) d{u,V,w) 

(331) 

Jacobians of any order satisfy rela- 
tions of this type. 

Let us illustrate (328) for the 
spherical polar coordinates r, (f>, 6 of 
Fig. 59. From 

X = r cos 9 sin <i>, 
y = r sin 9 sin <{>, (332) 

z — r cos <^, 


so that 


d(x,y,z) 

d{r,<i>,9) 


r^ sin <f>. 


dx dy dz — r^ sin <}> dr d(f>d9, 


(333) 

(334) 


and the volume in spherical polar coordinates may be com- 
puted from 


V = j d9 j sin (f> d^jrHr. (335) 

60. References. For a more complete introduction to the 
subject of solid analytic geometry, the reader may consult 
Coordinate Geometry, by H. B. Fine and H. Thompson. A more 
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elaborate account of the elements of vector analysis will be 
found in the first four chapters of J. G. Coffin’s Vector Analysis. 
The properties of curves and surfaces are more fully discussed in 
W. C. Giaustein’s Elementary Differential Geometry, which uses a 
vector notation different from that of this text, and in L. P. 
Eisenhart’s Differential Geometry which uses no vector notation. 

The reader interested in a detailed derivation of the funda- 
mental formulas for arc length and surface area from satisfactory 
definitions is referred to Chaps. VIII and XI of the author’s 
Treatise on Advanced Calculus. 

EXERCISES III 

1. A cube 12 units on a side has its edges parallel to the coordinate 
axes, and its center at the origin. Write the coordinates of each of its 
vertices. 

Find the length and direction cosines of the segment OP if 

2. P = (1,2,3). 3. P = (-2, -4,1). 4. P = (2, -3,-5). 

6 . Find the length of each side of the triangle Avhose vertices are 
the points of Probs. 2, 3, and 4. 

6 . Write equations for three indefinite straight lines, each of which 
lines contains one side of the triangle of Prob. 5. 

7. A segment has direction angles a, j3, and y. If a = 70°. 
= 50°, and y is an acute angle, find 7 . 

8. The vectors a, b, and c are defined by 

a = 5i - 4j -[- 2k, b = 2i -f- 3j - 4k, c = -i -j -k. 

Find the length of each of these three vectors. 

Using the values of a, b, and c given in Prob. 8 , express each of the 
following vectors in terms of i, j, and k and find its length. 

9. —a. 10. 2b. 11. 5c. 12. a + b. 

13. a - b. 14. 2a -|- 3c. 16. 2a 4- b -f- 5c. 

Using the values of a, b, and c given in Prob. 8 , evaluate each of the 
following scalar products: 

16. a • a. 17. a • b. 18. a • c. 19. b • c. 20. c • c. 

21. (2a 4- 3c) • (2a 4- b 4* 5c). First use the result of Probs. 14 and 
15. Then check by distributing the product and using the results of 
Probs. 16 to 20. 

22. Find cos 9, where 9 is the angle between the vectors a and b of 
Prob. 8 . 
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23. Let P be the center of gravity of two masses nii at Fi and m 2 at 


P 2 . If OPi = ii, OPz = T 2 , and OP = r, show that r = 
Hint: miPiP = or mi{Ti — r) = m-zit — Tz). 


miTi 4 - mjTz 

Ml + W2 


24. Show that the projection of the vector xi + yj + zk on the seg- 
ment whose direction cosines are I, m, n is lx my -f- nz. 

26. Write the equation of a plane through the point 2, — 1,3 per- 
pendicular to a line with direction ratios 4, — 1, — 1. 

26. Find the length of the perpendicular drawn from the point 
1,1, — 1 to the plane of Prob. 25. 

27. If the segment drawn from 0 perpendicular to a plane represents 
the vector pu, where u = li + mj -f Tik is a unit vector, show that the 
equation of the plane may be written lx -f my nz = p. Hint: Por P 
in the plane and r = OP, u • (r — pu) = 0 or u • r = p. 

28. Show that the perpendicular distance measured in the direction 
of u from the plane of Prob. 27 to the point x',y',z' is given by the 
relations Lp = u • (r' — pu) = lx 'my -{■ nz — p. 

29. A space curve is defined hy x = t, y = P, z == P. Write equa- 
tions for the line tangent to this curve at the point where t = 2. 

30. Show that the length of arc of the curve x = 2t, y — P, z = log t 
measured from the point Po where t = 1 to any point is given by 
s <= P — 1 log t. 

31. Write equations for the line tangent to the curve of Prob. 30 at 
the point where t — 1. 

32. The point P moves in such a way that at time t, the segment 
op = T = t cos tiA~t sin t j 2fk. Find the velocity and acceleration 
vector of P at time t. Show that for < = 0, v = i -f 2k, a = 2j. 


Write an equation for the plane tangent to 

33. The sphere x'* -|- + 2^ == 9, at the point 2,1,2. 

34. The paraboloi d Az = x^ -f- y\ at the point 2,4,5. 

36. The torus {\/x^ + y^ -4)^ + = 4, at the point 4,3,\/3'. 

36. Show that the ellipsoid x'^ -f 4p2 q- 932 ^ 26 and the hyperboloid 
a;2 _|_ ^2 _ 22 = 4 intersect at the point 1,2,1. Find their angle of 
intersection (that is, the angle between their tangent planes) at this 
point. 

37. Show that 2 -f- 2o = yox + Xoy is the equation of the plane 
tangent to z = xy at (xo,i/o,Zo) if Zo = Xoyo- 

38. Show that Axqx -j- Byoy + C20Z = D is the equation of tlie 
plane tangent to Ax^ -f By^ + Cz^ == D at (xo,yo,zo) if this point is on 
the surface, that is, Axo^ Byo^ + Czo^ = D. 

39. Let Q(x,y,z) be a second-degree polynomial and Q{x,y,z) = 0 
be the equation of a quadric surface. If Q{xo,yo,Zo) - 0, show that 
the equation of the plane tangent to the quadric at (xo,2/o,Zo) mav be 
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obtained from the equation Q{x,y,z) = 0 by putting xox in place of x~, 
{yox + Xoy)/2 in place of xy, (x + Xo)/2 in place of x and putting .cor- 
responding expressions in place of y‘\ z^, yz, xz, y, and z obtained from 
those just written by permuting the letters. Problems 37 and 38 are 
special cases of this. 

40. Two surfaces are said to cut orthogonally at a point P if they 
intersect at P and have their tangent planes jjerpendicular there. Show 
that the condition for this is that the coordinates of P satisfy the ecjua- 
tions of the surfaces F{x,y,z) = 0, G{x,y,z) = 0, and the orthogonal rela- 
tion F ^{x,y,z)G^{x,y,z) -f Fy(x,y,z)Gy(x,y,z) -f F^{x,y,z)G,{x,y,z) = 0. 

41. Using Prob. 40, show that as a special case the surfaces xyz = 2 
and x^ -p 1 /'^ — 2z‘^ = 3 cut orthogonally at all points on their curve of 
intersection, and in particular at (2,1,1). 

Using the test relations (123), show that 

42. Every point of the surface z = a;;/ is a hyperbolic point. 

43. Every point of the surface z = is a parabolic point. 

44. Every point of the surface z = 2.r‘'‘ 4^^ is an elliptic point. 

The vectors a, b, c and d are defined by 

a = 2i -P 3k, b = -j - 2k, c = 2i - 2j -p 2k, d = 3i - j - k. 

Express each of the following vector products in terms of i, j, and k: 

46. a X b. 46. b X c. 47. c X d. 

48. d X a. 49. (a — c) x (b — d). 

60. Verify that the vectors a = i — 2j -p 3k and b = — 2i 2j -p k 
satisfy the Lagrangian identity (148) by directly calculating each mem- 
ber of Eq. (149). 

61. The vectors a = cos A i + sin A j and b = cos P i — sin P j 
are two unit vectors in the xy plane, making angles A and — P with the 
X axis. Deduce the formula for cos (A + P) from a • b, and the formula 
for sin (A -p P) from b X a. 

62. If c = a — b, the vectors a, b, and c form a triangle. Deduce 

the law of cosines c® = a® -p — 2 ah cos C from the identical relation 
c • c = (a — b) • (a — b) . Also deduce the law of sines a sin P = 6 sin A 
from c X c = c X (a — b). ^ 

63. Show that, for any two vectors a and b, 

(a -p b) ‘‘(a — b) = a • a — b • b, but 

(a + b)X (a — b) = axa — bxb— 2axb. 

Also, (a + b) • (a 4- b) = a • a + 2a • b + b • b, but 

(a + b) X (a + b) *= 0. 
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64. The quantities 


B C 


C A 


A B 

B' C' 

> 

C' A' 

f 

A' B' 


are possible direction 


ratios for the line of intersection of the planes Ax By + Cz = D and 
A'x + B'y + C'z = D'. Prove this. Hint: Consider the vector prod- 
uct (Ai + B] -f Ck) X (A'i + B'j -I- C'k). 

« T X.. d{F,G) d(F,G) diF,G) 

66. The Jacobians ^y > ^y are possible direction 

ratios for the line tangent at x,y,z to the curve of intersection of the 

surfaces = 0 said G{x,y,z) = 0. Prove this statement. Hint: 

Consider the expression (F*i FJ -f- F*k) X (C^i -{- Gy] 4- C^k). 

66. Using Prob. 55, write equations for the line tangent at 1,1,1 to 

the curve of intersection of the cylinders z^ — x = 0, x^ — y = 0. 

Check by using the form x = F, y = z = t. 

x - a;' y - y' z - z' x - x" y ~ y" z - z" 
oi. ij6t — Qf anQ — jj,/ — Qf! 

be the equations of two straight lines L' and L" . Show that the dis- 
tance from V to L", measured along their common perpendicular in 


the direction of a' X a" is 


(r" - r') . (a' X a") 


> where we have assumed 


la' X a"| 

a' = A'i B'] -f C'k, r' = x'i 4- xj'\ 4- z'k, and similar equations for 
a" and r". 


68. Prove the identity a X (b Xc) = (a • c)b — (a • b)c, by finding 
the components of both sides. 

69. Show that a X (b X c) (a X b) X c, unless a and c are 
parallel, b is perpendicular to a and c, or one of the vectors has zero 
length. Hint: By changing letters in Prob. 58, deduce the equation 
c X (a X b) = (c • b)a — (c • a)b. Hence by combining with Prob. 58 
deduce a X (b x c) — (a x b) X c = (c • b)a — (a • b)c. 

60. A rectangular block 2 by 4 by 8 in. is rotating about a diagonal 
joining 0 and Q, two opposite vertices, with an angular velocity df 
3 radians/sec. We reffr points of the block to axes along three of its 
edges in such a way that the edges represent 2ii, 4ji, and 8ki, and 
OQ = 2ii 4- 4ji 4- 8ki. We write ii, ji, ki to remind us that the axes 
are rotating with the block. Express the velocity at P{x,y,z), that is, 
where OP = xii + y’h 4- 2 ki, induced by the rotation about VQ, in 
terms of ii, ji, ki. 

61. Any motion of a rigid body with one of its points fixed at 0 may 
be considered at any instant as a rotation about some instantaneous 
axis OQ. That is, if the instantaneous angular velocity vector is a at 
time t, the velocity of the point P of the body will be = a X OP. We 
may refer aqy paoving point to a frame of refereiice attached to the 
rigid body by pieaps pf three mutually perpendicular qpit vectors 

drawn through 0 in the rigid body, as in Prob. 60. If the vector 
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UP = x{t)ii 4- y(t)ji + 2(0ki, show that = x'(0ii + y'(t)}i + z'it)ki 
is the velocity relative to the moving frame, and the absolute velocity of 
P with respect to fixed axes is = Vr + v;, = Vr + a X UP. 

62. Let the polar coordinates of a point moving in the xy plane be 
r{t) aj^ d{t). _For any position of the point P, draw unit vectors 
ii = OR along OP, ji in the direction of increasing d perpendicular to 
ii at 0 in the xy plane, and ki = k from 0 along the z axis. These may 
be used as the ii, ji, ki of Prob. 61. Here a = dki. And OP = riu 
From Prob. 61 deduce that v„ = rii + r0ji. The absolute acceleration 
of P, SLa, is the absolute velocity of a point V such that OF = rii + rdji. 
Deduce from this that a* = (f — -f (rd + 2r&)}u 

63. Find the volume of the parallelepiped three of whose edges are 
a = 4i — j + k, b = i + 5j — k, c = — i — j + 6k. 


Use the components to prove the following rules for differentiating 
products involving the scalar function /(<) and the vector functions 
U(<) and V(<): 


644(/U)=fu+/"4. 


dt 




dt 


= U 


dt 


+ V 


dt 




dt 


For the curve x = 3t, y = 3t^, z = 2U and the point Pi where < = 1 : 

67. Find the direction cosines of the tangent, principal normal, and 
bi normal at Pi. 

68. Write ah equation for the plane normal to the curve at Pi. 

69. Write an equation for the osculating plane at Pi. 

70. Write equations for the tangent line at Pi. 

71. Calculate the curvature at Pi. t 

72. Calculate the torsion at Pi. 

73. Calculate the arc length from Po where t = 0 to Pi. 

For the curve of intersection of the cylinders z = x = z^ and the 
point Pi where y = \. (Hint: If y = t; x = P, y t, z = P.) 

74. Find the direction cosines of the tangent, principal normal, and 
binormal at Pi. 

76. Write an equation for the plane normal to the curve at Pi. 

76. Write an equation for the osculating plane at Pi. 

77. Write equations for the tangent line at Pi. 

78. Calculate the curvature at Pi. 

79. Calculate the torsion at Pi. 
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For the curve x = e* sin 2t, y = e‘ cos 2t, z = 2e‘, and the point Po 
where < = 0: 

80. Find the direction cosines of the tangent, principal normal, and 
binormal at Po. 

81. Write an equation for the plane normal to the curve at Pq. 

82. Write an equation for the osculating plane at Po. 

83. Write equations for the tangent line at Pq. 

84. Calculate the curvature at Pq. 

86. Calculate the torsion at Pq. 

86 . Find the arc length from Po to Pi where ^ = 1. 


87. Show that the curve x = e“‘ sin bt, y = cos bt, z = ce"^ lies 
on the cone 2 * = c^{x^ 4- 2/*) and cuts all the elements of the cone at the 
same angle. The curve of Probs. 80 to 86 is an example, 

88. Show that the curve x = a cos t, y = a sin t, z — a (tan a)t 

lies on the cylinder and cuts all the elements of the cylinder 

at the same angle. It is the circular helix or screw curve. 

89. Prove that the principal normal to the helix of Prob, 88 at any 
point coincides with the line normal to the cylinder x^ y^ = 0 } at the 
same point. 


For the helix of Prob. 88 and the point Pt for any value of t: 

90. Find the direction cosines of the tangent, principal normal, and 
binormal at Pt. 

91. Write an equation for the plane normal to the curve at P<. 

92. Write an equation for the osculating plane at Pt. 

93. Write equations for the tangent line at P,. 

1 COS^ OL 

94. Show that the curvature is the same for all points, 

^ ’ p o 

1 Sill OL COS OL 

96. Show that the torsion is the same for all points, - = — - — • 

^ ' T a ^ 

96. Show that the arc length from Po where f = 0 is s = a sec a t. 

97. Show that if the arc length of Prob. 96 is the parameter, the equa- 

, , , , /cos a \ . /cos a \ 

tions of the helix become x = a cos sj,y = a sm ( ^ ■■ sj, and 

2 = (sin a) s. Also express the direction cosines of Prob. 90 in terms 
of s. 


98. Verify directly that the values of t, b, p, p, and r found in Probs. 
97, 94, and 95 satisfy the Frenet formulas (204) or (209), 

99. For a curve in the xy plane, 2 = 0. Show that in this case the 
formula (251) for the curvature reduces to that found in Prob. 45 of 
Exercises II (page 72) if t is the parameter. Also that if x = <, the 
formula reduces further to the elementary one quoted in the same 
problem. 
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Verify that each of the following surfaces of revolution is represented 
by the parametric equations as given. Also show that the curves 
u = constant are meridians, or sections by planes through the z axis, and 
that the curves v = constant are the parallels, or circles cut out by planes 
parallel to the xy plane. And find the element of arc and of area in 
terms of u and v. 

100. The cylinder = a^; x = a cos u, y — a sin u, z — v. 

101. The cone a'^z"^ — y‘^) x — av cos u, y = av sin u, z — v. 

102. The paraboloid n^z = c{x‘' + y'^) x — av cos u, y — av sin u, 
z = cv‘^. 

2^2 y'l ^2 

103. The ellipsoid = l;x = a cos u cos v,y = a sin a cos y, 

Cl 0/ 0 

2 ; = c sin V. 

104. The hyperboloid -j H — i 1 — 1, for which x = a cos u cosh v, 

y — a sin u cosh v, z = c sinh v. 

106. The surface of revolution F{x^ + 2/^, 2^) = 0; x = f(v) cos 
// = /(*’) sin u, z — g{v), where F[f{v)'^, g(v)] = 0. Special cases are 
given in Probs. 100 to 104. 


Find the element of arc and of area in terms of u and v for each of the 
following surfaces. These surfaces may be obtained from those of 
Probs. 100 to 105 by contracting all lengths parallel to the y axis in 
the ratio of b to a. Here the curves u = constant are sections by planes 
through the z axis, and the curves v = constant are similar ellipses cut out 
by planes parallel to the xy plane. 

^2 qi2 

106. The cylinder ^ + ^2 ^ ’ x — a cos u, y = h sin u, z — v. 


X“ IJ** 

107. The cone z^ == + ^ 2 ! V ~ u, z = v. 

Z i/“ 

108. The paraboloid ^ ~ y = bv sin u, z = cv'K 

x'^ y'^ z*^ 

109. The ellipsoid “2 + ^2 + ^ which x = a cos u cos t>, 


y = b sin u cos v, z = c sin v. 

¥ 

y = b sin u cosh v,z — c sinh v 

111 


x^ y^ z^ 

110 . The hyperboloid ^ 2 ~ 1, for which x = a cos u cosh y, 

Cl 0 0 


( X^ \ 

^4-p' zj=0;x = af{v) cos u, y = bf(v) sin w, 
2 = g{v) where G f/(y)^ g(v)] = 0. 


112. Show that in Prob. 105, and hence in Probs. 100 to 104, the 
I)arametric curves cut at right angles. 
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113 . The parametric equations x = v cos u, y = v sin u, z = ku 
represent a warped helicoid (square thread screw surface). Find the 
element of arc and of area in terms of u and v. 

' 114 . If the hyperboloid of Prob. 110 is represented by a; = av, 
y = 6(co3h u i- V sinh u), z = c(sinh u A- v cosh u), the u = constant 
curves are straight lines. Find the element of arc in terms of du and 
dv at the point for which u = 0 and a = 0, and hence find the cosine of 
the angle at v/hich the parametric curves through this point intersect. 

116 . If 6 is the angle between two curves on a surface as in Eq. (275)^ 

, , Euu' + F{uv' + iu') + 

show that cos 6 = ■. >.^1 ' 

's/Eu^ + 2Fud + Gv^ s/Eu ^ + 2Fu v + Gv ^ 

116 . Let Pi{u,v) be any point on a surface Si given by equations of 
the form (253). Then any set of equations of this form for a second 
surface S 2 determines a mapping of Si on S 2 , by which Pi(M,r) is mapped 
on P 2 {u,v). By Eq. (270), applied to Si at Pi{u,v) and to S 2 s,tP 2 iu,v), 
the relation ds 2 = M{u,v)dsi will hold if the proportionality condition 
E 2 /E 1 = F 2 /F 1 = G 2 /G 1 is satisfied, with {M{u,v)Y the common value of 
the ratios. Hence, by the mapping, all differential lengths at Pi will 
be multiplied by M{u,v). Show that in this case, if M 7^ 0, the map- 
ping preserves angles, in the sense that the angle between Ci and Ci\ 
two curves through Pi on Si, is the same as that of the transformed 
curves C 2 and C 2 through P 2 on S 2 . A mapping of this type is said to 
be conformal. Hint: Let u, v determine the directions tangent to Ci 
and C 2 , and u',v' determine the directions tangent to C/ and C 2 . Use 
the result of Prob. 115. 

By a mere change of scale, the surface of the earth may be mapped on 
Si, a sphere of radius a, given by Eqs. (256), with v the latitude and m 
the longitude. Any pair of functions x{u,v), y{u,v); or r(u,v), 6{u,v) for 
polar coordinates; will then determine a map of the earth’s surface on 
the xy plane. On the sphere dsi^ = a'^(cos^ v du^ -f dv^) while on th^ 
plane ds 2 ^ = dx^ -f- = dr^ dd^. 

117 . The stereographic projection of the earth’s surface is obtained 

by projecting the points of Si on to the xy plane by straight lines through 
(0,0,1), the north pole of Si. In this case the mapping functions are 
X = a tan (y/2 -H ir/4) cos u,y = a tan (r/2 -f tt/A) sin u, equivalent to 
r = a tan (w/2 -p Tr/4), 9 = u. Show that the differentials satisfy 
dr^ + = (aV4) sec^ {v/2 -p 7r/4) (cos^ v du^ -p dv^, so that we have 

=z sec® {v/2 -p 7r/4)dsi. Hence by Prob. 116 the mapping is 
conformal, angles are preserves, and lengths are multiplied by a factor 
depending on the latitude. 

118 . li X = au, y = af{v), the meridians and parallels on the earth, 
or on Si of Prob. 116, will be mapped on the coordinate lines in the 
xy plane. The equator will map on the x axis if /(O) = 0. To make a 
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rhumb line on the sphere which cuts all the meridians at the same angle 
a go into a straight line in the plane cutting the lines x = constant at the 

dv _ _ i\v)dv 

dx 


same angle a, we must have cot a 


From 



V a cos vdu 

T 


/ 


/ 


/ 


Fig. 60. 


COS V du dx du 
these conditions, deduce that/(v) = sec v dv = log tan (t’/2 -|- ■jr/4). 

The resulting mapping is called Mercator^s projection. 

119 . For the Mercator projection of 
Prob. 118, given by x = au, y — 
a log tan {v/2 -p 7r/4), show that the ex- 
pression for the arc length dx'^ -f- dy‘^ = 

V (cos''^ v du^ -f- dv^), so that ds^ = 
sec V dsi. Hence by Prob. 116 the map- 
ping is conformal, angles are preserved, 
and lengths are multiplied by a factor de- 
pending on the latitude. 

120 . Using Probs. 31 and 32 of Exer- 
cises I (page 39), show that the Mercator 
projection of the two preceding problems 
may be defined by a: = au, y = a gd“h>, 
and that we may use y = a sinh"^ (tan v), 
y = a cosh“^ (sec v),y = a tanh“* (sin v) in place of the second equation 

121 . Show that under the stereographic projection of Prob. 117, the 
images of the circles on the sphere Si are the circles and straight lines 
of the xy plane <82 . Hint: From Aix"^ -P ?/^) + -f Cy -f D = 0 
in S2, deduce 

Aa^ t^n^ (v/2 Tv/i) + (B cos u C sin u)a tan (t’/2 -p 7r/4) 

-p /) -p 0, 

and hence by (256), if the point P(x,y,z) is on ^Si, the sphere of radius a, 
aBx -p aCy -f- (a^A — D)z -p a(a^A -P /)) = 0. This represents a plane. 
This plane cuts the sphere S\ in a circle, and the steps may be reversed. 

122 . Let u and v be rectangular coordinates in a first plane *81, so that 
dsp = du"^ + dv"^. And let the points of the xy plane S-z be expressed in 
terms of curvilinear coordinates by the equations x = x(u,v), y — y(u,v), 
and 2 = 0. Then we may map <81 on Sz as in Prob. 116. Express 
ds/^ = dx® -p dy® in terms of du and dv and show that the condition of 

3 y Sx 3y 

Prob. 116 for the map to be conformal Mrill hold if ~ 'q/i/ 

123 . Let u = u(x,y), v = v(x,y) be the solution of the equations 
X = x(u,v) and y = y(u,v) of Prob. 122. Show that the map will be 

du dv du dv , ,, , /dwV „ 

aJ ” “a? a? “ - = \rJ + W 


and M ® 


“ \du) 


conformal if 
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For the relation to analytic functions of a complex variable, see Probs. 
57, 67, and 68 of Exercises II (page 73). 

124 . By Prob. 68 of Exercises II (page 74) the mapping equations 

u = log -v/a:* + y® and v = tan”' - satisfy the condition of Prob. 123 

and so determine a conformal mapping of a uv plane on an xy plane. 
With a change of scale and notation, Xm = av, = au, x^ = ax, 

y, = ay we have x,^ = a tan”' y,„ = a log V x,^ + y«- — a log a 

as the equations for a conformal map of an Xmym plane M on an x,y^ 
plane S. Show that this is the same mapping that would be obtained 
by projecting Pi on the sphere *Si on P^ in S by the stereographic pro- 
jection of Prob. 117; projecting Pi on P,„ in M by the Mercator projec- 
tion of Prob. 119; and then making P,{x,,ys) the image of P,n{Xm,ym). 

Find the area of the limited portion of a curved surface which is 
described by each of the following statements: 

125 . The part of the cylinder z = x^ whose projection on the xy plane is 
the triangle bounded by y = 0, y = x, a: = 1 . 

126 . The part of the surface z = xy cut out by the cylinder -|- y^ = 1 . 

Hint: dS = \/l -h -H y^ dx dy = y/l ^ r dr dd. 

127 . The part of the cylinder 2 ^ -p y^ = 1 above the xy plane cut out by 
the cylinder -p y* = 1. 

128 . The part of the sphere -p y* -p 2 * = 1 above the xy plane cut out 
by the cylinder x^ + y^ = x. Hint: The differential of area is 
dS = (1 — X* — y^)~y^dx dy = (1 — r^)~^^r dr dd, and the area integral is 

fir/2 rcosfl 

a 8 ='2 / dd / (1 —r^)-^^rdr. 

129 . The part of the sphere x* -p y^ -p z-^ = 1 above the xy plane whose 

projection on the xy plane is inside the first half loop of the curve whose 
polar equation is r = cos nS. Hint: See hint to Prob. 128. < 

130 . The part of the cylinder 2 * + y* = y above the xy plane which is 

cut out by the sphere x* + y^ + = 1. 

131 . The part of the surface z = xy whose projection on the xy plane is 
inside the first half loop of the curve whose polar equation is r^ = cos 2n Q. 
Hint: See hint to Prob. 126 for dS and note that the inner integral is 

^v'cos2n9 ^ 2 = 1.^(2 •\/2 COS* nd — 1), since we may write 

1 -p cos 2nd = 2 cos^ nd. 

132. The area generated by revolving an arc of the curve y= f{x) 

about the x axis is 27r Jyds — 2nr fix) \/i +/'(x)*dx. Check 

this formula by using the parametric equations for the surface of revolu- 
tion: X = u,y = fiu) cos i>, 2 = fiu) sin v. 
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133. Find the expression for the element of volume in terms of u, v, 
and w X = u{l — v), y ^ uv{\ — v'), z = uvw. 

134. Using Prob. 133, show that the volume of the tetrahedron three 
of whose edges are OA = i, OB = j, OZ — k may be expressed as 

/o' * /o' " '‘’J /' = /' <l«' /' '• * /' «■' du. 

Also show by direct calculation that either member equals 



CHAPTER IV 


INTEGRATION. THE DEFINITE INTEGRAL. 
MULTIPLE INTEGRALS 


Our discussion of integration begins with the fundamental 
properties of the definite integral. We then describe methods 
of integrating certain general classes of functions. We con- 
sider improper integrals, multiple integrals, integrals containing 
a parameter, as well as the problem of differentiating and 
integrating such integrals. We also show how some definite 
integrals that cannot be easily evaluated may be treated by 
series, numerical methods, or other special devices. 

61. The Indefinite Integral. Let f(x) be a given function. 
Then any function F{x) such that 


f = F'W=/(x).. 


( 1 ) 


is called an indefinite integral, or antiderivative of f{x). If 
one function F{x) is known, any function 

G(x) = Fix) + C, (2) 

where C is a constant, is also an indefinite integral of fix), sincet 

G'ix) =F'ix) =fix). (3) 

Moreover, every indefinite integral of fix) is given by (2) 
with a suitable C. For, let fix) be any one such indefinite 
integral and set H(x) = /(x) — Fix). Then I'ix) = fix), so 
that 

H'ix) = Fix) - F'ix) = 0. (4) 

Since its derivative is zero, H(x) must equal a constant. If we 
call this constant C, we have 

fix) - Fix) = Hix) = C and /(x) = F(x) + C, (5) 

This shows that /(x) is given by (2), as we stated, 
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62. The Definite Integral. For any function /(a;) given on an 
interval a,b we may make the following construction. Divide 
the interval a,b into n parts by points 

a = xo < xi < Xi < • • • < Xn-x < Xn - b. (6) 

Then select a point in each interval, 

Xo ^ ^ • • • Xi-l ^ ^ Xi • ‘ ‘ Xa-l ^ ^ Xn, ( 7 ) 

and form the sum 

= f(^l)(Xl — Xo) +/(^2)(X2 — Xi) +'•• 

+ f(^n)(Xn - Xn-l). (8) 

We assume that /(a:) is of simple type, for example, an elementary 
function, so that the curve 
y — /(x) has a continuous graph 
like that shown in Fig. 61. [A 
continuous graph is one without 
breaks, so that as 

x-^ a, f(x) ~^f(a).] 

We also suppose that each of 
the intervals Axi = Xi — Xi-x is 
small. Then, if /(a:) >0,>S„ re- 
presents the sum of the areas of 
certain rectangles which ap- 
proximate the area under the curve. This suggests that certain 
sequences of sums Sn will approach a limit equal to the area under 
the curve. Let us abbreviate Eq. (8) by 

= X = X (9) 

i=l 1=1 

and denote the area under the curve by A. Then it is in fact 
the case that 

n 

A = lim ^ f(^i)Axi, if lim dn = 0, (10) 

n— > oo -a n— ► 00 

where for each n, dn is the largest value of Axi or (xi — Xi-x) 
used in forming the sum Sn- 

The limit on the right of Eq. (10), which exists even when 
f(x) is sometimes negative or zero, is called the definite integral 



Fig. 61. 
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of f{x) from a to 6. And, with the usual notation, 

f(x)dx = lim y /(^i)Aa:i, if lim d„ = 0. (11) 

n--> 00 ^ n— ► 00 

If g(x) is a second continuous function, it is also true that 

n ► 00 i:==i\ ^ ^ ®° 

Here the ^i, like the ^i, are any points in the interval .ri_i,a-,. 

In this result the product fg may be replaced by F{f,g), any 
continuous function of / and g, to obtain 


r mx),s(x)]dx = lim f F[/(5i),s«i')lte, it lim d. = 0. 

J G fi-^ 00 • _ 1 /i*— >• 00 


(13) 

Similar results also hold for more than two functions. 

Equations (10) and (11) lead to the fundamental relation for 
evaluating an area by means of a definite integral, 



(14) 


Let us next consider a thin rod with one end at a; = a and the 
other at a? = 6, and having at each point a density p(x). For a 


B 

O a X x-fAx b X 

Fid. 62. 

part of the rod between x and x + Aa:, with Aa” small, wo would 
expect p(^)Aa: to equal the weight of the part, for a suitable ^ 
between x and x + Aa;. Also we would expect the attraction 
of the part by a mass m at the origin to be the same as if the part 
of the rod were all at a suitable distance in the interval, 
a: ^ ^ a; + Aa:. This suggests 

AF = ^ p({)Aa^ (15) 

as the attraction of the part of length Ax, and 

X ^ p(^i)Aa:i (16) 

1 = 1 
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as the attraction of the whole rod. Equation (12) then leads to 
the evaluation of the attraction of the rod by m in terms of a 
definite integral, 

F = r'^pix^dx. ( 17 ) 

J Cl 

Equations of the type of (12) or (13) are frequently the guide to 
the appropriate method of evaluating other geometrical or 
physical concepts by definite integrals. 

63. Properties of the Definite Integral. The variable x in 
the notation for a definite integral may be replaced by any other 
letter without altering its value. Thus 

f(x)dx = P S{t)dt. (18) 

Ja Ja 

For if we plotted y = f(t), we could regard the values Xi as points 
of subdivision on the t axis, and as values in the intervals 
from x,_i to Xi. Thus the limit on the right of Eq. (1 1) would 
define the right member of Eq. (18) equally as well as it defines 
the left member of that equation. 

So far, we have assumed a < b. The symbol for a definite 
integral in other cases is defined by the relations 

f{x)dx = 0, f{x)dx = - j^f{x)dx. (19) 

These definitions make the equations 

f^"f(x)dx + f‘f(x)dx + j"s(x)dx = 0 (20) 

and 

f(x)dx + j’ S(x)dx = j^S(x)dx (21) 

true for all values of a, h, and c. 

Equation (21) shows that, if they have the same function or 
integrand, integrals may be added like the signed intervals over 
which they are taken. 

It is also true that, for the same interval, integrals may be 
added like the functions involved. That is, 

f{x)dx + g{x)dx = [/(a:) 4- g{x)]dx. (22) 
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Again, for any constant k, 

kf{x)dx = k f{x)dx. (23) 


The two preceding results are immediate consequences of 
Eq. (11). 

Suppose that the curve in Fig. 63 has its maximum at M, for 
X = X2, and its minimum at m, for x — xi. Then the area 
under the curve will be less than that of the rectangle on a,b 
under the line through M, and greater than that of the rectangle 

on a, 6 under the line through m. 



Fig*. 63. 


Hence, for some point R between 
m and M, the area of the rectangle 
under the line through R will equal 
the area under the curve. If 
X — ^ at R, the height of this 
rectangle will be /(^). And, since 
^ is between Xi and x^, it will be 
between a and h. This suggests the 
mean value theorem for integrals, 

Pj(x)dx = (6 - a)S(i), (24) 


for a suitably chosen value of ^ between a and h. 

The mean value theorem holds whenever f{x) is continuous, 
even when f{x) is not positive, and b < a ov b = a. 

64. Calculation from the Indefinite Integral. Let us consider 
the definite integral of f{x) from a fixed point a to a variable point 
x: 


I(x) = f(x)dx = f{t)dt. (25) 

The second expression follows from Eq. (18) and avoids the 
possibility of confusing x, the variable of integration, with x, 
the variable limit. To find the derivative of I{x), I'{x), we must 
first calculate the difference quotient, 

^ + h) - I(x) 

Ax h ^ 


It follows from Eq. (25) that the numerator is 

i(x -\-h) - i(x) .= - ["f{t)dt = ( 27 ) 

Ja Ja Jx 
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by Eq. (21). And, from the mean value theorem (24), 

( 28 ) 

for a suitably chosen value of ^ between z and x h. We may 
conclude from the three preceding equations that 


Ax 


= /(»• 


(29) 


When h—^Q, x h x, and since ^ is between x and x h, 
^ ^ X. Consequently, when f(x) is continuous, /(|) will approach 
f(z), and 

Urn ^ = lim /(f) = f(x). (30) 

This proves that 

^ = r(x) = f(x). (31) 


This shows that I(x) is an indefinite integral of f(x) as defined 
in Sec. 61. Hence, by Eq. (5), if F(z) is any known indefinite 
integral of f(x), 

I(x) = F(x) + C. (32) 

TiCt us put X = a in this ecpiation to obtain 

1(a) = F(a) + a, (33) 

and eliminate the constant by subtraction. The result is 

I(x) - 1(a) = F(x) - F(a). (34) 

But from Eqs. (25) and (19), 

1(a) = f" f(x)dx = 0. (35) 

Ja 

Thus 1(a) may be omitted from (34) and, if we replace I(x) by 
its value from (25), we find 

f^f(x)dx = F(x) - F(a) = F(x) (36) 

Ja [a 

This expression is defined to mean the difference that precedes it. 
In particular, when the upper limit is b, we have 

f f(x)dx = F(x) ‘ = F(6) - F{u). 

Ja a 


( 37 ) 
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This is the familiar formula that enables us to calculate the 
definite integral of any integrand for which some indefinite 
integral is known. 

66. Differentiation of Integrals. Since 


/ = f{x)dx = F{h) — F(a), Avhere F'(x) = f{x)^ (38) 


Ave find 




= F’(b) = m 

(39) 

and 





(40) 


That is, the derivative of a definite integral with respect to an 
upper limit of integration ecpials the integrand evaluated at the 
upper limit. For a lower limit of integration the derivative 
equals the negative of the integrand evaluated at the lower limit. 
Suppose that the integrand contains a parameter u, so that 

I(u) = f(x,u)dx. (41) 

In this case we may Avish to find the derivative of / Avith respect 
to u Avhen a and b are kept constant. We have for the difference 
quotient 

I (m ~t“ Am) (^) f f jXfU ~ 1 ~ Am) fi^XyU) ( 42 ) 

AiT ~ ja Am. ’ ^ ^ 

by the properties expressed in Fqs. (22) and (23), since Am Is 
constant during the integration on x. When Am — » 0, 

I(u + Am) — /(m) 

All 

This suggests that 


When a and 6 aje finite and df /du is continuous in both variables, 
this is a correct result. If these conditions are not met, for 
example, if 6 is <» or if df jdu — » oo as a: — > 6, there are three 
possibilities. (1) The right member of Eq. (44) may not 


dl 
' du 


and 


^ + A m) — f{x,u) 
• Au 


du Ja 


du 


dx. 


du 

(43) 

(44) 
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be a convergent integral in the sense of Sec. 71, in which case 
the equation is meaningless. (2) The right member may con- 
verge, but fail to represent the derivative dl/du. (3) The 
equation may be true. The student of applied mathematics is 
unlikely to encounter the second possibility and, in practice, may 
assume that Eq. (44) holds whenever the right member converges. 

By the rule of total differentiation of Sec. 21, for any function 
of three variables I {u,a,h ) : 

dl = — dw -j- — da -j- dh. (45) 

du da do ^ ' 

If we use the values of the derivatives of 

I(u,a,h) = f(x,u)dx, (46) 

given by Eqs. (44), (40), and (39), we find for this function 

dl = ^j^fu(x,u)dx~^du — f{a,u)da f{h,u)dh. (47) 
It follows that, if a and b are each functions of u, 

a “ /, Tu 

As a simple illustration of this formula, consider 

r Zu 

I{u) = ^2 {x — u)Hx. (49) 

Then, for this function we find from Eq. (48) 

r{u) = f (-2)(a: - u)dx - u\2) 4w.2(3). (50) 

The reader may check this by showing that the integral on the 
right in (49) equals 7w^/3 and that the expression on the right 
in (50) equals 7u^. 

66. General Reductions. We recall a few general methods 
of reducing integrals to those of simpler types. In this section 
u and V denote functions of x. The linear relation 

(Au + Bv)dx = A f'udx + B f^vdx (51) 

Ja Ja Ja 

enables us to decompose sums and factor out constants. 
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The rule of integration by parts 



will reduce an integral with u a simple inverse function (for 
example, log x or sin~^ x) and v an algebraic function to an 
integral with vdu/dx an algebraic integrand. Also, if u = a:", 
with n a positive integer and v is of exponential type, that is, 
e®, sin X, cos x, the new integrand will contain the factor 
Thus n reductions of this type will lead to an integrand free of x. 

Finally, the rule of substitution 


J^^f(x)dx = f[gii)]g'{t)dt, (53) 


if g'(t) lA 0 for A < t < B and a = g{A), h = g{B), may be 
used to simplify some integrals. 

Equations (51), (52), and (53) may all be verified by noting 
that both sides equal zero for b = a and have their derivatives 
with respect to b, as obtained from Eq. (39), equal for all values 
of 6. 

67. Rational Integrands. We recall the method used to inte- 
grate rational functions. A rational function may always be 
reduced to the quotient of two polynomials. If the degree of 
the numerator Pi{x) is the same or greater than the degree of the 
denominator D{x), we may by division find polynomials Q{x) 
and P{x) such that 


PM 

D(x) 


= <3W + 


P(=i:) 

D(x) 


( 61 ) 


and the fraction on the right is a proper fraction, that is, has its 
numerator P(a:) of lower degree than that of its denominator D(x). 

The polynomial Q(x) is easily integrated. Let us next con- 
sider the integration of the proper fraction P{x)/D{x). 

Suppose first that the roots of D{x) — 0 are all distinct. 
Let D{x) be of the nth degree and call the roots ri, r 2 , • • • , r„. 
Then constants Ai, Aj, • • * , An may be found to satisfy the 
relation 


P{x) ^ Ai A% _j_ . . . An 

P{x) X — r].~ x — X — Tn 


(55) 


The An could be evaluated by clearing of fractions, equating 
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coefficients of corresponding powers of x, and solving the set 
of n linear equations that result. However, when the roots 
are all distinct, the following method is simpler. 

Let us multiply both sides of Eq. (55) by a; — ri, and then 
let X — ^ ri. The first term on the right is A i, and the other 
terms contain the factor x — ri, and so approach 0 when x — > ri. 
Since D{ri) = 0, we may deduce from THospital’s rule of Sec. 
15 that 


(x - ri)P{x) _ P(x) + (x - n)P'(x) 
D(x) " D'(x) 


\x^ri 


P(ri) 

D'in) 


(56) 


This is the limit on the left and so equals Ai. Thus 


Ax = 


Piri) 

D'iny 


and 




(57) 


as a similar argument shows. This may be used as a formula to 
compute the coefficients in Eq. (55). 

We assume that the polynomials P{x) and D{x) have real 
coefficients. Then either r and A are both real, and 


/ 


X 


dx = A log \x — r\, 


(58) 


or the complex roots occur in conjugate pairs, and we use 

2R [ -^—P-^.dx 
J X — a — bi 


= A log [(a; — a)^ + — 25 tan“^ 


X — a 


(59) 


Here R denotes the real part of a complex number. Thus 

{x + iy) + (cc - iy) = 2R(x + iy), (60) 

and the left member of Eq. (59) is 
4* Bi 


2R 


f f 

J X — a — hi J X — a — bi 


dx 


+ 


f— 

J X - a 


Bi 


+ bi 


-. dx. (61) 


As an illustration, consider i 

__ f {2x + 3)dx 

~~ J x^ A- X 


h 


2 


2x 


(62) 
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Here the three values of r are 0, 1, —2, since 

D{x) = -]r — 2x = x(x — l)(a: + 2). (63) 

And, by Eq, (57), for each r the value of A is 

A - (ai) 

^ ~ D'ir) ~ 3r2 + 2r - 2' 

so that the three values of A are — Hence, by Eq. 

(58), the value of /i is found to be 

h = — I log rc + I log [a: — 1| - i log \x + 2\. (65) 

As a second illustration, consider 


h = 


.dx 

x^ + 8 ’ 


Here the three values of r are — 2, 1 4- i, and 1 — y/S i. 
And, by Eq. (57), for each r the value of A is 


A = 


P(r) ^ i_ 

Z)'(r) 3r‘'^ 


-> since 


• 8 . ( 66 ) 


Thus the three values of A are Vvz, -(1 + \/3f)/24, 
— (1 — \/3'^)/24. Using Eq. (58) with A = )-f 2 , r = — 2, 
and Eq. (59) with a = 1, 6 = -y/S, A — —1/24, B = — •\/3/24, 
the value of /2 is found to be 


^2 = log \xA-2\ - ^ log {x^ - 2a: + 4) 

I Vs , , X — I _ ‘ 

d — rr^ tan ^ — yz.-- (67 

12 y'3 

If the Eq. D{x) =0 has multiple roots, each factor {x — r)' 
in D{x) will lead to a series of fractions 


A' , . 

(x — r) (x — r)2 
These could be integrated by using 


dx — *1 


(x — ry 


(x — ?•)“*+' 
—k 4 - 1 


J (x- ry -A: 4- 1 

For real values of r, the coefficients A are real. For two cou' 
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jugate imaginary roots a + hi and a — hi, the corresponding 
A will be conjugate and each pair of corresponding terms on the 
right of (69) will give a real result. 

When multiple roots are present, a method of calculating the 
integral, due to Hermite, is preferable to the one just outlined. 
We shall now present this simpler method. Let the denomi- 
nator be written with highest coefficient unity, so that 


D{x) ^ 

= (x 

— ri)”''(x — 

r^yn, . . . 

(x — rk)”''‘. 

(70) 

Put 






S(x) - 

= (x 

— ri)(x — r 

■2) • • • (x 

- n), 

(71) 

T(x) - 

= (x 

— ri)”^^-^ix 

— r2)'"^“^ • 

’ ' (x — 

■ (72) 

Thus 






Z)(x) = 

= Six)Tix). 



(73) 


We note that T(x), and hence S{x), may be found by elementary 
algebra without solving the equation D{x) = 0, since T{x) is the 
highest common factor of D(x) and D'{x). 

Then, for the integral of the proper fraction P{x)/D{x), we 
may write 



where S>\{x) is a polynomial of degree one less than that of S{x), 
and Ti{x) is a polynomial of degree one less than that of T{x), 
in general. We use letters for the, at present, undetermined 
coefficients of ;Si(a:) and Ti{x). In exceptional cases some of the 
leading coefficients may later turn out to be zero, in which case 
the degrees will be less than those stated. 

It follows from Eq. (74) by differentiation that 


I A 

D{x) ~ Six) dx _ Tix) 


(75) 


If this is cleared of fractions and coefficients of corresponding 
powers of x are equated, a set of linear equations will result that 
may be solved for the coefficients of Si(x) and Ti(x). 

As an example, consider 


f x'^ — 4x 7 , 

J (X - i)Hx^ + i) 

f Ax^ + Bx + C , . D 

J (x- l)(x* + 1) “ I - 1 


• (76) 
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The result of differentiating and clearing of fractions is 

- 4x + 7 = A- BxA- C){x - 1) - Dix"^ + 1) 

= Ax^ A- {B — A — D)x^ + (—B + C)x 

+ (-C - D). (77) 

This leads to the equations 

^ = 0, B - A - D = 1, -5 + C = -4, 

- 2) = 7, (78) 

whose solution is 

A=0, B = -1, C = -5, 2) = -2. (79) 

Thus the integrand in Eq. (76) is 

Ax^ A- Bx -A C _ —X — 5 

(x — l)(x* 4-1) (x — l)(a: — i){x + i) 

+2R^^^. (80) 


X — 1 


X 


The simple fractions on the right are found by applying Eqs. 
(55) and (57) with P(x) = —x — 5 and 


D(x) = (x — l)(a:‘^ 4-1) = x^ — x"^ A- ^ 
D\x) = Sx^ - 2a: 4- 1, 

so that 


(81) 


2 ^( 1 ) ^ 
2 )'( 1 ) 2 


P{i) 

D'(i) 



2i 

6 


(5 + f)(l - i) 

2(1 +f)(l - i) 
■ 4f 3 


i. 


(83) 


It follows from Eqs. (80), (58), and (59) that 

/ '»« I* - + 1) 

+ 2 tan“^ X. (83) 

Finally, from Eqs. (76), (79), and (83) we have 
Iz — —3 log ja: — 1] 4- K log {x^ + 1) 4- 2 tan“^ x (84) 

Ji X — i 


68. Algebraic Integrands. We next describe a few general 
classes of integrals of algebraic functions which may be reduced 
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to integrals of rational functions by suitable substitutions. 
Throughout this section, R{u,v) denotes any rational function of 
the two variables u and v. And we assume that the letters o, b, 
etc. denote real numbers. 

For the integrand R[x, {ax + b)^^^], p and q any integers and 
a 9 ^ 0, the substitution 


t = (ax + b)'^'^, 


(85) 


rationalizes the integral, since it makes 


j R[x, {ax + b)p^'^]dx = 



( 86 ) 


The special case where p = 1, q — 2, 

I R {x, +l>)da: = J ^ 

is the one most frequently encountered in practice. 

Another example of this type of integral is 

J(ax + hYx^’dx with r and s rational fractions and r, s, 

or r + s an integer. (88) 


If s is an integer and r = p/q, the integrand is R[x, {ax + 6)'"'«]. 
If r is an integer and s = p/q, the integrand is R{x,x''^'^). And 
if r + s is an integer, we may put / = a + h/x and 


J(aa; + hYx^dx = -h'+'‘^^iT{t ~ (8D) 

Since r + 6* is an integer, the exponent of {t — a) is integral. 
Hence if r = p/q, the last integ rand is of t he type R{t,t>‘^'‘). 

For the integrand R{x, ^/ax"^ bx -\r c) there are three cases. 
If the roots of + c = 0 are h and k, real and unequal, we 

may write i - 

ax- + bx + c = a{x — h){x — k). (90) 


Then the relation 

\/ ax'^ T hx c — t{x — /c), or a{x Ji) — t^{x fc) (91) 

determines x as a rational function of t, say f{t). Thus 


^ = m 


ah — kt^ 


and 


* _ ru) = 2a(>i - k)t , 2 , 
(it (a - ^ ’ 


a ~ 
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Consequently, we have 

^R{x, V ax^ 4- bx + c)dx = i[f{t) — k]\f'{t)dt, (93) 

and the new integrand is a rational function of t. 

If the roots of ax^ hx c are equal, h = k and Eq. (90) 
becomes 

ax^ hx c — a(x — ky. (94) 

Consequently, in this case 


[R{x, y/ ax^ + 6a; + c)dx = jR[x, y/ a {x ■— k)]dx, (95) 

so that the integrand is a rational function of x. 

Finally, let us suppose that the roots of ax^ + 6a; + c = 0 are 
conjugate complex numbers m + in and m — in. Then 

ax‘‘‘ + 6a: + c = a{x — m — in) {x — m in) 

= a[(x — to) 2 + n‘^]. (96) 

To make the radical real, a must be positive. Here we put 
(x — n‘^ = {x — m 1)'^, or n^ = 2t(x — m) (97) 


This again determines x as a rational function of t, say g(t). 
Thus 


a* = g{t) 


71^ + 2mt — 
2t 


and 


dx 

dt 


= g\t) = 


— 7V 




2t^ 


(98) 


Consequently, we have 

fR{x, y/ ax‘^ + 6x + c)dx 

= iR{g(t), aA [g{t) - to + t]}g'(t)dt, (99) 

and the new integrand is a rational function of t. 

The foregoing discussion shows that if X is a polynomial in x 
of the second degree, the integral of R(x, y/X) can be found 
in terms of elementary functions. In simple cases, the value 
will be found listed in tables of integrals. In more complicated 
cases, the practical procedure is as follows. As R{x, y/ X) is 
the quotient of two polynomials in x and \/A, it may be expressed 
in the form 

R{x, y/X) = (100) 

ilf + N VX 

where K, L, M, N are all polynomials in x. For we may use the 
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(VX)2« - X” and VX (101) 

to eliminate the higher powers of \/ X. 

Next rationalize the denominator, 

N + L VX ^ K +L V X M - N VX 

m'-^nVx m + nVIm-nVI 
= =u + vvx, (102) 


where U and V are each rational functions of x. The rational 
function U may be integrated by the methods of Sec. 67. For 
the remaining part of the integrand, write 


vVx = 


VX 

VX 


(103) 


and decompose the rational function FX into a polynomial, the 
Q{x) of Fiq. (54), and a sum of partial fractions of the type found 
in Eqs. (55) and (68). This reduces our problem to the integra- 
tion of terms of the type. 


x^ ^1 

(X - ry Vx' 


(104) 


For terms of the first type, with n > 0, we use the reduction 
formula which follows. Here X = ax- bx c, with a 0. 



x^^-^ Vx 

an 


h{2n - 1) 
2an 




X 


n-2 


Vx 


dx. 


(105) 


This enables us to reduce the integral of the term of the first 
type with largest value of n to integrals with smaller exponents. 
Thus a repeated application of the process will reduce the 
integrals of terms of the first type to an integral with n = 0. 
We note that, for n = 1, the last term in (105) is zero. 

For terms of the second type in (104) We may use the following 
reduction formulas: 


Let X = ax^ -V bx -V c, S = ar^ + br + c, and 

T = 2ar + b. (106) 
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Then, when /S 0, 


/ 


dx 1 \/X 

{x - ry \/X ~ (k - 1)>S (x - r)*-i 
{2k - 3)T r dx 
2{k - 1)>S ] {x- ry-^ VX 
a{k — 2) f dx 
~ (k - l)S j (x - ry-~^ V^' 


And, when *S = 0, 


( 107 ) 


/ 


dx 

{x - r)Wl 


2 ___ yx 

{2k — l)T {x — ry 

2a{k — 1) f dx 

~ W^T)t J (7- ry-^ yx’ 


(108) 


T his enables us to reduce the integral of the term of the second 
type with largest value of k to integrals with smaller exponents 
if A) ^ 2. Thus a repeated application of the process will reduce 
the integrals of terms of the second type to integrals with k — I 
or k — 0. _ 

This reduces the problem of integrating R{x, \/X) to integrals 
of one of the two types, 


yx 


and 


dx 

\x - r) yf 


(109) 


These may be found from the tables. See also Probs. 26 to 33 
of Exercises IV (page 187), , 

69. Integrands Involving Trigonometric or Exponential Func- 
tions. Any rational function of trigonometric functions of x may 
be written in the form 72 (sin x, cos x), since all the other trigono- 
metric functions are expressible rationally in terms of the sine and 
cosine. But the substitution 


t = tan ^ (110) 

makes 

j J?(sin x, cos x)dx = j ^ 
and the new integrand is a rational function of t. 
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Similarly the substitution 


t = tanh 


( 112 ) 


rationalizes the integral of any rational function of hyperbolic 
functions of x, since 

j E(sinh X, cosh x)dx — J R ^ Z it 

If R{u) denotes any rational function of a single variable u, 
the integrand 72 (e“®) is rationalizable. For, if t = e“®, 




(114) 


This method is applicable to the integral of ^(sinh x, cosh x), 
with a = 1, and to the particular case 72 (tanh x) with a = 2, since 


tanh X = 


— e ^ 


- 1 
,2x + l’ 


(115) 


Similarly the method applies to the integral of 72 (sin x, cos x) 
with a = f and to the particular case 72 (tan .r) with a = 2i. 
T his procedure is sometimes preferable to that indicated in 
Eqs. (Ill) and (113). 

70. Other Elementary Integrals. Consider an integrand that 
is algebraic except for a single inverse function, which enters as 
a factor. Its integration may be reduced to that of an algebraic 
integrand by an integration by parts, as illustrated in connection 
with Eq. (52). The algebraic integrand may be rational, or 
of one of the types described in Sec. 68. For example, if P{x) 
is any polynomial and n is any integer. 


r j.n+1 

f x^ t&TL~^P(x)dx — ^ tan~^ P(x) 

f P'ix)dx . 

J n + 1 1 + [P(x)r ^ 


In each of these cases the last integrand is rational. Again, 
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^ 71 - 4-1 

sin-1 (ctx + 6) = 

(118) 

^ + 1 \/i — (ax + h)'^ 

and the last integral is rationalizable. 

The integral of any polynomial in any number of variables 
each of which is either x, e*®, sin ax, cos hx, sinh cx, cosh dx, with 
any values of the constants, may be evaluated. If we express 
functions of the last four types in terms of (complex or real) 
exponentials and multiply out, the integral becomes a sum of 
multiples of terms of the type 

jx^e^^dx. (119) 

These may be evaluated by integrating by parts repeatedly, as 
remarked after Eq. (52). Another convenient method of 
evaluating the integral (119) is to predict the form of the result 
as a polynomial of the nth degree times and use the method 
of undetermined coefficients. 

For example, if I denotes the imaginary part of a complex 
number, so that I(a + hi) = b, then 

jxe/ sin 2x dx = 

= (Ax + B) cos 2x + (Cx + D) sin 2x (120) 

By equating the derivatives of the two sides, we find that 

xe® sin 2x = (Ax + B + A + 2Cx + 2D) cos 2x e® , 

+ (Cx + D + C — 2Ax — 2B) sin 2x e®. (121) 

This will hold if 
A + 2C = 0, C - 2A = 1, 

The solution of these equations is 
A = — f , B — -is, 

Hence, by Eq. (120), 

I xe® sin 2x dx = ^ [( — lOx -|- 4) cos 2x + (5x + 3) sin 2xJ. 

^ ( 124 ) 


B + A + 2D = 0, 

D A- C - 2B = 0. (122) 

C = h o = iV (123) 
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71. Improper Integrals. If /(x) is continuous throughout the 
interval a,h, any indefinite integral F{x) will have a derivative 
F'{x) = f(x) for a ^ X ^ b. Hence F(x) will be continuous 
for such values of x. Consequently 

lim F{x) = F{b), and lim [F(x) - F(a)] = F(b) - 

a:— >6 x—^b 

(125) 

This shows that under the conditions stated 


lim f‘‘f(x)dx = f(x)dx. (126) 


In case f(x) is continuous for all values of x with a < x < b, 

but f{x) is discontinuous at b, the 
definite integral is defined by Eq. (126) 
if the limit’ on the left is finite. In this 
case the integral is convergent. If the 




Fig. 65 . 


expression on the left of Eq. (126) does not define a finite limit, 
the integral on the right is said to be divergent, and no meaning is 
assigned to it. 

Similarly, if /(x) is continuous for all values of x with a < x ^b, 
we use 

lim rf{x)dx = (''f(x)dx (127) 

X — >a ^ 

as the definition of the right member. 

And a similar equation is used if one of the limits is infinite. 
Thus, 

lim r*/(x)dx = f f{x)dx, (128) 

iP— > 00 

and 

lim f(x)dx = f(x)dx. 

00 J ^ 


( 129 ) 
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In the defining equations (126) through (129) we have assumed 
that the upper limit is greater than the lower limit. However, 
similar definitions apply if this is not the case. These are such 
that Eq. (19) holds for the new type of integral. 

Let US next consider a function f(x) which is continuous 
throughout the interval a,b except for the value c, that is, for 
a ^ X < c and c < x S b. Then we define 

f(x)dx — f^f{x)dx+ f^f(x)dx. (130) 

Ja Ja Jc 

If both the integrals on the right of this equation are convergent 

when defined by relations similar 
in form to Eqs. (126) and (127), 
then the integral on the left of 
Eq. (130) is said to be convergent. 
If either or both of the integrals 
on the right diverge, then the 
integral on the left of Eq. (130) 
is said to be divergent. 

If a is — CO or a point of dis- 
continuity of f{x) and b is <» or a 
point of discontinuity of /(x), 
but /(x) is continuous for all x 
such that a < X < 6, we may again use Eq. (130) to define the 
integral on the left in terms of those on the right. And a similar 
decomposition may be used to define the integral when /(x) has 
several points of discontinuity. * 

Definite integrals that may be defined in terms of /(x) by the 
single limiting process given in Eq. (11) are called proper integrals. 
In contradistinction, the integrals of this section that are defined 
in terms of the limits of proper integrals are called improper 
integrals. 

The properties expressed in Eqs. (20) through (23) all hold 
for convergent improper integrals. And Eq. (37) may still be 
used to evaluate such integrals, provided that 

ilF 

— F'{x) is finite and = /(x) for a < x < 6, (131) 

and F{x) approaches finite limits as x — > a and x — > 6. 
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As examples of integrals with one or both limits infinite, 
we have 


/. 


J 

I. 


I- 


e~^dx — —e~^ 
dx 


1 

2 


(132) 

= 1. (133) 

oo 

1 I ^2 tan-1 ^ (134) 

— 00 X i“ *L> — 00 

As examples of integrands discontinuous at one limit, we have 

(135) 


r-^= 2V5r = 2V2. 

Jo 'V X 0 


in which the integrand becomes infinite at the lower limit zero, 
and 


rVo *1 2-1 

/ 1 2rc sm cos -) dx — x^ sm - 

Jo \ X X/ X 


2/ir 


(136) 


in which the integrand oscillates as x approaches the lower limit 
zero. 

And, as examples of integrands that become infinite at both 
limits, we have 


/ 


I. 


dx 


1 V(^ - 1)(2 - x) 


sin-1 (2x — 3) 


TT. 


(137) 


xHx 


=~ = — ^ \/4 — + 2 sin-1 


-2 •\/4 — 


X 


X‘‘ 


= 27r. (138) 


-2 


If condition (131) holds but F{x) fails to approach a finite limit 
as X — » a or as x h, the integral diverges. Thus 

dx 


I. 


1 


= 2 s/x 


diverges. 


(139) 


since 


2 V: 


X 


00 as X 
0 


00 


/ 


cos X dx — sin x 


diverges, 


(140) 


since cos x oscillates as x — > — oo . 


/; 


dx 


= log 


X — 1 


1 (x — 1)(2 — x) 2 — X _ 

since the logarithm becomes infinite at either limit. 


diverges, (141) 
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It is sometimes convenient to apply the reductions of Sec. 66 
to convergent improper integrals. In particular, Eqs. (51), 
(52), and (53) will hold whenever all the improper integrals 
involved are convergent. For example, the expression 


/“ 


a dx 


•s/ 


X 


r = 4a sin~^ - 
2 a 


= 2Ta 


(142) 


involves an improper integral, since the integrand becomes 
infinite at. the upper limit. It could be evaluated by the sub- 
stitution X = a cos t, which makes 


4 



a dx 

y/ — x"^ 


-4 



adt — 4a 


’7r/2 


dt = %ra. 


(143) 


We note that the expre.ssion in x is that obtained for the 
length of the circumference of the circle x^ + — a^, in terms of 

X. And the expression in t could be obtained directly by using 
the parametric equations of the circle, x = a cos t, y = a sin t. 
This illustrates that when the calculation of a geometrical or 
physical quantity leads to a convergent improper integral, the 
value of the quantity is correctly given by using the definitions 
of this section. 

72. Tests for Convergence. For many improper integrals it 
is inconvenient or impossible to find a simple indefinite integral 
F(x) satisfying the conditions (131). Consequently we cannot 
decide whether the improper integral converges by a direct 
use of the method of Sec. 71. However, we can frequently 
settle the question by the following considerations. ♦ 

We first define the phrase '*f{x) behaves like g{x) as x — > b,” 
to mean the two functions f{x) and g{x) are such that 


/(^) 


lim , . 
x-*b g\x) 


k9^0. 


The following statements illustrate this definition: 

sin X behaves like a: as a; — > 0. 

^ — X 

cosh X = s — behaves like e® as a: — > » , 

and behaves like e”® as x — > — <» . 

- — r — 5 behaves like x~^ asx— » oc or x . 

1 4- 


(144) 

(145) 

(146) 

(147) 
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a 




X‘ 




\/ 4 


x^ 


behaves like (a — x)~^ as x — > a. 
behaves like (2 — x)~^^ as x — > 2, 


and behaves like (2 + as x 
1 


2 . 


behaves like (x — 1)~‘ as x — > 1, 

and behaves like (x — 2)“^ as x — » 2. 

— - i behaves like (x — 1)“^'^ as x 1, 
V(^ - 1)(2 - x) 

and behaves like (2 — x)~^^ as x — » 2. 


(148) 

(149) 

(150) 

(151) 


Now consider the integral of f(x) from a to h. Suppose that 
/(x) is continuous for all x such that a < x < h and behaves like 
g(x) as X — > 6. 7'' hen if g{x) is continuous and of fixed algebraic 

sign for all x such that a <. x < b, the improper integrals 

f{x)dx and g(x)dx (152) 

will both diverge or both converge. 

A similar statement may be made if the only discontinuity is 
at a, the lower limit, or if one of the limits is infinite. 

A simple calculation shows that the integrals 

(c — x)~^+^'dx and (x — c)~^'^^dx (153) 

are convergent if p is any positive number, p > 0. Similarly 

x~^~^dx and { — x)~^~Hx (154) 

are convergent if p > 0. Hence the behavior of an integrand 
like |x — c|“^+" as x — > c, or like lx|“^“^’ as x — > oo or — <» , where 
p > 0, does not, of itself, spoil the convergence of the integral. 

On the other hand, if wc replace p by —q, where q is positive 
or zero, the integrals (153) and (154) will diverge. Thus the 
behavior of an integrand like |x — as x — ^ c, or like x“^'^^, 

where o' > 0, makes the integral diverge. 

The examples of Sec. 71 illustrate the ^statements just made. 
Example (132) with p = 2, — 1 — p=: —3; (135) with c = 0, 
p = 3^^ and -1 + p = -1^; (139) withg = -1 + g - 

are essentially test integrsils as they stand. The convergence 
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of the integrals (134), (137), (138), and (142) might have been 
predicted from the behavior of their integrands as described in 
(147), (151), (149), and (148). Similarly the divergence of the 
integral (141) could have been predicted from the behavior of 
its integrand as stated in (150). 

As a further illustration we note that the elliptic integrals 


dx dx 

1 -s/il — x2)(4 - x"^) Ji \/lx^ — 1)(4 - x^) 

f " dx 

A - l){x^ - A) 

are all convergent. For the first integral behaves like {x + 
as x— » — 1 and like (1 — as x—^l; the second behaves 

like {x — 1)”^ as a: — » 1, and like (2 — a:)~*^^ as ic — > 2; the third 
behaves like (a; — 2)“^^ as x 2 and like x~^ as x — > » . 

There are separate comparison tests for convergence and 
for divergence which are more general than that just given. First 
suppose that for all x such that a < x < b, /(x) is continuous, 
g{x) is continuous and of fixed algebraic sign, and near b 



\f{x) 


Then 


\gix) 


< M, some fixed number. 


f(x)dx converges if P g(x)dx converges. 

J Cl J Cl 

The condition (156) will automatically follow if 

f(^) _ I. ^ n /(^) ^ q 


lim . . 


= 5 ^ 0 or if lim 

x-*b g{x) 


In view of the identity 




(150) 

(157) 

(158) 


(159) 


the test just described shows that the convergence of an integral 
whose integrand g{x) is of fixed sign is not disturbed by the 
introduction of any bounded factor. For example, the integrals 


and 



sin X 
1 + x^ 


dx 



si n (x — 1) ~^ c os (2 — x )~^ 
a/ (x — 1)(2 — x) 


dx 


(160) 


(161) 
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both converge, even though they contain factors that change 
sign infinitely often in the interval of integration. For they 
may be obtained from the convergent integrals (134) and (137) 
by multiplying in factors that are always at most one in numerical 
value. 

The comparison test could also be applied directly, using x~^ as 
the function g{x) near both limits for the first integral (160), and 
for the second integral (161) by using {x — near 1 and 

(2 — x)~^'‘ near 2 as the comparison function gix). However, it 
is a little simpler to think of each integrand as a bounded factor 
times an integrand behaving like these comparison functions. 

As an example where the ratio of (158) approaches zero, we 
consider 

lira = lira ^ = 0, (162) 

X — ^ 00 X — > 00 • 


where the second limit is evaluated by Eq. (224) of Sec. 17. 
We chose the exponent in the denominator as —2 because, by 
(154), with p — I, 

x~^dx converges. (163) 

Thus, we may conclude that 

yj e~^dx and hence converges, (164) 

as we showed directl^^ in (133). 

A similar argument, or a direct calculation, shows that 

j e~^^dx converges for p > 0 and a finite. 


(165) 


Hence may be used as the function g{x) of either test. For 
example, from 

Urn i = 0, (166) 


lim 

X—^ oo 


C ^ x—^ € 


,x^—x 


we may conclude that the integral 


/o 


e~^^dx converges. 


And from 


lim 

X — ► 00 ^ 


“ I'” 


(167) 

(168) 
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we may conclude that 




00 


x*e~^dx converges. 


(169) 


We shall next formulate the corresponding comparison test 
for divergence. Suppose that for all x such that a < x < h, f{x) 
and g(x) are both continuous and of fixed algebraic sign. And, 
near h, let 


Then 



some fixed number. 


(170) 



f(x)dx diverges if 



g(x)dx diverges. 


(171) 


The condition (170) will automatically follow if 


f(^) _ 


lim , . 

g{x) 


k 7 ^ 0, or if lim 

g{x) 


= 00 or = — 00 


(172) 


And here the introduction of a bounded factor in the denominate i- 
Avill not disturb the divergence of an integral, if the old and the 
new integrand are both of fixed sign. For example, from 




lim — = lim = oc 

pX ' 

X — > 00 ^ X — ► * 


and the fact that 


/o' 


eHx = c® 


diverges, 


we may conclude that 


e^^dx diverges. 


Again, the divergence of 

/ 2~(iii 


dx 


(sin x) {x — 1)(2 — x) 
follows from (141) and the fact that for x near 2 


2 sin X 2 


(173) 

(174) 

(176) 

(176) 

(177) 


We state without proof or motivation Abel’s test, which is 
applicable to certain integrands that are not of fixed sign. The 
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integrand must be the product of two functions f{x) and p(a:), 
each of special type. The test states that 


j f(x)p{x)dx converges 


(178) 


ij p{x) is positive and steadily decreases to zero as x increases 
to infinity and f(x) is a function such that for some finite value M, 




< M for all X > a. 


(179) 


For example, for all a; > 1, 

sin X dx — — cos x 


= — cos .T + cos 1, 


(180) 


and, since the numerical value of cos x never exceeds 1 , 


sin X dxj < 2. (181) 

Also, for p > 0 and x > i, the function x~>’ is positive and 
decreasing, with x~‘’ — > 0 as x — > . Thus by Abel’s test, 


sm X 


Jx .r'- 

Himilar reasoning shows that 


dx converges if p > 0. 


(182) 


cos X 


Jx -r" 

Alore generally, since 


dx converges if p > 0. 


rx j ir 

I sill x"dx = — - cos a:"* 

Ji 


the integral 


/ 


sill X"‘ j t ^ a 

— dx converges li p > 0. 


1 


(183) 


(184) 


(185) 


And similar reasoning shows that 

dx converges if p > 0. (186) 

If p > 2 in the integrals (182) and (183), or if p + 1 — w > 2 in 
the integrals (185) and (186), the convergence follows from the 
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comparison test described in connection with Eq. (159). But the 
convergence of such special cases as 


sin X 


ip = 1 ), 


COS X 


(P = i), (187) 


J sin (x‘^)dx (p = 1, m = 2), 
\/x cos {x^)dx (p = m = 2), 


(188) 


could not be established by the earlier tests. 

73. Multiple Integrals. Let f{x,y) be a function of x and y 
and R a two-dimensional region of the xy plane. For any point 
P = {x,y) we define the symbol f{P) by the equation 

m = Kx,y). (189) 

Then we may make a two-dimensional construction similar to 
that made on the interval in Sec. 62. We subdivide R into n 
small subregions. These may be of any shape but must com- 
pletely fill R. We let denote the length of the largest interval 
having its end points on the boundary of any one of the small 
subregions. Let ^Ri denote the zth region or its area. Select 
some point Pi in each subregion Ri and form the sum 


S„ = £ /(Pi)ABi 

i = 1 


(190) 


Then for simple types of regions R, subregions and functions 
f{x,y), any sequence of sums Sn such that dn — » 0 as w — > oo will 
approach a limit. This limit is called the double integral of 
f{P), OT f{x,y), over R. And we write 

/ J{P)dR = lim 2 f{Pi)ARi if lim d„ = 0. (191) 

The double integral represents the area of R if f{x,y) = 1. 
It represents the volume of the right cylinder whose base is R 
and whose height at x,y is f{x,y), shown in Fig. 68. And, if 
f(x,y) is equal to sec y for a surface, the double integral repre- 
sents the area of the part of the surface whose projection on the 
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xy plane is R, by Eq. (301) of Sec. 57. The double integral also 
represents the mass of a plate covering R whose density at x,y 
is f{x,y). Furthermore, certain other physical quantities of 
plates such as moments or moments of inertia are expressible 
as double integrals. See Probs. 38 to 48, Exercises IV (page 189) . 

The triple integral is similarly defined by starting with a 
region R in three dimensions and a function of three variables 
f{x,y,z). If when P = (x,y,z), f{P) = f(x,y,z), the defining 
relation is again (191), in which the elements ARi like the region 
R are now three-dimensional. 



With f{x,y,z) = 1, the triple integral represents the volume 
of R. As it stands the triple integral represents the mass of a 
solid covering R whose density at x,y,z is f{x,y,z). And certain 
other physical quantities of solids such as moments and moments 
of inertia are expressible as triple integrals. See Probs. 49 to 54. 

We may encounter multiple integrals with more than three 
variables. For example, the component of gravitational attrac- 
tion of a solid A' by a solid A, along the x axis, would be the 
sextuple integral, 

F. = j^^X(P)dR, (192) 

where 

P = {x,y,z,P,y',z'), dR = dx dy dz dx'dy'dz', (193) 

and 


y/p^ - p(x,y,z)p'(x',y',z')ix - x') 

" [{x - xy -f- (y - y'Y + {z- zy]^ 


(194) 


An equation similar to (44) applies to multiple integrals whose 
integrands contain one or more parameters. For example, let 


F = /, mu,’’)dR, 


( 195 ) 


174 


INTEGRATION 


§74 


where P is a point and R a region in two (or three) dimensions. 
Then if the region R does not depend on the parameters u and v, 


^ ^ ( f- dR. 

du Jr du 


(196) 


74. Iterated Integrals. Consider the double integral over a 
region R, like that in Fig. 69, which is such that every straight 




line through an interior point and parallel to the x or y axis 
cuts the boundary in exactly two points. If the subdivisions 
ARi of Eq. (190) are rectangles formed by drawing lines parallel 
to the coordinate axes, we shall have for the area of the fth 



b’ 

u' 





^ 1 






0 

a i 

!» JC 


Fig. 72. 


subdivision ARi = AxjAyk. For some rectangles cut by the 
boundary of R, only a part is a subregion of R. However, we 
still use the whole rectangle, as this simplifies the discussion 
and does not change the limit in Eq. (191). We may now 
select in Axj and rjk in Ayk, and take Pi — Then 
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'^f(Pi)ARi = ^f(^i,r}k)AxiAyk 

Lk 

i k 

= ^‘^yi.'ZS(ii.vi)^Xi. (197) 

h j 

In view of Eqs. (11) and (191), this suggests that 

/« =■ }y^ = lyy I’m (*»«) 

Ehe functions and constants used as limits are so chosen that 
the region R is made up of those points (Fig. 70) for which 

ai < X < Ui and yi(x) < y < yiix), (199) 

or of those points (Fig. 71) for which 

hi < y <hi and Xi{y) <x < x^iy). (200) 

In particular, if the region R is Q, a rectangle consisting of 
those points for which (Fig. 72) 

a < X < b and a' < y < h', (201) 

the relation just written reduces to 

j^f(P)dR = (lx f{x,y)dy = dy f{x,y)dx. (202) 

The relations (198) and (202) always hold when f{x,y) is 
continuous in both variables. When /(.r,?/) has points, or curves, 
of discontinuity or where some of the single integrals have 
infinite limits, some or all of the e.xpressions in Eq. (198) may be 
meaningless. However, if either of the expressions on the right 
involves only convergent improper integrals, it will give the 
value of the geometrical or physical quantity represented by the 
double integral on the left. 

The repeated simple integrals that constitute the right mem- 
bers of Eqs. (198) and (202) are called iterated integrals. 

Suppose that the region R oi sl double integral is such that 
some lines through interior points cut the boundary in more 
than two points. In some cases we may still use one of the 
iterated integrals of Eq. (198). Thus the first one, whose 
limits are given by Eq. (199), is valid for the region of Fig. 73. 
And the second one, whose limits are given by Eq. (200), is 
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valid for the region of Fig. 74, In other cases (Fig. 75) it is 
usually possible to decompose the region into parts for each of 
which one of the iterated integrals is valid. 

A discussion similar to that just given for double integrals 
could be made for multiple integrals in three or more variables. 
This would show that such integrals can be expressed in terms 
of iterated integrals involving three or more single integrations. 

The expression of double and triple integrals by repeated or 
iterated integrals in curvilinear coordinates, and the method 
of changing from one set of curvilinear coordinates to another 
have already been given in Secs. 58 and 59. 



75. Integrals Containing a Parameter. Suppose that the 
integrand of a definite integral contains a parameter, as inEq. (41), 
so that 

I{u) = j^SMdx. (203) 


Then the integral of I{u) with respect to u from a' to 1/ is 


I(u)du — du f^f(x,u)dx. (204 )* 

Ja' Ja' Ja 


By Eq. (202), this equals 

y* dx f(x,u)du, (205) 

and the integrations with respect to x and u niay be performed in 
either order. 

The inversion of the order of integration sometimes leads 
to the evaluation of a particular definite integral. To illustrate 
this, consider 


/. 


Hx = 


■u 


= -> if w > 0. 
0 u 


(206) 
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By integrating both sides of this equation with respect to u 
from a to h, we find 


/. 


00 


Q ax — gbx ^ 

dx = log — > 

X a 


b > a > 0. 


(207) 


We may also use the process of differentiation with respect 
to a parameter [Eq. (44)] to evaluate integrals. For example, 
if we differentiate both sides of Eq. (206) with respect to u and 
reverse the signs, we find 


/. 


xe~ 


^dx = 




if w > 0. 


(208) 


A similar procedure is applicable to indefinite integrals. 
For, let F{x,u) be any indefinite integral with respect to x of 
f(x,u). Then we have 

f(x,u)dx = F{x,u) — F{a,u). (209) 

By differentiation with respect to u, it follows that 


fu(x,u)dx = Fu{x,u) — Fu{a,u), (210) 

where the subscripts denote partial derivatives. The last 
equation shows that Fu{x,u) is an indefinite integral with respect 
to X of fu{x,u). 

For example, from 


P dx 

J x^-{-a^ 


1 . -iX 

- tan ^ -f 
a a 


we may obtain 

dx _ 1 + -1 ^ j ^ 

j (a ;2 + a2)2 " 2a3 a 2a^{x^ + 


( 211 ) 


( 212 ) 


by differentiation with respect to o, followed by division by 
— 2a. And the integrals with higher powers in the denominators 
could be found by a repetition of the process. 

Similarly, by differentiation, from 


/ 


X 


sin ax dx 


- cos ax, and 
a 



cos ax dx 


1 . 

- sin ax, 
a 


( 213 ) 
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we may obtain 

rx 

I X cos ax dx 
and, with reversal of sign, 

j X sin ax dx ■ 


cos ax X sin ax 

_l , 


0/ 


a 


sin ax X cos ax 


a^ 


a 


(214) 


(215) 


And the integrals with higher powers of x could be found by 
repeated differentiation. 

The procedure just illustrated simplifies the systematic 
construction or checking of a table of integrals. 

76. Series Methods. Definite integrals of functions for 
which no indefinite integral can be found can sometimes be 
calculated by the use of infinite series. 

One method is to expand the integrand in a power series, or 
power series combined with other terms easy to integrate. Thus 
from 


= I — X -\- 


X' 


X-' 


2! 3! 


+ 


(2 lb) 


we may obtain the expansion 


£I! 

X 


1_ !+£_£! + 

j ^2! 3!^ 


(217) 


From this, we find by termwise integration that 

X. - = (log * - ^ + ^2! - 3- 31 + ■ ) L; (218) 

This method has been illustrated in Probs. 08 to 75 of Exercises I 
(page 42). 

Some integrals may be computed by using a series expansion in 
powers of a parameter. For example, consider the expansion 


(e2* + a2e-2*)-l'2 = g-x _ + • • • . (219) 


From this, we find by termwise integration, that 



dx 



10 




24 





(220) 
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This is valid if ae~^ < 1 at both limits and converges rapidly 
if ae~^^ is small compared with unity. 

Repeated integration by parts will sometimes lead to a series 
expansion of an integral. For example, 

i j (222) 

and so on. This suggests that the expansion 



may be used to compute the value of the integral on the left. 
Owing to the factorials in the numerators, for any value of .r 
the terras ultimately increase indefinitely, and the infinite 
series diverges. However, the error made by stopping at any 
point is of the order of magnitude of the first term omitted. 
Consequently, for large values of x, the first few terms will give a 
good approximation to the function expanded. Divergent 
expansions with properties like those just described are kno\vn as 
asymptotic series. If xo and x are both large compared mth 
unity, the use of the asymptotic series (223) involves less compu- 
tation than the use of the convergent series (218). If we wished 
to compute the integral from 1 to 100, a practical procedure 
would be to use (218) for the interval 1 to 10 and (223) for the 
interval 10 to 100. 

77. Graphical Integration. Suppose that the values of the 
integrand f{x) can be found numerically. For example, f(x) 
may be given by a simple function with all parameters specified 
so that its values can be calculated. Or f{x) may be known 
directly from a series of tabulated values, or from a graph. 
Under any of these conditions a graph showing the values of 
f{x) for a < X <h is either at hand or may be constructed. 
Then the integral of ^{x) from a to 6 is represented by the area 
A bounded by the curve, the x axis, and the extreme ordinates. 
Since it is usually desirable to take different units on the x and 
y axes, the numerical value of the area must be figured with 
due regard for the scales used. We proceed to describe several 
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methods of finding the area A, and hence an approximate value 
of the integral by means of the relation 

f(x)dx = A. (224) 

We shall illustrate these methods for an integral whose value 
is known, 

10 

/ = / 10 sin irx dx = — = 3.18310. (225) 

Jo T 


The graph oi y — f{x) = 10 sin tx between the limits x = a = 0 

and X = b = is shown in Fig. 
76. 

By sliding a transparent 
straightedge over the graph paral- 
lel to the X axis until the right posi- 
tion, as estimated by eye, is 
reached, we may rule a straight 
line parallel to the x axis such that 
the part of A above this line has 
the same area as the part below. 
If the ordinate of this line is /, 

j^f{x)dx = (6 - a)f, (226) 

where / is read in the units of the y scale. In Fig. 76 we have 
ruled in the line DE, whose ordinate / = OD = 6.5. Thus 

/ = (6 — a)f — (i)(6.5) = 3.3 approximately. (227) 

A second method is to estimate the number of coordinate 
squares in A. Thus, in Fig. 76, A contains 14 whole squares, 
and parts of squares that aggregate about 5 squares. One way 
to account for the scales used on the x and y axes is to use the 
squares to find the ratio of A to some rectangle. For example, 
in the figure the rectangle OACB contains 30 squares and, with 
the scales used, has an area figured as 10(3-^) = 5. Thus 

I — A = M(5) = 3.2 approximately. (228) 

Or we may use a planimeter to find the ratio of A to some 
rectangle. For the theory of the simplest type of planimeter, 
see Prob. 115 of Exercises IV (page 197). 
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Results such as we have obtained, which are accurate to 
within a few per cent, are often useful as checks and are suffi- 
ciently accurate for some purposes. The planimeter method, 
or a refinement of the square counting in which the unit is a 
square centimeter and fractions are estimated with the help 
of millimeter rulings, may be made to give slide-rule accuracy 
or an error less than one-half of 1 per cent. For greater accuracy 
we may use an arithmetic method such as Simpson’s rule, which 
is described in the next section. 

78. Numerical Integration. We shall next consider methods 
of computing the integral of f{x) based on a table of numerical 
values of the function. Let the 


interval from a to & be divided 
into n equal parts, each of length 

h = (229) 

n 

Call the ordinates of ^ = fix) at 
the end points and points of 
subdivision ^o, y\, Vi, , Vn. 

If these meet the curve y = fix) 



Fig, 77. 


at Po, Pi, Pi, , Pn, the area under the curve may be approxi- 


mated by that under the polygonal line whose vertices are at 


these points. But this area is made up of trapezoids with areas 


h 

2 


ivo yi). 


iyi + yf), 


\ (!/.-. + V.)- (230) 


Hence the approximating area is 

dt = h + ?/2 + • ■ ■ + yn-i + (231) 

This formula for an approximate value of the integral of fix) 
from a to & [Eq. (224)] is known as the trapezoidal rule. 

Let us compute the integral (225), using the trapezoidal 
rule with n = 2 and also with n = 4. Here fix) = 10 sin ttx. 
And, since a = 0, h = by (229) h — yi when w = 2 and 
li = when n = 4. Using M to denote the multiplier of yi in 
(231), we construct the following table. 
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The error in using the trapezoidal rule is of the form Kh'^, 
where, for a given integral, K changes slowly with the value 
of n used. Hence, when we change from ni to subdivisions, 
the error is multiplied by a factor that may be roughly estimated 
as (ni/n^y. In the example just worked out, the errors are 
found from the exact value given in (225) to be 0.16 when n — 2, 
and 0.04 when n = 4. Their ratio is 34 which is of the order 
of magnitude of (34)“- The behavior of the error may be used 
to estimate in advance the error of successive approximations. 
Thus, suppose we did not know the exact value of the integral 
in (225) but found as above the values of At as 3.018 for n = 2 
and 3.142 for n = 4. If the second value is an improvement 
on the first, the first has the units figure correct and is in error 
in the tenths figure. And, if the error of the second is about 
(34)^ times that of the first, its error must be in the hundredths 
place. Thus the correct value is within some hundredths ^f 
3.14 and we should expect a result correct to three figures would 
result from taking n = S. It is simpler to take n = 10, and 
for this we find At = 3.177, for which the error is less than one 
in the hundredths place. The last value could be improved by 
noting that if 3.177 is relatively correct, the error of 3.142 is 
0.035. Thus, the estimated error of the result for n = 10 is 
(0.035) (^o)^ = 0 006. This leads to the improved value 
3.177 + 0.006 = 3.183. 

If the number of subdivisions n is even, we may approximate 
the curve y = f{x) of Fig. 77 for each pair of intervals, as P 0 P 1 P 2 , 
by a parabolic arc passing through the three points. The area 
under this parabolic arc, shown in Fig. 78, may be thought of 




§78 


NUMERICAL INTEGRATION 


183 


as a trapezoid under the chord P 0 P 2 plus the parabolic segment 
between the parabolic arc and the chord. The area of the 
trapezoid is 

QoQihiQoPo + Q 2 P 2 ) = 2h^{yo + 1 / 2 ) = h(yo + ^ 2 )- (232) 

The area of the parabolic segment is % the area of the circum- 
scribing parallelogram PoPo'P 2 P 2 or 

I Q.Q. • Pi'P. = I (2h) Li - = I (4!,. - 2y, - 2yi 

(233) 

since 

P,'P. = 0 ,P, - QiP,' = j,, - ( 234 ) 


By adding the right members of Eqs. (232) and (233), we find 
that the area under the parabolic arc 
PnPiP 2 is 

I (y« + 4)/. + y,). (235) 

In Fig. 78 the areas of the trapezoid 
and parabolic segment were positive 
and were to be added. However, in 
all cases the correct algebraic area 
under arc P 0 P 1 P 2 is given by (235). 

We may write similar expressions 
for the areas under parabolic arcs 
through P2P3P4, P4P5P6, • • • , Pn-iPn-iPn, namely, 


Y 






Po 

i 

I 

Pz 




Pz 



^h-> 

W-h-* 


0 

CM 


Fiu. 78. 


{y2 + 4?/3 + yi), 


h 


(yi Ar 4i/5 + ye), 


g {yn-2 + Ayn-l + ?/n). (236) 


If we add all the expressions in (235) and (236), we find 

= I (yo + 4yi + 2y2 + 4^/3 + 2^4 4- • • • 

+ 2t/„_2 + 4y„_i -|- yn), (237) 
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since each yi with i odd is a middle ordinate and, except for 
^0 and yn, each yi with i even is an end ordinate twice. Formula 
(237) for an approximate value of the integral of f{x) from a to 6 
[Eq. (224)], in which n is necessarily even, is known as Simpson^ 
rule. 

Let us apply Simpson’s rule to the integral (225), again 
taking n = 2 and n = 4 as we did when illustrating the trape- 
zoidal rule. Here we construct the table: 



10 sin ttx = 1/ 

71 = 

2, /I = H 

n = 

4*^ 

II 


M 

My 

M 

My 


0 

■ 0 

1 

0 

1 

0 

0.125 

3.8268 



4 

15.3072 

0.25 

7.0711 

4 

28.2844 

2 

14.1422 

0.375 

9.2388 

1 

1 


4 

36.9552 

0.5 

10 

i 1 

1 

10 

1 

10 



1 

: 12|38.2S44 


24176,4046 




i 3.1904 

! 


3.1835 


Although we used parabolic arcs in deriving Simpson’s rule, 
the same approximation would have been obtained by using cubic 
arcs. Thus the error is of an order in h two higher than that 
for the trapezoidal rule. For Simpson’s rule the error is of 
the form Kh* where, for a given integral, K changes slowly with 
the value of n used. Hence, when we change from Ui to 
subdivisions, the error is multiplied by a factor that may be 
roughly estimated as (ni/n 2 )‘*. In the example just worked out, 
the errors are found from the exact value given in (225) to be 
—0.0073 when n — 2, and —0.0004 when n = 4. Their ratio is 
which is of the order of magnitude of The behavior 

of the error may be used to estimate in advance the error of 
successive approximations. Thus, suppose we did not know 
the exact value of the integral (225) but found as above the 
values of A* as 3.1904 for n = 2 and 3.1835 for n = 4. If the 
second value is an improvement on the first, the first has only 
a slight error in the hundredths figure. And, if the error of 
the second is about (^^)^ times that of the first, its error must be 
in excess and either in the last figure, or a small error in the 
one before the last. Thus the correct value is within 0.00' 
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of 3.183. We could improve this by assuming 3.1835 as rela- 
tively correct and so calculating the error of 3.1904 as —0.0069. 
From this we estimate the error for n = 4 as 

(i)^(-0.0069) = -0.0004, 

which added to 3.1835 gives 3.1831 as probably correct to within 
J in the last place. With n = 8, we should expect to get directly 
a result correct to four decimal places. It is simpler to take 
n = 10, and for this we find As = 3.18312. This has a last 
figure only 2 in excess of the correct value, which is not surprising, 
since we would have estimated the error in advance as 

(^)'(-0.0004) = -0.00001. 

With the same number of subdivisions, Simpson's rule is 
always more accurate than the trapezoidal rule, and the advan- 
tage is greater the smaller the value of h used. Thus Simpson’s 
rule is preferable whenever great accuracy is needed. The 
trapezoidal rule is chiefly used when the sum of the ordinates 
has already been calculated for some other purpose. If the 
ordinates are tabulated for an odd number of intervals, say 
2m = 1, each of length II, we may use Simpson’s rule for the 
first 2m intervals with n = 2m and h = H. And for the last 
interval from y 2 m to y 2 m+i, we may either use the trapezoidal 
rule or interpolate one more value y 2 m+H and use Simpson’s 
rule with n = 2, h = H/2. In interpolating for y 2 m+^ we must 
either use higher differences or graphical methods, since linear 
interpolation would lead to the same result as using a single 
trapezoid. 

79. References. Throughout this chapter we have frequently 
referred to tables of integrals. Besides the tables of this type 
to be found in most handbooks and many elementary texts 
on calculus, we may in particular recommend B. 0. Peirce’s 
Short Table of Integrals and H. B. Dwight’s Tables of Integrals 
and Other Mathematical Data as being especially comprehensive. 

The reader interested in theoretical questions connected 
with the material of this chapter is referred to the author’s 
Treatise on Advanced Calculus, where he will find proper integrals 
discussed in Chaps. VI, VII, and XI, and improper integrals and 
convergence questions discussed in Chaps. VIII, IX, and XII. 
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EXERCISES IV 


1. Show that f(x)dx = /(a — x)dx. And in particular 

1 7r/2 f tc/ 2 t tt fir 

/ jP(sin a;)dx = / F(Gosx)dx, F(cosx)dx= / F(— cosx)dx. 

2. If f{x) = f{—x), fix) is called an even function. Show that for 

function f f(x)dx = f f(x)dx = / fix)dx. 

J — a JO J — a 


an even 


3. If f(x) = x"* + 3x^ + 1 and a = 2, verify the relations of Prob. 2 
by calculating each integral directly. 

4. If F{u) is any single-valued function of u, show that each of the 
functions F{x^), F{cos x), and ^(sin^ x) is an even function of x. 

6. If f(x) = —f(—x), fix) is called an odd function. Show that 

/ O (a (a 

f(x)dx = — L f(x)dx and / f(x)dx = 0. 

-a JO J—a 

6. If fix) = x^ — 2x and a — 2, verify the relations of Prob. 5 by 
calculating each integral directly. 

7. If Fiu) is any single-valued function of u, show that each of the 
functions xFix^), sin xFicos x), and tan xF(siiP x) is an odd function 
of X, 

8. If/(x T) = fix), fix) is called a periodic function having T as 
a period. Show that for any such function and any positive integer n 

[a-\-T (T ^ 

J fix)dx = / fix)dx for an interval of one complete period, while 

fa+nT fnT fT . 

j fix)dx = / fix)dx = w / fix)dx, for n periods. 

9. If fix) = sin X, a = 2, T = 2t, and n — 7, verify the relations 
of Prob. 8 by calculating each integral directly. 

10. If Fiu) is any single-valued function of u, show that F(sin x) 
and Ficos x) each have the period 2v. And if Fiu) is an even function, 
Fisin x) and P(cos x) each have the period x. i 

Find dl/du, using Eq. (48) and check by integrating first: 


11 . / 

Ju‘‘ 


ix^ -j- u'*)dx. 


12 . 


(x -f- \/u)dx. 


dx, where a and h are independent of c, 


show that dl/dc 
cx — L 


0. Hint: Use Eq. (48) or make the substitution 
sin cx 


t/(2c) 


X 


dx. See hint to Prob. 13. 


14. Find dl/dc if J(c) = 

16. If lia) = I"" fiax)dx, show that ^ ~ Hint: 

Jo •' ' ' da a 

Use Eq. (44) and then integrate by parts, or else make the substitution 

ax ~ tin the integral before using (44). 



EXERCISES IV 


187 


16 


As illustrations of Prob. 15, find dl/da if 
. I {a) — ta,n~^axdx, 17. I (a) = sin~‘axdx. 


Evaluate each of the following indefinite integrals: 


18. J 

r 6 dx 

' X* — X 

19 f ^ 

J (x2 H- l)(x - 

;i)- 

21. J 

1 dx 

22 . j 

x®dx 


(x^ + 4)(x - 

Derive each of the following integration formulas: 

23. 

J 

f (cx + d)dx 
' (x — a)(x — b) 

dc d ^ 1 } 

log - a\ 

a — b 

, be d ^ 1 

b — a 

24. 

J 

r {cx + d)dx _ 

* (x — ay 

(1C d . 1 j 

- - 4- ^log \x 

X — a 

— a\. 

26. 

J 

/ (cx + d)dx 
' (x — a)^ + 5^ 

= ~ log [(x — a)‘^ + b‘^] 

V • 


4 dx 
x^ + x^ 


a 9^ b. 


, ac d . , X — a 

In Probs. 26 to 33, X = ax"^ + 5x + c with a 9^ 0. 


h9^0. 


26. 

f dx 

— 1 . 2 2(ix b 

= • 

a < 0. 

J Vx 

V'^> 

1 

> 

■1 

27. 

f dx 

= log 

lOX + ^ + \/ aX 

, a > 0. 


J v^ 

V (1 

1 2 


28. 

Deduce 

the formuls 

i of Prob. 26 from that of Prob, 


a = \/ a = iq, omitting the absolute value signs and interpreting 

the logarithm of a complex quantity as in Sec. 5. 

dx 

29. Show that when r is real the problem of evaluating ^ 

{x — r) -yX 

may be reduced to an integral in t of the type of Probs. 26 and 27 by the 
substitution x = r + l/t. Hence deduce the result stated in Prob. 30. 

30. With S = ar'^ + br + c, T = 2ar + 5, U ^ br + 2c, show that 


/ 


dx 


1 


sill” 


Tx + U 


(x — r) Vx -\/ — S (x — r) y/b"^ — 4ac 


and 


Ittz 


dx 


= log 


(x - r) Vx Vs 


Tx + U - 2 VSX\ 


S < 0, 


S > 0. 


(x - r) j 

Hint: Use Prob. 29, and note that — 4a S' = b’’- — Aac. 

31. Show that, if r is complex, the sum of the conjugate complex terms 


k 


llTZ 


dx 


{x — r) Vx 


— "b /j 


f _ 

J (x — f) Vx 


= 2RA: 


/ 


dx 


(x — r) Vx 


is a real 
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quantity which may be found by using the last formula of Prob. 30, 
omitting the absolute value signs, and interpreting the logarithm as in 
Sec. 5. 

32. Verify that, if V = ax* A- hx c, 




anx" + h{n — 4~ c{n 


so that the integral of the left member, x” ^ 


Use this to deduce the reduction formula (105) of the text. 

33. Verify that, if X = ax* bx + c, S = ar^ br + c, T = 2ar + b, 

d s/X _ —a { m — 1) _ (w — }'i)T mS 

dx (x — r)’'‘_ (x — s/ X ■ {x — r)”'-\/X (x — r)”*+^ \/X 

so that 




(x"^)™ / (x - r)'»-i VX 

- (w - 2 ) ^ / (a; _ r)- Vf ” /(x” - \/x” 

Use this, with <5 = 0 and m = A;, to deduce formula (108) of the text; 

and, with 8 5 ^ 0 and m = k - 1, to deduce (107) of the text. 

/ dx 

« + 6co3a: + csm ^ “ 

x" 

c + (a — 6) tan ^ 

tan-^ ^ — , j if a* > 6* + c*; and td 

\/a* — fe* — c* L va* — 6*— c* J 

^ — c — {a -- h) tan 

\/b'‘ + c* — a* + c 4* (o — 5) tan | 

if a* < 6* + c*. 

36. Show that if a* = 6* 4- c* and a 9 ^ b, the integral of Prob. 34 is 
— 2 

equal to If a* = 6* 4“ c* and a = 6, so that c = 0 

c 4 - (a — 5) tan 2 

/ dx 1 X 

a + acosj: 
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36. By taking real and imaginary parts of 


/ 


^{a+bi)x 

Q(a+bi)xfjlx ~ 

a + 01 


deduce the indefinite integrals 


and 


/ 

/ 


6“* COS bx dx = 


sin bx dx = 


e®-^(a cos bx -j- b sin bx) 
(V + b‘^ 

€“■'(« sin bx — b cos bx) 


+ 62 

37. By considering the integrand or indefinite integral near x = 0, 

show that (4 + l/x^)dx diverges. Thus the “area” under the arc 

y = 4 + l/x2, between —1 and 1 is infinite. Note that a simple- 
minded use of the indefinite integral would lead to an incorrect conclu- 
sion, since 4x — - =6. 

X -1 

38. The double integral p(j‘y&)'>' dr dd represents the mass of a 

plate if p{r,d) is the density, or mass per unit area, in terms of polar 
coordinates. Find the mass of a plate in the form of a triangle with 
vertices at (r,d) — (0,0), (1,0), and ('s/2, ir/4) if its density is p = 12r2. 

39. Check Prob. 38 by using Cartesian coordinates. The mass is 

now p{x,y)dx dy, the density p — 12(x2 -f y"^), and the vertices 
{x,y) = (0,0), (1,0), and (1,1). 

40. Let Mx and My denote the moments of a plate about the x and 

y axes. Then Mx = yp dx dy and My = j^xp dx dy. Find these 

for the plate of Prob. 39. Hence find its center of gravity {x,y) from 
X = My/M and y = M^/M. 

41. The moments M* and My of Prob. 40, in terms of polar coordi- 
nates, are Mx = ^ pr^ sin 6 dr dd, My = pr"^ cos 9 dr dd. Use 

these to check the values found in Prob. 40. 

42. Let /x, ly, and /o denote the moments of inertia of a plate about 

the X, y, and z axes. Then py^dx dy, px’^dx dy, 

^0 = Jr p(x‘^ + y^)dx dy = Ix -{■ ly. Compute 7x, ly, and /o for the 
plate of Prob. 39. 

43. The moments of inertia of Prob. 42, in terms of polar coordi- 
nates, are ^ sin*^ dr dd, ^ cos^ d dr dd,Io^ Jr prHr dd. 
Use these to check the values found in Prob. 42. 
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44 . A plate formed of that quarter of the circle x'^ + 2/^ = 4 for 
which X ^ 0 and y 0 has its density p = 1. Find its center of 
gravity {x,y). See Probs. 41 and 40. 

46 . Find the moments of inertia I^, ly, /o for the plate of Prob. 44. 
See Prob. 43. 


46 . The total water pressure on a gate, filling the region R of a vertical 

xy plane, ^ ~ ^ ^’2/ ^V- ^ water level, the y axis 

is downward, and w = 62.5 lb. /ft.* Show that P = loMi = wMy, 
where My = has the meaning of Prob. 40 for a plate covering R of 
density p = 1. Find the pressure on a vertical circle of radius 2 ft. 
whose center is 4 ft. below the surface of the water. Strictly speaking, 
P is the total force on one side of R due to liquid pressure, or force per 
unit area. 


47 . Let Fy denote the component parallel to the y axis of the attrac- 
tive force of a plate on a partitde of mass m at the origin. The value of 

Fy = my d?/. Show that in polar coordinates this is 


48 . A plate formed of that half of the circle x* y- = 2ay for which 
y ^ a has its density p = k, a constant. Find the attractive force of 
this plate on a particle of mass )ii at the origin. See Prob. 47 for Fy and 
note that F* = 0. 


49 . Compute the volume of that octant of the sphere of radius a 
.J.2 _|_ y2 ^ ^2 — (^2 fQj. which X ^ 0, ?/ ^ 0, 2 ^ 0 by using the triple 
integral V = j dx dy dz. 

60 . Compute the volume of Prob. 49 by using the triple integral 
J>‘^ sin <f) dd d<l> dr. See Sec. 59. 

61 . Compute the volume of Prob. 49 by using the double integral 

= fz dx dy. I 

62 . Compute the volume of Prob. 49 by using the double integral 
V = Jzr dr dd. 

63 . Let denote the moment of a solid of density p with respect to 
the xy plane whose equation is 2 = 0. Then = fpzdx dy dz. Show 
that, in the coordinates of Probs. .50 to 52, 


^ z^r dr dd. 

64 . A solid of uniform density p = k covers that half of the sphere 
for which 2^0. Find Mz from the last expression 
in Prob. 53. Hence, find its center of gravity (0,0,2) from z = Mz/M, 
where M = fp dV, or kV, since p = fc. 


Mz ~ j pr^ c,os <t> sin dd d<l) dr = j zHx dy ^ j 
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66 . By successive differentiation of / e~‘^^dx = 1 /a with respect 


X 


to a, deduce that = n!/a^+^, for n any positive integer. 

66 . By successive differentiation of x^dx — 1/(6 + 1) with respect 

to h, deduce that x^ (log x) "da: = ( — l)”n !/(6 + l)”"*"^, for n any posi- 
tive integer. 

67 . Check the result of Prob. 56 by applying the substitution 
e~^ = t to the result of Prob. 55 and putting a = b 1. 

1 


68 . From 


that 


r 

Jo 


i: 


X 


d _ 




x“dx = by integration with respect to u, show 

^ dx = log if d > c > — 1 . 

log X ® c + 1 

69. Check Prob. 58 by applying the substitution e~* = t to the 

integral of Eq. (207) of the text and putting a = .c + 1 , 6 = d -f- 1. 

dx IT 


60 . It follows from Prob. 34 that 


/■"• c 

Jo a — 


if 


cos X _ I 

a > 1 . By differentiating with respect to a, show that the integral 
fw dx _ ira 
jo (a — cos x)^ ”” (a^ — 1 )^-' 


\ 3 /,’ if a ^ 1 . 


61 . Show that 


X 


dx TT 

-j-r — 2 = if a > 0. By differentiation with 

x^ “P 


respect to a, deduce that 


dx 


T 


= 7 — if a > 0 . 

An '» 


(x^ -h a^)^ ~ 4a 

62 . By repeating the procedure of Prob. 61 n times, show also that 
r 00 dx T l-3'5’’‘ (2n — 3) 

Jo (x'^ + 

integer. 


iX> a > 0 , n a positive 


2 a 2 «-i 2 • 4 • 6 • • • (2w - 2) 

63 . By putting x — a tan t in the integral of Prob. 62 and suitably 
changing the notation, show that for n a positive integer, the integral 


X 


Tr/2 , , TT I • 3 • 5 • * • (2W — 1) 

cos'- x (to = 2 “ 2 -^^ . 


64 . Show that 


X 


dx 


(x^ + 

11 XI /" ” dx 

respect to a, deduce that / 




By differentiation with 

A 

3a* 


{x‘^ -1- 

66 . By repeating the procedure of Prob. 64 n times, show that 
/•« dx 12-4-6-- - (2n - 2) ^ 

j, 3~f- {2n - D’ " “ 

66 . By putting x = a tan t in the integral of Prob. 65 and suitably 
changing the notation, show that for n a positive integer, the integral 


X 


T./2 


(>os 2 ”+i X dx 


2 • 4 • 6 


2 n 


3 • 5 • 7 


( 2 n -h 1 ) 
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67. By Prob 


• /o’ 


•/2 


sin”. X dx 


“ Jo 


COS” X dx. Show that this 


leads to the evaluation when m is any positive integer by using Prob. 63 
for m even and Prob. 66 for m. odd. 


68 . From 


u, deduce that 


/«"i 

/o 


dx 


T 


+ u^x^ 

«> tan~^ hx 


= u > 0, hy integration with respect to 


2u 
tan“^ ax 


X 


dx 


5 log -i b > a > 0. 

L d 


/o 


69. Using Prob. 36, evaluate the two following improper integrals 


e~“^ cos hx dx 


a 


+ 6^ 


/o 


g-a* gin })x dx 


+ 62 


> a > 0. 


70. From Prob. 69, by differentiation with respect to o, show that 


C (X^ 

/ xc'"* cos bx dx = ^^2 _|_ a > 0, and 


/«' 


xe~"* sin bx dx = 


2ab 


(a2 + 62)2 


> a > 0. 


71. Check the results of Prob. 70 by differentiation of the relations 
of Prob. 69 with respect to 6. 

72. From Prob. 69, by integrating with respect to a from 
a = 0 to a = c, deduce that if c > 0 and 6 > 0, 


/« 


(1 — cos bx 


1 C2 + 62 

dx — 2 log — r» — ’ 9'iid 


I 


62 

» (1 — e”'*) sin bx , tt 
X 2 


tan“^ 


that 


73. From Prob. 69, by integrating with respect to 6 from p to q, show 

« (sin - sin px) , ^ ^ q ^ , p , , ^ 

dx = tan ^ “ tan 1 -> and also thatj 


/o 

/o 


/o 


X 


« (cos qx — cos px) 


dx = K log 


1 02 + p2 


Assume g > p ^ 0. 


X 2 a2 q2 

74. If a — ^ 0, the second equation of Prob. 73 assumes the form 

« ^s_gx Combine this with the first equation 

of Prob. 72 written first with c = r,b = p and then with c = s, b = qto 


deduce 


i: 


e”’’-' cos px — c"'® cos gx , 1 , s2 + g2 

(te - 2 '“8 r^TV>' 


X z "" r" q- p' 

76. With p = 0, the first equation of Prob. 73 is simplified to 
r oa e~“® 

Jo X a 


Sin 0 

— dx = tan"^ -• By letting a — > 0, deduce further that 


r 


» sin qx 


dx = 2^^ Q > = 0 i 


if 


r\ -1 


TT . 


•r ^ f\ 
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76. Let I(q) = f Show that the derivative dl/dq 

Jo X 

cannot be found by using Eq. (44), since sin qx dx is divergent and 

we have possibility 1. But, by using the values found in Prob. 75, 
show that if q 7 ^ 0, dl/dq = 0. 

=0 sin ax cos bx 


77. Show that 


/o 


X 


dx — if a > 16|, ^ if a = |6l, and 


= 0 if a < |6|. Hint: Use Prob. 75. 

^^^ 2 “ “ l®l Hint: Integrate by parts and 


/o 


x^ 


78. Show that 
use Prob. 75. 

79. Using the method or result of Prob. 78, show that the integral 

« cos ax — cos bx . tt 


/o 




dx = (I6| - |a|) 2 ' 


80. Show that 




s in X — sin ax 
x^ 


dx = a log |a|. Hint: Inte- 


grate by parts and use Prob. 74. 

81. Let N{x) be expressible as a sum of terms, each of the form 
Ae"’’® sin ax or Be~’^ cos bx, with r ^ 0 and s ^ 0. Suppose N (x) is 

f N (x) 

such that the integral - dx converges for some particular 

integer n greater than one. Show that this integral may be evaluated 
by integrating by parts n times and using the results of ,Probs. 74 and 75. 
Problems 78 to 80 are illustrations. 

82. Let V denote the volume in the first octant (x ^ 0, y ^ 0, 

2^0) bounded above the surface z = Show that the volume 

V - jzdxdy = dx ^ e-^Hx e-»^dy 

= e“®'dx^ . And in polar coordinates the value of the volume is 


V = jzr dr dd = dd ^ 


deduce that 


83. Show that 
Prob. 82. 


e~’’^r dr = 7r/4. Use these relations to 

j\j jyj 

e“®’dx = \/x/2. 

^ -I 7 

= ■y/ir. Hint: Put x = and use 


f: 


dx 


Vllog xj 


84. Show that ^ e~“®^dx = '\/ir/(2 a/u), a > 0. Hint: Substitute 
X = il^/a and use Prob. 82. 

86. By differentiation of the integral of Prob. 84 with respect to a, 

/o 


deduce that 


a;^e““*“dx = pj a > 0. 

4a v« 
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/o 


86. By repeating the procedure of Prob. 85 n times, show that 

Q ^ ^ ^ positive integer. 

87 . Fora Gaussian or normal distribution, the frequency of an error 

X is This means that the probability of an error x falling 

between a and b is / ke~'^‘‘^'‘dx. The probability of an error of some 

size is certainty. This leads to the relation J ^ ke~'^^^^dx = 1. From 


this relation, Probs. 84 and 2 show that k — h/y/r. 

88. With the notation of Prob. 87, the mean square error is defined 

hy ^ x%e~’'^^'‘dx, where k = h/\/Tr. From these relations. 


Probs. 85 and 2 show that n = l/{h s/ 2). 

89 . The error function of x, erf x, is usually defined by the equation 
2 

erf X — / e~‘''dt. With the notation of Prob. 87, the probability 

vir 

/ c 

— ^ e“*“*“dx. By 

VTT 

putting hx = t and using Prob. 2, show that Pc = erf (ch). Most 
mathematical tables include values of the error function, computed from 
the series found in Prob. 68 of Exerci.ses I (page 42) or for large values 
from Prob. 90 which follows. The probable error e is defined as the 
number such that the probability of an error falling between — e and e 

is Show that ^ = erf th, so that eh = erf“i 0.5 = 0.4769, from the 


tables. Thus e = 0.4769/A. 

90 . By successive integration by parts, derive the asymptotic series 


I 


e~^‘‘dx = e' 



1 , 1 • 3 _ 1 • 3 • 5 

2‘^x=' 2H^ 2'x'’ 



From Probs 4 


89 and 82 deduce that erf x = 1 — — ^ 

V TT 

totic series of this problem enables us to compute erf x easily when x is 
large compared with unity. 

91 . From Prob. 84, by integrating with respect to a from p to g, 

/* * r~ /— /— 

show that "—^2 == (V 9 - V p) V tt, 9 > p > 0. 


e~^'dx, so that the asymp- 


92 . Show that j e Hint: Let the integral 

be 1(a). Find dl/da and from the substitution x = a/t in the resulting 
integral deduce that dl/da = -21, so that d(\ogI)/da = -2 and 
I = ke~^‘^. Finally, evaluate k by putting a = 0 and using Prob, 82. 
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93 . Show that 


/— 

e~®* cos aa; dx = Hint: Let the 


integral be 1(a). Find dl/da and by integrating the resulting integral 
by parts deduce that dl/da = — ^ I. Then proceed as in Prob. 92. 

JU 

f ^ 

94. Show that / xe'*’* sin axdx = a —— Hint: Use Prob. 

Jo 4 

93 and differentiate with respect to a. 

/■’r/2 X 

96. Show that / log sin x dx = — - log 2. Hint: By Prob. 1, 

rT/2 . /■ir/2 

/ = / log sin X dx = I log cos x dx. Hence the integral 

/‘ir/2 fir/2 ' 

J = / log sin 2a: dx = / (log sin x + log cos x + log 2)dx or 

= 2/ + - log 2. But if we make the subsitution f = a: + ^) we find that 

2 ^ 

f TT /*^/2 I 

j log sin idl = log cos xdx = I. And if we place ^ 

J = ^ ^ log sin tdt — ^ ^ log sin t dt + log sin t dt^ or 

= I (21) = 1. Thus 2/ + 5 log 2 = / = 7, and 7 = - ^ log 2. 

z z z 

r V TT^ 

96. Show that / x log sin x dx = ~ ~2 If = ’t — f, 

K = X log sin xdx — (ir — t) log sin t dt = 2x7 — K, where 7 
is the integral of Prob. 95, so that K = 2x7 — K and K — tI. 

97. Show that log (a + 6 cos x)dx = xlog ® > 1^1- 

Hint: Differentiate with respect to a, use Prob. 34 to obtain the result 

f ^ (J/'JO TT • 

/ -5 = ; ) then integrate with respect to a and deter- 

Jo a + 0 cos a: _ 52 

mine the constant by subtracting log adx = ir log a to deduce that 
log ^1 + cos xj dx = X log ^1 + '^1 + + C, and letting 


then integrate with respect to a and deter- 


a CO . 


f . Cl 

J. Show that y, log (n + 5 sin x)dx == x log ~ 


+ \/a^ ~ .f 

— 2 


a > |6|. Hint: Use the method of Prob. 97, or else put a: = - — Mn 

z 

the result of that problem. 
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99. Show that /; log (p2 4- 2pq cos x)dx = 27r log |p|, if 

IpI < Igl, and 2ir log \q\, if |gl > |p|. Hint: Use Prob. 97. 

100. The relations of Prob. 99 suggest that if g = p, or g = —p, the 
value of the integral is 27r log |p|. Check this by showing that 

^ log (2p* + 2p2 cos x)dx = 4 log (2 |pl cos t)dt and 

log (2p^ — 2p2 cos x)dx = A log (2 |p| sin t)dt 
when x — 2t, and using Prob. 95. 

101. Show that ' c^sa:^~~ dx = t sin“* h, |6l < 1. Hint: 

Differentiate with respect to b and use Prob. 34. Then integrate with 
respect to b and put 6 = 0 to determine the constant. 

102. Show that log 

JO ® Vl - 6 sin X/ sii 

fT /2 log (1 -1-6 sin a:) , 

I ; dx 

J-t/ 2 sm a: 

or result of Prob. 101. 


6 sin X/ sin x 
T sin-‘ 6, |6| < 1. Hint: Use the method 


By successive integration by parts, derive the following asymptotic 

3 cos a:* 3-5 sin x'^ 


series : 


f » 


103. 

sin x^dx = 

f 00 


h 

cos x^dx = 

// 

sin X , 

dx = 

X 

// 

cos X , 

dx — 

X 


cos x^ sin x^ 

2x ~2^ 


2^x^ 


sina;^ , cosx* . 3sinx* 


2a: 


cos a: sip a: 
+ 


■*" 2-‘'a:^ 

2! cos X 


2*x^ 

3 ' 5 cos x^ 
2*x^ 

3! sin X 


+ 


X 


X 


2 


X* 


a:’ 


+ 


107. Show that 


/« 


sin a: , cos X , 2! sin x 

'~ir 

, sin X , IT ,, 
log ---- dx = 5 (1 


3! cos X 


X’ 


2 ^ 0 . log it). Hint: The 

fr/2 fT/2 

integral = log sin x dx - log x dx. See Prob. 95 for the first 
integral and Sec. 70 for the second. 


Compute an approximate value of each of the following integrals 
by using Simpson’s rule, with n — 10. Compare your results with the 
numerical values found by the alternative method indicated. 

f ^ dfX 

108. — = log 2 = 0.69315, from the indefinite integral. 

fl dx IT 

jo 1 '_f_ ^2 — ^ — 0.785398, from the indefinite integral. 
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110. e~^'^dx = 0.74682, from Prob. 72 of Exercises I (page 42). 

“1- /o‘ sin x^dz = 0.3103, from Prob. 73 of Exercises I (page 42). 

cosh xHx = 1.1047, from Prob. 74 of Exercises I (page 42). 

ro.5 g][]^ ^ 

113. dx = 0.4931, from Prob. 75 of Exercises I (page 42). 

f sin X 

114. log dx — —0.22734, from Prob. 107 above. 

116. Let OA and AB be two movable rods, hinged together at A, 
and let OA rotate about the fixed point 0. If S is the area traced out 
by the rods in moving from a fixed to a variable position, shaded in 

Y 


0| X 

Fig. 79. 

Fig. 79, show that dS = y-^a^da + ^ih^d^ + h dp. In this expression 
a = ZXOA, OA = a, jS = ZX'AB, AB = b and the differential dp is 
measured perpendicular to the instantaneous position of AB. If B 
describes a closed curve C, not containing 0, it follows that 

Area C = fdS = bipz — pi). 

This is the theory of the Amsler polar planimeter. The difference 
P 2 — Pi is proportional to the angle of rotation of a small wheel with 
sharpened edges having its axle along AB. Hence we need merely 
read a dial before and after traversing C, form the difference of the 
readings, and multiply by the proper constant to measure the area, 
enclosed by C. 



CHAPTER V 


LINE INTEGRALS. COMPLEX VARIABLES 

Certain physical quantities are most easily computed by 
integrals taken along a curved arc, known as line or contour 
integrals. We define such integrals for a curved path in the 
plane and describe some of their properties. We show the 
relation between line integrals independent of the path and 
exact differential expressions and give applications of these 



ideas in mechanics and thermodynamics. We then consider 
integrals of complex functions, and the relation between integrals 
independent of the path, the Cauchy-Riemann equations, and 
analytic functions of a complex variable. We define residues 
and illustrate their use by evaluating several real definite inte- 
grals. Finally we study the two-dimensional irrotational motion 
of an incompressible fluid, the relation of such a flow to a pair of 
conjugate functions, and the transformation of such flows by 
conformal mapping, in particular by the Schwarz transformation. 

80. Line Integrals. Let C be an arc of a smooth curve, with 
initial point A and terminal point B. And let h{x,y) be a func- 
tion of two variables x and y, defined and continuous for x,y 
any point of the arc AB. We divide C into n arcs Asi, Asa, ‘ , 

As„. Each ASk has a projection Aa:* on the x axis and a projection 
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Ay* on the y axis. Choose Xk,yk an arbitrary point on the arc 
A.Sfc, and form the sums 

n n n 

^ hixk,yk)A>ik, 2 Kxk,yk)^k, ^ h{xk,yk)Ayk. (1) 

fc = l A: = l = l 

If we let n increase indefinitely and take the As* in such a 
way that the largest ASk approaches zero as n becomes infinite, 
each of these three sums, like the Sn of Sec. 62 will approach 
a limit. These limits are called line integrals, or contour integrals, 
and are denoted by 

f^k{x,y)(ls, l^h{x,y)dx, l^h{x,y)dy, (2) 

respectively. The shorter form 

h </.s, h dx, i, h dy (3) 

is often used. Hie curve C is called the path or contour. 

If the equations of the curve C are given in terms of a parameter 
/ in the form 

= fit), y = git), ( 4 ) 

the integrals (2) may be reduced to ordinary integrals in t by 
writing in the integrals, 

hix,y) = h\f{t),g{t)\,. dx = fm, dy = g'm, 

ds = Vf'W + g'ity dt. ^ 

If the equation of the path is given in the form y = Gix) or 
X = Fiy), a corresponding reduction may be made. For 
example, if y = Gi.r), the second integral is 

h{x,y)dx = h[x,Gix)]dx. (6) 

Again, if x = F{y), the third integral is 

hix,y)dy = h[Fiy),y]dy. (7) 

If we take any line integral over C from B to A, the value 
^Adll be the negative of that over C from A to B. This follows 
from the fact that the signs of the ASk, Axk, and Ayk in the sums (1) 
will all be reversed. 
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If a continuous curve C* is made up of several segments each 

of type C, the line integral over C* 
is defined to be the sum of those over 
the separate segments. Thus the line 
integral over a polygon is the sum of 
the integrals over its sides. Simi- 
larly, if the path of integration is made 
up of parts having different equations 
of the form (4), we may compute the 
line integral by adding up the results 
for the separate parts. 

Line integrals often occur in the 
form of a sum of integrals of the last two types, 

^ [P{x,y)dx + Q{x,y)dy] or j^{P dx + Q dy). (8) 

As an illustration of the evaluation, consider the line integral 

^{ydx-xdy) (9) 

taken from A = (0,0) to B = (1,1), first along the straight line 
AB and then along the broken line composed of AD and DB, 
where D = (1,0). On AB, y = x and 

y dx — x dy — X dx — X dx = 0, 

so that 

(ydx - X dy) = 0. (10) 

On AD, y = 0, dy = 0, ydx — xdy — 0, but on DB, x = 1, 
da; = 0 so that y dx — xdy = —dy. Thus 

( 

}adb <iv) = (-dy) = - j^'dy= -1. ( 11 ) 

This illustrates that when no restrictions are imposed on 
P{x,y) and Q(x,y) in the integral (8), the value depends on the 
path, as well as on the end points. 

In some cases we use a closed path C, which returns to itself. 
When we wish to emphasize that the path is closed, we write 

f [P{x,y)dx + Q{x,y)iy] or ^ (P dx + Q dy). (12) 

Considerations similar to those of Secs. 71 and 72 apply 
to line integrals for which the path extends to infinity, or for 
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which the function h(x,y) becomes infinite at one or more points. 
These improper line integrals converge when they are the limits 
of certain proper line integrals. 

81. Green’s Theorem. Let T 
be a two-dimensional region of 
the plane, and Bt its complete 
boundary. At each point of Bt 
we may draw a vector along the 
normal pointing into the region, 
and a vector along the tangent 
in such a way that the 90® turn 
which takes the tangent into the 
inner normal is the same as 
that which takes the positive x axis into the positive y axis. 
This determines the positive direction along the tangent to Bt, 
and hence the positive direction along Bt itself. 

The theorem of Green asserts that, under certain conditions 

+ = (13) 

Thus the theorem enables us to express certain line integrals as 
double integrals. The conditions are 

1. The functions P{x,y), Q(x,y) as well as their partial deriva- 
tives dQ/ dx, dP/ dy are continuous functions of the two variables 
x,y in T and on Bt- 

2. The line integral on the left is taken along Br in the positive 
direction determined by regarding Br as bounding T. 

Consider first a region T like that in Fig. 82, which is such 
that every straight line through an interior point and parallel 
to either axis cuts the boundary in exactly two points. Then, if 
the line with coordinate y cuts the boundary in the points 
Xx{y) and Xi{y), we have 

^dx = Q(.X 2 ,y) - Q{xi,y). (14) 

Since the segment Xi,X 2 is inside the area, the direction of increas- 
ing y is the positive direction along Bt for the point at X 2 but the 
direction of increasing y is opposite to the positive direction 
along Bt for the point at Xi. Hence, if y' and y" are the least 
and greatest values of y on Bt, we shall have 
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Cv” Cv" r 

/ Qix 2 ,y)dy - / Q(xi,y)dy = / Q{x,y)dy. (15) 
Jv' Jv’ J Bt 

If the curve Bt contains a whole segment with y = y' or y = y", 
this contributes nothing to the line integral on the right, since 
dy = 0 on the segment. 

Similarly, if the line with coordinate x cuts the boundary 
in yi(x) and y^ix), we have 



dy 


dy = P(x,y 2 ) 


- P{x,yi). 


(16) 


But the direction of increasing x is the positive direction along 
Bt for the point at yi, and the direction of increasing x is opposite 
to the positive direction along Bt for the point at y^. Hence 
we have 



P{x,y2)dx 


I 


P(x,yi)dx 



P{x,y)dx, 


(17) 


where x' and x" are the least and greatest values of x on Bt. 
We may conclude from the last four equations that 



(P dx -{■ Q dy) 



Since each of these repeated integrals is equivalent to a double 
integral over T, the result (13) follows. 

The equation may now be extended to hold for any region jT 
which is the sum of a finite number of pieces of the kind just 
used, provided that, the integral on the right is taken over the 
total area and the left over the entire boundary, which may 
consist of one or more closed curves. If any of the curves 
bounding parts q£ T have arcs in common, these will be traversed 
in opposite directions for the two parts. Thus, when we add the 
equations for the separate parts, these arcs may be neglected, 
since the integrals for them cancel. Two cases are illustrated 
in Figs. 83 and 84. 

A region such that any two points in it can be joined by a 
curve lying wholly inside the region is said to be connected. 
A simply connected region is one that is deformable into the 
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interior of a circle. In this case all points inside any closed 
curve in the region belong to the region. If this is not true, 
there are holes and the connected region is said to be multiply 
connected. The omission of a single point is regarded as a hole. 
Thus a circle with the center omitted is a multiply connected 
region. 

Our definition of positive direction along a boundary is such 
that for a simply connected region the positive direction is 




Fig. 84 . 


counterclockwise. The large regions of Figs. 82 and 83, and 
the parts into which the regions of Figs. 83 and 84 have been 
divided are examples. For a hole, regarded as part of the 
boundary of a multiply connected region outside of it, the positive 
direction is clockwise. This is illustrated in Fig. 84. For 
all parts of the boundary of any region, the positive direction is 
regarded as forward by an observer walking along the boundary 
with the region on his loft. 

As an example of Green’s theorem, let P{x,y) — —y and 
Q{x,y) = X. Then dQ/dx = 1, dP/dy = — 1 so that 

dx + a: dy) = (1 + \)dx dy = 2 j^dxdy = 2 At, (19) 

where Ar is the area of T. This shows that 


Ar = i f^^ixdy - y dx), (20) 

a convenient formula for calculating areas when x and y are given 
in terms of a parameter. Compare Prob. 29 of Exercises I 
(page 38). 

Let us use (20) to check the calculations made in connection 
with (9), whose integrand is the negative of that in (20). If T 
is the triangle of Fig. 81, Bt = ADB -f BA = ADB — AB, 
Hence from Eqs. (10) and (11), 
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X dy) = — 1 and ^ / {x dy — y dx) = 

JBt 


far 

( 21 ) 

This is in agreement with (20), since the area of triangle T is 
82. Exact Differential Expressions. Let R he -d simply con- 
nected region, and let the functions P{x,y), Q(x,y) as well as 
their partial derivatives dQ/dx, dP/dy be continuous functions 
of the two variables x,y in R. Let us further suppose that at 

each point of R these partial deriv- 
atives are equal, so that 



dx 


dP 

dy 


or 


dQ 

dx 


dy 


- ^ = 0 . 


( 22 ) 


Fig. 85 . 


member of (13) will be zero. 


Then for any region T consisting 
entirely of points of R the right 
Hence the line integral 


j(Pdx Qdy) 


will be zero over every closed path in R which is the boundary 
of a region T. 

Let M and N be any two points in R, and consider two arcs C i 
and C which join M to N and together bound a region T in R. 
Then 

(P dx + Q dy) - {Pdx -h Q dy) = 0. (23) 

For the difference is the integral over a closed curve, proceeding 
from M to N along C and then from N to M along Ci reversed. 
Hence it is zero by Eq. (13). It follows from Eq. (23) that the 
line integral along C equals the line integral along Ci. 

If we consider two paths joining M to N like Ci and C 2 , 
which intersect in several points and so do not bound a single 
region T, we may find a third arc C in R which bounds a region 
T when taken with Ci, and also when taken with C 2 . In this 
case the preceding argument shows that the line integral over C 2 
equals that over C, and hence equals that over Ci. 

To indicate the situation just described, we say that the 
differential expression {P dx 4- Qdy) is “exact'' in R, If Xo,yo 
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is a fixed point in R, and x,y a variable point in R, we may write 

{P dx Q dy) = G{x,y). (24) 

J^o,yo 

The integral is calculated along any path lying in R. This 
determines G(x,y) as a single 
valued function of x and y, since 
the foregoing discussion shows 
that the value of the integral 
is the same for any two paths 
in R. 

In particular, let us take x,y 
and X + Ax, y in R and calcu- 
late the values of G(x,y) and 
G{x + Ax,y) using two paths 
that differ only by a straight- 
line segment parallel to the x 
axis. Then we have 

G(x 4- Ax,y) — G{x,y) = (P dx + Q dy) = f^'^^’^Pdx, 

Jx,y 

(25) 

since dy = 0 along the straight segment. The last form is an 
ordinary integral in x, as y is constant. On dividing both sides 
by Ax and reasoning as we did in Sec. 64, we may deduce that 

§ = P(x,y). (26) 

In the same way we may prove that 

~ = Q{x,y). (27) 

It follows from the last two equations that 

d.G = — dx ~ dy = P dx Q dy. (28) 

Thus when (P dx Q dy) is an exact differential expression in 
the sense of chis section, it is also the total differential, as defined 
in Sec. 21, of the function G(x,y) given by (24). Taking a 
different point Xo,y(, would merely change this function by a 
constant, equal to the integral from the new point to Xo,yo. 
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Suppose next that by any process we have found a function 
F{x,y) which has (P dx Q dy) as its total differential. Then 

dF = Pdx^-Qdy and = -P. If 

A comparison of this equation and Eq. (28) shows that 

dF = dG or d{F - G) = D. (30) 

Since its total differential is zero, {F — G) is constant and 

F -G = k, or F{x,y) = G(x,y) + k. (31) 
From Eq. (24) it follows that G{X(),yo) — 0, and hence 

G(x,y) = G{x,y) - G(xo,yo) = F(x,y) - F{xa,Vo). (32) 

That is, 

f'" {Pdx + Q dy) = F{x,y) = F{x,y) - F{x„y,). (33) 

Jxo,yo ^o,yo 

This expresses the line integral of the exact integrand in terms 
of any indefinite integral F{x,y) that satisfies (29). 

To show how such indefinite integrals may be found by ordi- 
nary integration, let us consider the particular example, 

Pdxi-Qdy = (3a;2 + 2xy^)dx + (SxY -P 2y)dy. (34) 

The condition for exactness [Eq. (22)] is satisfied, since 

^ = ()xy^ and ^ — 6xy^. (35) 

The condition 

~ = 3x^ -f- 2xy^ gives F = x^ x^y^ -f- f(y) (36j 

by integrating with respect to x, keeping y constant. The 
constant of integration is written /(^), since it may depend on y 
which was kept constant during the integration. The condition 

dF/dy = 3x^y^ 4- 2y combined with dF/dy = 3x^y^ -\-f'(y)y (37) 

obtained from (36), leads to 

f{y) = 2y and f{y) = y^ k. 

Hence the indefinite integral of (34) is 

F = + x^y^ y^ + k. 


( 38 ) 



§83 


WORK 


207 


The success of this procedure is contingent on the disappearance 
of X at the stage corresponding to (38). But x will disappear 
at this stage whenever the original expression is exact. 

We note that any differential expression {P dx -\- Q dy) 
obtained by taking the total differential of a function F(x,y) 
is exact. For if 


P dx Q dy 
dF 


,,, dF , dF j 


P = 


so that by Sec. 23 


dx 


and 


0 = 

dy 


(39) 


dx dx dy dy dx dy 


and 


dx dy 


0. (40) 


The discussion of this section shows that the existence of 
continuous partial derivatives dQ/dx and dP/dy, satisfying the 
condition 


dQ ^ ^ 
dx dy ’ 


(41) 


is both necessary and sufficient for the existence of a function 
F{x,y) which has (P dx + Q dy) as its total diffei’ential. 

When the condition holds, we .call (P dx + Q dy) an exact 
differential expression. The integral in p]q. (24) is independent 
of the path, provided that the path lies inside a simply connected 
region in which the condition for exactness holds. 

83. Work. If X and Y are constant and the force vector 


F = Xi + Fj (42) 

acts on a particle during a vector displacement 

ds = dxi dy j, with |dsl = ds, (43) 

the work done is 

ds Projds F = ds • ¥ = X dx Y dy^ (44) 

by J-lqs. (40) and (52) of Sec. 45. 

Now suppose that X and Y are variable so that 

¥(x,y) = X(x,y)i + Y(x,y)j, (45) 


and we wish to consider the work W c done on a particle during its 
motion along a curved arc C. The relation (44) suggests that 

Wc = /p [X(x,y)dx + Y(x,y)dy] = j^(Xdx+Y dy). (46) 
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This is the definition of the work done by the variable force field 
F(x,y) of (45) on a particle moving along a curved path. 

The force field is conservative if the work depends only on the 
end points of C and otherwise is independent of the path. Thus 
for a conservative field the expression {X dx Y dy) is exact, 
and there is a function W {x,y) having this expression as its total 
differential. The function W(x,y) is called the force potential, 
Avhile U{x,y) = —W{x,y) is the potential energy. Thus for a 
conservative field we have 


d_X ^ ^ 
dy dx 

And the relations 


and 


Xdx Y dy dW = -dlJ. (47) 


ajT ^ _dU 
dx dx ^ 



dy 


(48) 


express the force components in terms of the potentials. 

84. Thermodynamics, The distinction between exact and 
inexact differential expressions is of importance in thermo- 
dynamics. Consider as a system a fixed mass of homogeneous 
fluid. Its thermodynamical state is characterized by thre(i 
quantities: pressure p, volume v, and absolute temperature Y. 
Any two of these determine the third, since there is a relationship 


T = f(p,v) 


(49) 


which for the case of an ideal gas enclosed in a container takes 
the form 

T^(^^)pv. {50^ 

\P^>Vo/ ^ 

If we think of p and v as determining the state of the gas, a 
change of state will be represented by a curve C in the pv plane 
or pv diagram. During this change of state, the amount of heat 
lost or absorbed will be given by an integral of the form 


Qc = j^[P(p,v)dp -b V{p,v)dv]. (51) 

Here, in general, dP/dv ^ dV/dp, so that the integrand is not 
an exact differential expression. Hence Qc depends on the path 
and is not a function of p and v. However, the notation dQ is 
used as an abbreviation for the integrand, 

dQ = P{p,v)dp -j- V{p,v)dv, 


(52) 
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Trc= j^vdv. (53) 

This also depends on the path and is not a function of p and v. 
But the notation 

dW = p dv 

is used. 

With the abbreviated notation, the first law of thermodynam- 
ics asserts that the difference of the two inexact differential 
expressions dQ — dW is an exact differential expression. We call 
the function that has this as its total differential the internal 
energy of the system and denote it by E. Thus 

BE 

dE = ^ dv + ^ dv dQ - dW 
dp dv 

= P(p,v)dp -\r [V(p,v) - p]dv, (54) 

and there is a function E(p,v) such that 


— = P(p,v) and = 7(p,j;) - p. (55) 

It is a consequence of the second law of thermodynamics that 
dQ/T is an exact differential expression. We call the function 
that has this as its total differential the entropy of the system 
and denote it by S. Thus 


.7C dS . r! dQ 

dS = ^ dp ~ dv = 

dp ^ dv T 


P{p,v) 


dp + 


Q{p,v) 


dv, 


(56) 


and there is a function S{p,v) such that 

dS _ P(p,v) dS ^ Q(p,v) 

dp- T dv T 


(57) 


86. Analytic Functions of a Complex Variable. Let z == x iy 

be a complex variable, and R any region of the xy plane or z plane. 
And suppose that, for all values oi z in R, w = f{z) is an analytic 
function of z as defined in Sec. 11. We denote the real part of- 
w by u, and the imaginary part by v, so that 

w = u iv. 


(58) 
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The values of x and y determine z x iy, and hence w = f(z). 
Thus u and v are each functions of x and y, so that 


fix + iy) = uix,y) + iv{x,y). (59) 

two functions u(x,y) and v{x,y) obtained in this way are called 
conjugate functions. 

We stated in Sec. 11 that, under these conditions, /(z) possesses 
derivatives of all orders for all z in R. It is a consequence 
of this fact that the conjugate functions u(x,y) and v{x,y), 
regarded as functions of two real variables, each possess partial 
derivatives of all orders for x,y in R. And as was indicated in 
Sec. 12, f{z) has a Taylor’s expansion in powers of {z — z^) 
about any point Za inside R. This expansion will converge 
if z lies inside some circle in R with center at 2o. It follows from 
this fact that uix,y) and v(x,y) may each be expanded in a 
Taylor’s series in two variables of the type discussed in Sec. 31 
in powers of (a; — Xo) and (y — yf). These series will surely 
converge if x,y lies inside some circle in R with center at X(i,yo. 

For example, let w — which is analytic for all finite values 
of z. Then by Eq. (26) of Sec. 3, 

cos y + io^ sin y (60) 

so that 

uix,y) — cos y, v(x,y) = sin y. (61) 

The Taylor’s series about any point, e.g., the origin, will con- 
verge for all values of x and y. These series may be obtained 
as real and imaginary parts of » 


= 1 4- (a; -f iy) -f 


(x -f iy)^ . (x -f iy)^ 


2 ! 


+ 


3! 


+ 


( 62 ) 


or more simply by multiplying the series for e/ by that for cos y, 
and then by that for sin y. 

86. Cauchy-Riemann Differential Equations. We wish now 
to derive a pair of equations satisfied by uix,y) and vix,y) which 
follow from the analytic character of /(z). To say that f{z) is 
analytic means that there is a derivative 


m 


dw 

dz 


,. Aw 
hm — 
A*— >0 Az 


) 


(63) 
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where the limit on the right is the same for all methods of approach 
of Az to zero. We find from w = u + iv that 


Aw _ 

Az ~ Az Az 


Aw = Au -jr i AVf and 

In particular, if we put Ay = 0, Az = Ax and 

'Au 


f{z) = lim = 

Ax-*o VArc AxJ 


du . . ^ 
dx ^ dx 


On the other hand, if we put Ax = 0, A 2 = i Ay and 


f'iz) = lim = -i 

Ay-^o \i Ay Ay/ 

If these two values are equal, we must have 


du dv 
dy dy 


du _ dv , dv ^ du^ 

dx~ dx~ " dy' 


(64) 


(65) 


( 66 ) 


(67) 


These are known as the Cauchy-Hiemann differential equations 
and arc the relations that we sought to prove. 

Functions (61) satisfy these equations, since they make 


du 

dx 


cos y, 


du 

dy 


■ e® sm y, 


dx 


dv 

— e® sm y, — = e® cos y. 
dy 


We omit the proof of the fact that, conversely, if the partial 
derivatives of u{x,y) and v{x,y) are continuous and satisfy 
Eqs. (67) in R, the function u + w is an analytic function of 
z — X iyin R. Thus u and p are conjugate functions. 

We may consider the function w = f(z) as effecting a mapping, 
or transformation of the points of the z plane on or into the 
points of the w plane. Let Zo be mapped on Wo, and write the 
derivative/' ( 20 ), assumed 9 ^ 0, in polar form, 

/'(zo) = acK (68) 

Then for z near zo, Az — z — Zo will be small and by (63) 

Aw = /'(2o)Az or a£^^Az approximately. (69) 

By Sec. 6, this means that each element Az is (approximately) 
turned through an angle A and has its length multiplied by a. 
Thus a small figure near zo, like the triangle of Fig. 87, will 
go into a nearly similar figure, like the curvilinear triangle 
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of Fig. 88. And the angle between two curves at zo will be the 
same as the angle between the image curves at Wo. This similar- 
ity and preservation of angles at a point are described by the word 
conformal. Hence we may say that the mapping or transforma- 
tion induced by the function w = f{z) is conformal at any point 
where f{z) is analytic and f'{z) ^ 0. This is in agreement with 
Probs. 116 to 124, in particular 122, of Exercises III (page 140) 
where Eqs. (67), with the partial derivatives not all zero, was 
found as a condition for a conformal map. 



In the z plane the curves u{x,y) = ua, v{x,y) = Vo cut at right 
angles at Zo. For their image curves in the w plane are the lines 
through Wo parallel to the axes, u = iio, v = Vo. 

87. Laplace’s Equation. It follows from the Cauchy-Riemann 
equations (67) and Sec. 23, that 


Consequently, 


d^U d^V d^V __ d^U 

dx^ dx dy dy dx dy'^ 

d^u d^u _ „ 

dx‘^ dy^ 


(70) 

(71) 


This equation is known as La-place^s equation in two dimensions. 
It may be shown that any function u{x,y) that satisfies Laplace’s 
equation at all points of a region R necessarily has continuous 
partial derivatives of all orders at any interior point of R. 

Any function u{x,y) that satisfies Laplace’s equation at all 
points of a simply connected region R may be obtained as the 
real part of a function f{z) = w + iv, analytic in R. We may 
find y from 


/ri(- 1* 


(72) 
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This function is single-valued in R, since the condition for 
exactness of the integrand of (72) reduces to Laplace’s equation 
(71). And for an exact integrand, Eq. (72) implies 


dv _ du , dv _ du 

^ ^ ay ” 


(73) 


which are the Cauchy-Riemann ecpiations (67), so that u il- 
ls an analytic function. 

A similar argument shows that v satisfies Laplace’s equation 


d^v d‘^v _ 


(74) 


and that, if v{x,y) satisfies this equation in a simply connected 
region ii, the function u -|- iv is analytic in R if 



For example, the function is a solution of Laplace’s 

equation. If we take this as u, we fintl from Eq. (72) that 


V = (2y dx + 2x dy) — 2xy. (76) 

Thus x^ — y2 is the real part of 

^2 _ ^2 2xyi = {x -f- fy)2 = z^. (77) 

If we take x^ — y- as v, .and use Eq. (75), we find 

u = {-2y dx - 2xdy) = -2xy. 

Thus a;2 — y^ is the imaginary part of 

— 2xy -T f(a:2 — y"^) = i{x -f- iyY — (78) 

88. Integrals of Complex Functions. The integral of the 
complex function /(g) along a path C is defined as the line integral 
along C of the integrand 

f(z)dz = (m + iv){dx d- i dy) = {udx — v dy) + i{v dx u dy), 

(79) 

That is 

j^f{z)dz = (udx - V dy) -f- i (v dx -f- u dy), (80) 
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Each of the integrals on the right is a real line integral, similar 
to (8) of Sec. 80, and could be evaluated by the method given in 
that section. 

Our definition implies a relation analogous to Eq. (11) of 
Sec. 61, namely. 


f f{z)dz = lim y f(zk)Nzk, if lim = 0. (81) 

J ^ n— > 00 -5 j n— > oo 

Here is the largest value of lA 2 fc| for any n. And for each n 
we form subdivisions and take intermediate points on C as in 
Sec. 80, and put Zk = Xk + iyk, AZk = Axt + i ^yk. 

Again, analogous to Eq. (53) of Sec. 66, we have the rule of 
substitution 

jj(z)<k= jj[gm9'(Z)dZ, ' (82) 

if g{Z) is analytic and g'{Z) 0 on Cz, and the points of Cz are 

mapped on the points of C by z = g{Z). 

From Sec. 6, for any two complex numbers A and B, 

\AB\ = \A\ • 1J51 and |.4 A- B\ ^ \A\ A- l^l- (83) 

Hence, if l/(z)l ^ M, 


t ^ t S M V |Ae»|. (84) 

fc = l A: = l k = 1 

But 

\dz\'^ = \dx + i dy[^ = dx^ + dy'^ — ds'^, (85) 

so that relation (84) leads to the relation 

/( 2 )&| S M 1*1 or M f^ds -^ ML, (86) 

where L is the length of the path C. 

Similarly if 1/(2) | ^ \9i^)\ on C, 

|j'^/( 2 )*|s j^|/(s)|*g pg(.z)\ds. (87) 

This may be applied to improper integrals as the basis of a 
comparison test similar to that of Sec. 72, since we may deduce 
the convergence of the complex integral in the left member of 
(87) from the convergence of the real integral on the right. 

89. Integrals of Analytic Functions. Let Br he the complete 
boundary of a region T, as in Sec. 81. And suppose further that 
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u iv = f{z) is an analytic function of z for all zmT and on Br. 
Then we may use Bt as the path C in Eq, (80) and transform 
the right member by Green’s theorem (13). The result is 



(u dx — V dy) + f 





(v dx ^ u dy) 
dx dy + i 




( 88 ) 


Since f(z) is analytic in T, Eqs. (67) hold and the integrands 
on the right are zero. Hence the left member is zero and, by 
(80), 



(89) 


That is, the integral of f{z) is zero over every closed path 
Bt such that f{z) is analytic at all points on the path Bt and in 
the region T which has Bt as its complete boundary. This 
result is known as Cauchy’s integral theorem. 

As in Sec. 82, it follows that the value of the integral between 
two fixed points of a simply connected region R is independent 
of the path of integration, restricted to lie in R. Otherwise 
expressed, the value of the integral of f{z) from Zo to z is the same 
for any two paths that may be deformed into one another, 
crossing over only points at which f(z) is analytic. 

In a simply connected region R in which f{z) is analytic, we 
may write 

['f(z)dz = F(z). (90) 

, JZQ 

By reasoning like that of Sec. 64, we could deduce from this that 

= f'{z) = /(2). (91) 


Thus F{z) is an indefinite integral of f{z). 
derivative in R, it is analytic in R. 

It follows directly from Eq. (90) that 


f"f(z)dz = F(z) 

Jzi 


= F(z,) - 


And, since it has a 


F(z{). (92) 


An argument like that of Sec. 61 shows that any other indefinite 
integral of f(z) can differ from F(z) only by a constant, so that 
it may be used in place of f{z) in Eq. (92). 
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The fact that the indefinite integral of an analytic function 
is analytic and may be used to calculate the definite integral 
as in (92) has already been illustrated for the special case of power 
series in Sec. 11. 

Suppose that f{x) is an elementary function for which an 
indefinite integral F{x) can be found in integral tables or by 
the methods of Chap. IV. Then the results or methods may 
be used to find F{z), an indefinite integral of f{z). The function 
so found will be elementary and so be analytic except for certain 
singular points. These will necessarily be located at the singular- 
ities of /(z). In such a case the integral of /(z) between zi and Z 2 
for any path not containing a singular point of /(z) may be 
computed from Eq. (92). 

For example, on any path joining Zi and Z 2 , 


rz2 

22 


kz 

eMz = 


and 

/ = -y- 

^21 

2l 



(93) 


The second integral, with k = a hi and z\, z>>, and the path 
on the real axis, has been used in Probs. 3, 4 of Exercises T 
(page 37). 

Similarly, for any path joining zi and Z 2 , 



z"+^ 
n -f 1 


22 

; 

21 


n a positive integer. (94) 


The integrands in Eqs. (93) and (94) have no finite singular 
points. Hence the indefinite integrals are single-valued. In 
such cases the integral around any closed path, for \^dlich Z 2 = Zi,» 
is zero. This is in accord with Cauchy’s integral theorem. 

When the integrand /(z) has finite singular points, the indefinite 
integral F(z) may be multiple-valued, and in using Eq. (92) 
we must be careful to use that value of F{z 2 ) which arises from 
F(zi) by continuous variation along the path of integration. 
For example, on any path joining Zi and Z 2 that does not pass 
through the origin. 


P* dz 

22 

1. T = ^ 

= (log r -f iO) 

2l 


r2,02 

ruSi 


(95) 


by Eqs. (62) and (56) of Sec. 5. Here r = [z] is single-valued, 
but the yalue of $2 must be derived from di by continuous varia- 
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tion along the path. In particular, consider a closed path that 
winds once about 0 in the counterclockwise direction. We 
call such a path a positive circuit about 0 and denote it by Co. 
Then on Co, 0 will increase by 2 t, 
and we shall have 


f dz 
Jco Z 


= %ri. 


(96) 


In indefinite integration formulas 
involving logarithms, it is custo- 
mary to insert absolute value signs 
to avoid logarithms of negative num- 
bers, when all the variables are real. 

These absolute value signs must be 
omitted to obtain analytic integrals, valid in the complex plane. 
Thus 



/ 


dx 

X 


— log |a:|, X real, but 


/ 


dz 


= log 2 , z complex. 

(97) 

As a second example of a multiple-valued indefinite integral, 
we note that on any path not passing through the origin, 


yd -}- 1 


/ z-^dz = 

Jz. a + 1 


\Zi 


Z\ 


a -f 1 


r2,92 


r],d\ 


a^-1, (98) 


by Sec. 7. In this case, for Co a positive circuit about 0, since 

^27rt 1 ~ 


/ 2“dz = (£i^i (g2,r«i _ 1) a -1. ’ (99) 

yco a -t- 1 ^ ^ 

This is different from zero unless a is a positive or negative 
integer. Here the integrand 2 “ is itself multiple- valued, and 
the value of 2 i“ to be used is the value of the integrand selected 
at 2 i, where we start the circuit. 

The substitution z — a = Z takes Ca, any positive circuit 
about a in the z plane into Co, a positive circuit about O in the 
Z plane. And it makes dz — dZ, so that 




Z^dZ, 


( 100 ) 
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by the rule of substitution (82). Hence we may deduce from 
Eqs. (96) and (99) that 


f = 2«, / (« - «)”* = 0, f = 0, 

JcaZ - a Jc» Jca (z - a)”* 

( 101 ) 

where €„ is any positive circuit about a, n is any positive integer 
or zero, and m is any positive integer greater than one. 

90. Poles and Residues. The singularities of functions men- 
tioned in Sec. 12 may be of various types. We wish here to 
consider the type that is due to a vanishing denominator. We 
define the expression *‘f(z) has a pole at a” to mean that f{z) 
becomes infinite at a and, in some circle Avith a as a center, the 
function f(z) is single-valued and analytic except at a. It may 
be proved that, under these conditions, there is some positive 
integer m such that 1/(2) ] behaves like \z — a]-”* at a, and the 
function 

g{z) = (z - a)”^f(z) (102) 

is analytic at a with g(a) 9 ^ 0. The number m, known as the 
order of the pole, may be determined practically as the smallest 
integer m for which (2 — a)”*/(z) remains finite as z — > a. 

By Sec. 11, we may expand g{z) in a Taylor’s series 

g{z) = ^0 + Ai{z -«)-!-•••+ Am{z - aY 

+ AniJ^\,{z — a)”*+^ + • • • , (103) 

where, as we note for future reference, 


Am—l 


{m - 1)!' 




It follows from this and Eq. (102) that 


dz^' 


(104)’ 


~ (J"- °a)™ + ■ ■ ■ + Y a + -«)+••■■ 

(105) 

Now consider the integral of f(z) along Ca, a positive circuit 
about a. If the circuit is sufficiently small, it will be inside 
the circle of convergence of the series (103) and hence of the 
series made up of the terms with positive powers in (105). 
Thus we may integrate the series termwise. But, by Eq. (101), 



§90 


POLES AND RESIDUES 


219 


the integral of every term is zero except the term containing 
i/(z — a), whose integral is 2Tri. Consequently, we have 

f f(z)dz = Am-i f (106) 

JCa JCaZ — a 

The coefficient of \/{z — a) in the expansion (105), which 
is the only coefficient needed to calculate the value of the integral 
of f{z) along Ca, is called the residue of the pole. 

For a pole of the first order, or simple pole, the residue is 
given by 

R{a) = Aq — g{a) = lim {z — a)f(z). (107) 

2— >a 

If f(z) is written in the form P{z)/D{z), with P(a) finite, this 
limit may be evaluated by ^Hospital’s rule, as in Eq. (56) of 
Sec. 67. The result is 

E(a) r= iorfiz) = with P (a) finite. (108) 

Whenever /(a) = <» and the right member of Eq. (107) or 
the first equation in (108) is finite, there is a pole of the first 
order at a and the finite value is its residue. 

For a pole of higher order than the first, we may compute 
the residue from Eq. (104), which shows that 

= ill = (z - «)'"/(2), (109) 

and f(z) has a pole of the mth order at a. 

Let Bt be the complete boundary of a region T, as in Sec. 81. 
We wish to calculate the integral 
of f{z) along Pr in the positive 
direction, where f{z) is analytic 
at all points of T and Bt except 
a certain number of points ai, a^, 

• • • , a!„ in T at which it has 
poles. Let the residue of f{z) at 
any one of these points, a*, be 
R (ak) . By Eq. ( 106) the integral 
of f(z) along Ck, any sufficiently 
small circuit about ak is given by Fig. 90. 

= ^TciRiak). 



( 110 ) 
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But the path of integration Bt may be deformed into the circuits 
Cl, Ci, • • • , Cn, crossing only points at which /(«) is analytic. 
Hence 

f f(z)dz = X fr (111) 

by Cauchy’s integral theorem and Eq. (110). 

Thus the integral of /(z) around the complete boundary of a 
region^ in which f{z) is analytic except for poles is equal to 2^1 
times the sum of the residues of /(z) at the poles. This is 
Cauchy’s residue theorem. 

91. Evaluation of Definite Integrals. Many real definite 
integrals can be evaluated by means of complete integrals around 
suitable closed contours. We illustrate the procedure by a few 
typical examples. 

EjX AMPLE 1. h — 

Let us make the substitution it = log z. Then by Secs. 2 and 5, 
z traverses the unit circle U when t moves through real values 
from 0 to 27r, and 

7. dz ■ u , z2 + 1 . , z2 - 1 

'" = F " cos( = -^-, s,n( = -^- (113) 


dt 

5 -t" 3 cos t 


( 112 ) 


Thus in terms of z, 


dz 

3z^ -j- lOz “1“ 3 


The denominator has roots at —3 and — 3^^. The second is the 
only one inside IJ. And, by Eq. (108), the residue at —34 
2 

i(3z2 + lOz + 3) 


3) t'(62 + 10)-^ U 

Hence, by Cauchy’s residue theorem [Eq. (Ill)], the value of Ii is 


/, = 2«k(-0 = 2«(^)=|. 


We may similarly evaluate any integral of the type 


( 116 ) 


^0+2,7 ^(cos 
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Avhere f{x,y) is a rational function and /(cos t, sin t) is finite for 
all real t. For the substitution (113) will reduce the integral to 

Q(z)dz, where Q(z) is a rational function of z with no poles on U. 



If the integrand is an even function of t, by Probs. 2 and 8 of 
Exercises IV (page 186) we shall have 


r TT r TT r 2 Tr 

fdt^i = i fdt. 

Jo J - 1 T Jo 


Thus we may deduce from Example 1 that 


/. 


dt 


0 5 + 3 cos t 


-T =- 
2 4* 


Example 2. 1 2 


I- 


x^dx 


_ « {x^ + l)2(.-r2 + 4) 
We consider 1 2 as the limit, when .4 — > 00 , of 


/:■ 


f{z)dz where f{z) = 


(22 + l)-^(z2 + 4) 


(117) 


(118) 

(119) 


( 120 ) 


and the integral is taken along the real axis. We close the 
contour with Sa, a semicircle of radius A drawn in the upper 
half of the z plane from A to —A. 

For large A, the poles of f{z) inside the semicircle are at i and 
2i. At 2i, we use Eq. (108) with 


P{z) = 


z^ 

(z^ + 1?’ 


D{z) = 0-^ + 4, 


so that 

P(2i) ^ j4 
D'(2i) 9 / 



Z)'(?) =. 2^ (121) 


( 122 ) 
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At i, which is a pole of order 2, we must use Eq. (109) with 


g{z) = (z - iy 
so that 


(z^ + l)^(z^ + 4) (z + iy{z^ + 4) 

!z®(«z^ + 4z + 8i) 

(z + iy{z^ + 4)2 


/j(^) = 9^ ^ 2z2(tz2 + 4z + 8t) 


ll 

36/ 


(123) 

(124) 


Applying the residue theorem to the closed contour, we find 


f^J(z)dz + fgj(z)dz - 2wi[R(2i) + R{i)]. (125) 

As A 00 , the length L of Sa behaves like A , while M, the 
maximum value of |/(z)| behaves like l/A^, so that the integral 
on ^ 0 by Eq. (86). Hence the result of letting A — » qo in 
Eq. (125) is 

/, = %n[R(2i) + R(i)] = 2« (^ - ^) = (126) 

The reasoning used for 1 2 applies to any integral of the type 

/- 00 Q(^)dx, provided that Q{x) is a rational function whose 

denominator is of degree at least two higher than the numerator 
and has no real roots. If the roots of the denominator in the 
upper half of the z plane are ai, a2, • • • , a p, the conclusion is 
that 


/_*„ = 2Ti[R(ai) + R{a2) + • • • + Ri^, (127) 

which is a formula for evaluating integrals of the typWescribed. 
If the integrand is an even function of x, we may find / Q(x)dx 

as +2 j_ ^ Q(x)dx. Thus from Example 2, 


f ” xAdx _ 1 

lo (x^+iy(x^ + 4) 2^^ 


5t 


Example 3. 13 = 


“ cos 2x 


dx. 


(128) 

(129) 


7o a;2 + 9 

This may be deduced from the real part of the complex integral 




e^^^dx 


since RL 


J -30 X 


cos 2x 
■+“9 


dx sc 2/3. (130) 



§91 


DEFINITE INTEGRALS 


223 


We now treat Ic as we did /2 in Example 2. We consider Ic as 
the limit, when ^ , of 

r ^ fl2i* 

where /(z) = ^ 2 -q-Q (131) 

and the integral is taken along the real axis. We close the 
contour by the semicircle Sa of Fig. 92. 

For large A, the function /(z) has one pole inside the semicircle, 
at z = 3i. And by Eq. (108) its residue at this pole is 


R{Si) 


g— 6 

2z Zi Of 


(132) 


If we apply the residue theorem to the closed contour, we find 


P f(z)dz + f f(z)dz = (133) 

J — A JSa 


If z = X + iy, 

g 2 « _ g- 2 j/+ 2 ®i _ g-2i/(cos 2x + f sin 2x) and 

(134) 

Since this is at most unity on Sa, the maximum value of |/(z)l 
again behaves like l/A^ as A — > co, and the integral on Sa 0. 
Hence the result of letting A — > <» in Eq. (133) is 


And, fr 




Ic — 2TiR{Si) = 2Tri — 


. (130), 





(135) 

(130) 


Equation (134) shows that is small for y large and posi- 
tive, but large for y large and negative. Also is large for y 
large and positive, but small for y large and negative. Hence 
Jcos 2z| is large for y large with either sign. This explains why 
we could not use the original integrand. 

Equating imaginary parts of Eq. (135) leads to 

= = (137) 

This also follows from Prob. 5 of Exercises IV (page 180). 

By more refined reasoning than that used above, it may be 
shown that the integral on Sa approaches zero as A — > oo if f{z) 
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has the form e"'"*Q(z), m > 0, and the maximum value of lQ(z)l 
behaves like 1/A. This enables us to evaluate any integral of 

the type j " e'^”^^Q(z)dx, provided that Q(x) is a rational 

function whose denominator is of degree at least one higher than 
the numerator and has no real roots. If the roots of "the denom- 
inator in the upper half of the z plane are o-i, 0 : 2 , • • ■ , ocp, 


j e^”^^Q{x)dx = 27rf[/2(ai) + R{a2) • -f- i^(ap)]. (138) 


Here m > 0, and the residues are those of f(z) = e^”^^Q(z). 

If the coefficients of Q{x) are real, the real and imaginary 
y parts of the left member of (138) 

I are 

‘■A+2ri 2ri A+2^i 



Fig. 9 . 3 . 


and 


cos mx Q(x)dx 
j sin mxQ{x)dx. (139) 



Hence these integrals may be found by equating the real and 
imaginary parts of Eq. (138). 

If one of the integrands in (139) is even, the corresponding 
integral from 0 to 00 may be found as one-half that from — 00 
to 00 . 

r " ppx 

Example 4. h — 1 i x 0 < p < 1. (140) 

As before, we consider this as the limit when A 00 of 


^here f(z) = (141) 

and the integral is taken along the real axis. But here we take 
the closed contour as the rectangle of Fig. 93 whose sides are 
parts of the lines y = 0, y — 2%, x = A, and x — —A. 

The poles of f{z) are found from 

1 -f. =» b, z — log ( — 1) = 7^^ + 2hKi. (142) 

Thus there is one pole inside the contour, at 2 = iri. And, by 
Eq. (108), the residue of f{z) at this pole is 


R{iri) 


eP^ 




\ir% 


(143) 
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If we apply the residue theorem to the closed contour, we find 


“ ‘2iriR(n), 

(144) 

in which si denotes the side from to ^4. + %n and S2 the side 
from — d + Sttz to — A. 

If z = a: + iy, 

gpi _ f,px+pyi == eP®(cos py + i sin py) and \eP^\ = 

(145) 

Similarly [e^l = e®. It follows that as A — » , M, the maximum 

value of 1/(2)!, behaves like on Si and like on S2. 

Since the restriction on p, 0 < p < I, makes each of these 
functions approach zero, and the length L of Si and remains 
constant, it follows from Eq. (86) that the integrals along Si and 
S 2 each approach zero as A — ^ 00 . 

Since = 1, we have 


/(^ + 27rf) 


^p(Z+2iri) p2pTnppZ 

= r+T- = 


Consequently the substitution z — Z 2iri makes 


= //b(Z +2«)dZ = -e^^‘f_\f(Z)dZ. 

(147) 


Hence the third integral in (144) differs from the first by a simple 
constant factor only. This explains why we chose the line 
y = 2x1 as part of the contour. 

Now let A 00 in Eq. (144), taking account of Eq. (147). 
The result is 

74 — = 2xf/?(xf) = — 2xfe*”^^. (148) 

We may solve this for Ti to obtain 


j _ -2xfeP’^‘ _ / 2t \ 

^ g2pjri ^ \f,piri g— piri ] 

This result may be used to show that 


sm pir 


(149) 


I. 


I + X 


dx 


sin pw 


(150) 
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For the substitution x — makes 


/ " dx= 

Jo 1 X J - „ 1 -f- sin px 

92. Indented Contours. Let us consider an example. 


Example 5. h 


r = 2 f 

J-oo X Jo 


sm X 


0 X 


(151) 


(152) 


This would be of type (139), if it were not for the fact that the 
Y denominator has a real root, 

I zero, which causes the function 


m = 


(153) 


Fig. 94. 


I have a pole at the origin. 

_i » — L. 1 A.° ^ 1 X avoid this pole, we modify 

^ a 0 a A contour used in Example 3 

■ by drawing a small semicircle Sa 

of radius a about the origin. This gives the closed contour of 
Fig. 94. Since there are no poles inside this contour, we have 


fiz)dz + / f{z)dz + 
J Sa 


f(z)dz + / f(z)dz = 0, (154) 


where Sa is traversed in the clockwise direction. 

If we put z = — ^ in the third integral of (154), we find 


dz = 


« g-iZ 


^ f>-iZ 

^dZ. 


(155) 


Consequently the sum of the first and third integrals is 


f(z)dzA- j ^ f{z)dz= j - 




— dz = 2i 

z 


sm z 


dz. (156) 


The limit of this, as A — > oo and a — » 0 is ih. The integral 
along aSa approaches zero when A — > <» , since the integrand has 
the form e*"‘*Q(z) with w > 0, and maximum lQ(s)| behaving 
like 1//1. 

Along aSo, z — 0 and c** — > 1 when a — » 0. It follows from this 
that when a — > 0, the limit of the integral of /(z) along Sa is the 
same as the limit of 


r ^ = 

J -a z 


log z = (log r + iO) 


■iir. (157) 
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Now let -4 —» 00 and a — » 0 in Eq. (154), taking account of 
Eqs. (156) and (157). The result is 


Hi — ir = 0, so that h, = ir. 


(158) 


i«i = a + ae’ 


When a contour includes part of a small circle with center a, 
inserted to avoid a singularity of the integrand f(z) at a, the 
contour is said to be indented at ^ 
a. For example, the contour of 

Fig. 94 is the contour of Fig. 92 = a + ae 

indented at 0. \ « = a + ae 

Let each indented arc Sa be 

that part of the circle of radius a ^ 

about a between two straight 1 

lines through a. Then, if f{z) a 
has a simple pole at a, the limit 

of the integral of f{z) along Sa 0 , X 

when a — > 0 may be found as 

„ Fig. 95 . 

follows. 

Let 6 denote the angle from the positive x axis to the radius 
from a to z, any point on the arc Sa. Then on Sa, 

z — a = and log (z — a) = log a + id. 

And, if the end points of Sa are Zi and z^, with angles 0i and 62, 


Fig. 95 . 


Sa z — a 


- — log {z — a) = (log a + id) = f (^2 — ^i). (159) 


For a simple pole, m = 1 in Eq. (105) and we may write 

f(z) = ^ + Mz), 
z — a 


(160) 


where R(a) is the residue of f(z) at a, and <t>(z) is analytic at a. 
Along Sa, z—^a when a 0. Hence M, the maximum value 
of \<f>(,z)\ on Sa, approaches |<^(a)l. But L, the length of Sa, 
approaches zero. Hence by Eq. (86) the integral of <l>{z) along 
Sa approaches zero when a — > 0. Consequently, 

lim f f{z)dz = lim f = R(a)i{d2 — di), (161) 

o — +0 J Sa a—*0 J Sa ^ ® 

by Eq. (159). 
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If Sa is Ca, a complete counterclockwise circuit about a, 
02 — 6i = 27 r, and the factor 2xi is in accord with the residue 
theorem. If /Sa is a semicircle traversed clockwise, — 6i = —t, 
and 

lim [ f{z)dz = —TriR{a). (162) 

a — >0 J Sa ^ 

For example, if f(z) = e^jz, R(0) = 1 and the right member is 
— 7 rt, in agreement with Eq. (157). 

93. Principal Value of an Integral. By the definition of 
Sec. 71, the real improper integral 



diverges. 


(163) 


because the integrand becomes infinite at x = 2, and as x — ^ 2 
the indefinite integral log jx — 2] — > — « . 

Suppose that we omit an interval with center at the singularity, 
in this case from 2 — a to 2 + a, and then let a — » 0. For any 
small a greater than zero we find 


and 


ir ^2 = 


a — 2 
0 

6 

2 -\-(i 


= log a - log 2, 


= log 4 — log a. 


(164) 

(165) 


Thus the sum is log 2, which approaches the limit log 2 when 
a — »• 0. The number obtained by this process is known as the 
principal value of the integral and is indicated by P, so that 



log 2. (166) 


The term Cauchy principal value is sometimes used, and tins 
symbol P is often omitted in technical literature. 

To show how contour integration may be used to find a 
principal value, we discuss a case. 


Example 6. 


I6 = P 



1 — e* 


dx, 


0 < p < 1. (167) 


OC 


This is the limit, for A 


and a — > 0 of 
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(168) 


2ri 


AV2Ti 



-a Q a 
Fjq. 96. 


/■ - O f A . pz 

/ ^ f{z)dz + / f{z)dz, where fiz) = 

The poles of f{z) are found from 

I — 0 “ — 0, z — log (1) = 0 ± 2kri. 

The pole at zero makes the integral divergent and necessitates 
the use of a principal value. 

Since the poles at 0 and 2Tri 
are on the boundary of the 
contour used in Example 4, 
we shall indent the contour of 
Fig. 93 at these points to ob- ~ 
tain the modified contour of 
Fig. 96. Since there are no 
poles inside the indented contour, we find 

^f{z)dz + fj{z)dz + l^f{z)dz + f^f(z)dz + j‘*ly(z:)dz 

+ i^j(z)dz + 

The reasoning used in Example 4 shows that when A — » oo the 
integrals along Si and S 2 each approach zero. And, using the 
substitution z = Z 2-7r^ as we did to deduce (147), we find 
that here 

f{z)dz + P^^^’‘s(z)dz 

jA + 2n ' J-a+2n ^ ’ 

— f,2pvi [/: 'lf(z)dz+ ( 170 ) 

By Eq. (108) the residues of f{z) at the simple poles 0 and 
27rf are 


im = 


QPZ 

— e‘ 


= — 1 and R(2Tri) = 


gj)* 

— eA 




2pvi 


2x1 


(171) 

Since Sa and Sa are each semicircles traversed clockwise, 
Eq. (162) applies and 


L /(2)<^2 = ■ 

—irtRiO) = Trf, 

(172) 

lim [ f(z)dz = 

a— >0 

-xiR(2Ti) = 

(173) 
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Now let A 00 and a — > 0 in Eq. (169), combining the first 
and third integrals to give the limit Je and using Eq. (170) to 
transform the sum of the fifth and seventh integrals. The 
result is 

Je + ri - = q. (174) 

We may solve this for Ze to obtain 

, 7rt’(e2p'‘ + 1) cos nr 

Ze = 7— = X ?; = IT -r— (175) 

sm px 




(175) 




dx = xcotpTT, 0 < p < 1. (176) 


We use this to evaluate the convergent improper integral 


j-« 1 


dx = x(cot pr — cot qr). 


(177) 


94. Two-dimensioi^ Flow. We wish to study the steady 
two-dimensional motion of an incompressible fluid in a plane. 
We consider a simply connected region R, in which there are no 
sources or sinks. Let the velocity of the particle at the point 
x,y be the vector 

+ 72 ( 3 ;, p)j. (178) 

A curve such as BB', tangent at each of its points to the vector 
(l(x,y) for that point is called a streamline. Now draw two 
curves from A = (a,b), a fixed point to .S = (x,y), any point 
in R. Since the fluid is incompressible, the amount of fluid 
crossing each of these curves C and C*, in the clockwise sens^ 
about A, will be the same. Let us calculate it for C. Since the 
vector 

ds = dxi A- dyj (179) 

is tangent to C, the vector 

n = dyi — dx\ (180) 

will be normal to C. And it is of length ds. Hence the flow in 

unit time across an element of C will be 

ds Projn q = n • q = qidy — q^x. (181) 

Thus the flow across AB will be 


S{x,y) = / ’ {-qzdx qidy). 

Ja,b 


( 182 ) 
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We write the limits only, instead of indicating the path, since 
the value does not depend on the path. Regarded as a function 
of x,y this flow in unit time is called the stream function. Fur- 
thermore, since no fluid crosses the curve BB' , the stream function 
will be the same at B and B'. And the streamlines will be those 
curves for which the stream function is constant. 



Since the integral in Eq. (182) is independent of the path, it 
follows from the condition (41) that 


^ = ^(-^2) _L ^ = 0 

dx dy dx dy 


(183) 


This is known as the equation of continuity. 

For the steady streaming of a fluid, the circulation along a 
curve is defined as the integral of the tangential velocity com- 
ponent times ds, or 

ds Projds q = ds • q = qidx -j- q^dy- (184) 

The circulation K about any closed curve Br bounding a 
region T is 

^ “ jsr “ jr 

by Green’s theorem (13). The quantity 

_ 1 _ dq\ 

^ 2\dx dy) 


(186) 
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is called the rotation, since <>i{x,y) is the angular velocity of an 
element of the fluid at x,y. If w = 0 for all points of the region 
considered, the motion is said to be irrotational. 

We now assume that our motion is irrotational, so that 


dqi ^ ^ 
dx dy 


(187) 


Then by Eq. (185), or Sec. 82, the circulation about any closed 
curve is zero, and the circulation along any curve joining two 
flxed points in K is independent of the path. In particular, the 
circulation along any path from A' — (a',b'), a fixed point to 
B — (x,y), any point in R depends on B only. Thus 


P{x,y) = {qidx + q^y) (188) 

defines a function of x and y. The total differential of P{x,y) is 

dP = qidx + qiidy and hence 


dx 


^ = 92 . (189) 


Since its partial derivatives are the components of the velocity 
vector, the function P{x,y) is called the velocity potential. 

By Eq. (182) the total differential of S(x,y) is 


dS 


— qidx + qidy and hence 


dx 


dS 


(190) 


A comparison of this ecpiation with (189) shows that 

^ M and ^ - 

dx dy dx dy 

These have the same form as the Cauchy-Riemann equations 
(67). It follows that the function F(z) obtained by setting 

Fiz) = P{x,y) + iS{x,y) (192) 

is an analytic function oi z x iy R. Thus the velocity 
potential and stream function are a pair of conjugate functions, 
with all the properties discussed in Secs. 85-87. In particular, 
they each satisfy Laplace’s equation. 

Any given analytic function F{z) determines a possible plane 
irrotational motion of an incompressible fluid, whose velocity 
potential and stream function are given by Eq. (192). 
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We note that, from Eq. (65) 


dz 


= r{z) 


dP , .dS 


(193) 


Hence the velocity vector corresponds to the complex number 

qi + ^92 = P'(z), conjugate to F'{z). (194) 

This fact may be used to find the velocity components if F(z) 
is given. For example, the function 

F{z) = c log z, c a real constant, (195) 

is analytic in any simply connected region R not including the 
origin. Here 

F'{z) — -7 so that qi + iq^ = F'{z) = I- (196) 

Zr Z 

Let us set 

z = re^^. z — and % = — ^ (197) 

z re”*® r 

This shows that the velocity is along the radius vector and that 
its magnitude is inversely propor- 
tional to r. 

We may consider such veloc- 
ities in the multiply connected 
region consisting of the plane with 
the origin removed. Then the 
flow corresponds to a source at 
the origin of strength 27rc, since 
fluid crosses any circle about the 
origin at a rate 

2xr = 2tc. 

If we wished to have the functions P{x,y) and S(x,y) as 
obtained from (192) exactly those of Eqs. (188) and (182) with 
A = (a,h) and A' = (a^]h') both at Zo, we would have to use 
c log z — c log Zo in place of F(z). However, additive constants 
in any of the functions P{x,y), S{x,y), and F{z) are usually 
unimportant, since the chief significance of these functions is the 
relation of their derivatives to the velocity. 
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To show how one flow may be mapped into another by a 
suitable conformal transformation, or analytic function, let us 
consider the relation 


z 



( 198 ) 


as a mapping of part of the xv plane on the upper half of the 
2 plane. The function takes the part of the u axis with \u\ > 1 


A 


BCD 
z - plane 



plane 


Fig. 99. 


into the part of the x axis with 1^1 > 1. And the unit semicircle 
B'C'D' in the xv plane goes into the segment of the x axis BCD 
(Fig. 99), since 


XV — makes z = + e“’®) = cos 6. (199) 

In fact, R', the part of the xv plane above A' B'C'D' E' is mapped 
on the upper half of the z plane. 

The flow with F{z) = Uz Avith U real has 

F'{z) = U, F(7) = U, qi = C/, ?2 = 0. (200) 

Thus it corresponds to parallel streaming, or streaming in the 

upper half z plane with velocity 
tangential to the x axis. 

Consequently the flow in the w 
plane given by 

nw) =!(«’ + 1 )- ( 201 ) 

will correspond to streaming in the 
region R' with the velocity tangential to the boundary 
A'B'C'D'E', or streaming past a circular barrier. The stream- 
lines shown in Fig. 100 are obtained from 



They are the images of y = k/U under the transformation. 



( 202 ) 
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A method of finding the proper transformation for simple 
polygonal barriers is given in Sec. 95. 

In discussing flow we have used the terminology of hydro- 
dynamics for the sake of concreteness. However, much of the 
discussion applies to the flow of electricity and heat. More- 




over, the conformal transformation of conjugate functions 
often simplifies the solution of Laplace’s equation in two dimen- 
sions for given boundary conditions. And that solution may 
represent velocity potential, electrostatic potential, magnetic 
potential, gravitational potential, or steady-state temperature. 

96. The Schwarz Transformation. There is a general expres- 
sion, due to Schwarz, for a function w{z) which will map the 



upper half of the z plane, where z = x iy, on the interior 
of a given polygon P in the w plane, where w = u iv. Call 
the vertices of the polygon in the w plane Wi, W 2 , ' • ' , Wn. 
And let their images on the real axis of the z plane be Xi, x^, 
■ ■ ' , Xn. The subscripts are chosen in such a way that 
iTi < a ;2 < • ' • < Xn. Then the vertices Wi, Wz, • • ‘ , Wn will 
necessarily follow around P in the positive direction, and there 
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will be a point I on the side WnWi which is the image of infinity in 
the z plane. Denote the interior angle of the polygon at Wk by 
j8fc. Then the exterior angle at Wk will be tt — jSfc. 

For any complex number, the polar angle B is the imaginary 
part of the logarithm, since z — implies log z = log r + id 
or 

I log z = 9. 

m 

As X passes along any segment Xk~iXk, Az = Ax is real, while Aw 
along Wk-iWk makes the constant angle Bk with the positive 
u axis. Hence 


Similarly 


T 1 Aw _ , dw 
Ilog^ = Ilog-^ 


Bk along Wk- iWk. 


(203) 


I log -^ = Bk+i along w*w*+i. (204) 

Thus when z passes along the x axis through Xk, 

I log ^ changes by ( 0^+1 — Bk) = (tt — ^k) at Xk. (205) 

Let us seek a function that behaves in this way. Now a: — Xk 
is negative before x reaches Xk, and positive after Xk. Since it 
rotates through — ir in the upper half plane, it follows that 

I log (z — Xk) — I log {x — Xk) changes by — x at Xk. (206) 

And 

I log {z — Xk)^’’ changes by —pkT at Xk. (207) 

If we set 

-Pkir = (r - ^k) or p, = ^ - 1 , (208) 

TT 

we obtain the function 

(z - Xk)’’’^, pk = - - 1. (209) 

TT 

This suggests that dw/dz Jias the form 

^ = G (2 - Xi)p^{z - Xi)p^ • • • {z — Xn)^’', (210) 

so that 

w — G j {z — xi)^^(z — ' ' ' (z — Xn)^dz -f- A, (211) 
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Here G and A are complex constants, and 

Pfc = ^ - 1. (212) 

TT 

In fact, for any value of the constants involved, the function 
w{z) obtained from ( 211 ) will map the x axis in the z plane on 
some polygon P* in the w plane. And at Wk, the image of Xky 
the interior angle of the polygon will be jS/., related to the pk by 
(212). For the angle made by Aw with the positive u axis will 
be constant along the image of each segment Xk-iXk and will 
increase by ir — jS* at each vertex Wk. 

The constant of integration A determines the position of P* 
with respect to the origin, so that changing A displaces P* 
parallel to itself. ^ 

The constant G — determines the size and orientation 
of P*. To change the size by a given constant scale factor, we 
multiply g by this factor. To rotate the polygon through a 
constant angle about the origin, we add this constant to 7 . 

The constants Xk determine the ratios of the sides of P*. If 
any three of the Xk are chosen at random, the remaining n — 3 
may be so determined that P* has the shape of any polygon with 
interior angles /3fc. This is related to the fact that the shape of a 
polygon of n sides with given angles depends on n — 3 parameters. 

The foregoing discussion makes plausible the following prop- 
erties of the Schwarz transformation [Eq. (211)], which we state 
without proof. 

I. With any three of the Xk chosen arbitrarily, the remaining 
constants G, A, and the Xk in ( 211 ) may be so determined that 
the function w(z) maps the x axis on the boundary of the polygon 
P, each traversed in the positive sense. 

II. This function w(z) will then map the points of the upper 
half z plane on the points of the interior of the polygon P in the 
w plane in a one-to-one manner. 

The form of dw/dz shows that all its singularities are on the 
real axis and that it is never zero in the upper half z plane. Hence 
the function w{z) is analytic, and the mapping is conformal at 
all points of the upper half z plane. Moreover, the inverse 
function z = z{w) obtained by solving w = w{z) is analytic at 
all points inside the polygon P in the w plane. 



238 


LINE INTEGRALS 


The transformation may be applied in some cases where the 
polygon P does not have all its vertices located in the finite 
part of the plane, as will be seen from our examples. 

Example 1. Let the polygon P be the opening between two 
straight lines, making an angle jS. Here there is just one finite 
vertex, so that we may take = 0, and 


Thus 


^ 1 

Pi = p = - - 1. 

TT 


^ = GZ^, IV = — + A. 
dz P + 1 


(213) 

(214) 


We take A = 0, which makes w{0) = 0, and hence Wi = 0. 
And we set the coefficient (j/(p + 1) = c and take c real. This 
makes the positive u axis the image of the positive x axis. This 
leads us to the transformation * 


w — cz"^, 


m = p + 1 


I 

TT 


(215) 


Since the lines y = constant in Fig. 103 are the streamlines 
for parallel flow in the upper half z plane past the x axis, their 


Yi 


X 








0 

X 


z- plane 


Fig. 103 . 



images under the transformation (215) will be the streamlines 
for flow around two straight barriers meeting at an angle |8. 
For a particular m and any convenient choice of the scale fac- 
tor c, the image oi y = yo may be obtained from 


w — c(x -j- iyo)”". (216) 

A series of values of x, inserted in (216), will yield a series of 
values of w — u iv and hence of points u,v on the image curve. 

Some of these curves are shown in the figures. For flow inside 
a 45° opening, /S = 7r/4 and m = 34 (Fig- 103). For flow inside 
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a square corner, jS = ir/2 and m = ^ (Fig. 104). For flow out- 
side a square corner, /3 = 3 t/ 2 and m — ^ (Fig. 105). For 
flow around the two sides of a single barrier, ^ = 2t and w = 2 
(Fig. 106). 



w- plane w- plane 

Fiu. 106. Fig. 107. 

Example 2. Let us consider the limiting case of the polygon 
of Example 1 obtained by letting jS — > 0, while uh moves to 


infinity. 

When ^ - 

0 in (213), p — + — 1 and 



dw 

dz 

= Gz~^, V) ^ GXogz A- A. 

(217) 

With A -■ 

= 0 and G 

= c, a real constant, this becomes 




w = c log z. 

(218) 


This maps the space between the lines p = 0 and p = ttc in the 
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w plane on the upper half z lane. The images of the curve.'" 
y = constant, the streamlines of a flow along one plate and back 
along a parallel plate are shown in Fig. 107. Here c depends on 
the distance between the parallel barriers. 

Example 3. In Eq. (218), let us put c = 1 and interchange 
w and z. The resulting transformation is 


z = log w or w = e‘. 


(219) 


This maps the region between y = 0 and y = nr on the upper 
half w plane. As it also maps the region between y = 0 and 
y = —IT on the lower half w plane, we may use it to map the strip 
of the z plane between y — —w and ^ = r on the entire w plane. 



c - plane 
Fig. 108. 



w- plane 
Fio. 109. 


The images of the lines x = constant are concentric circles. 
Thus flow across the strip of Fig. 108 is transformed into circu- 
lation about the origin in the w plane (Fig. 109). And the 
images of the lines y = constant are the straight lines through 
the origin. Thus flow along the strip of Fig. 108 is transformed 
into flow from a source, or into a sink, at the origin in the w 
plane (Fig. 109). This last is the flow of Fig. 98, obtained from 
Eq. (195). 

Example 4. Let the polygon P be bounded by three straight 
lines with two square corners (Fig. 110). Then 

iSi = /32 so that Pi = P 2 = - (220) 


Hence, if we take = — 1 and = I, we shall have 


^ = G(z + l)-^(z - 1 )-^ 
dz 


G 


i -y/ l — 


( 221 ) 
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= j sin~^ 2 + A, or w — c sin"^ z, (222) 

if we put A = 0 and G/i — c, & real constant. This maps the 
segment of the u axis between — C7r/2 and cir/2 on the segment 
of the X axis between — 1 and 1 . Thus the semiinfinite rectangle 
of Fig. 110 is related to the axes as shown. The curves sketched 
are streamlines for flow along the sides of the rectangle, the 
images of the lines y ~ constant in the z plane (Fig. 111). 



w- plane 
Fig. 110. 




I 








-1 0 

1 


z - plane 
Fig. 111. 


Example 5. In Eq. (222) let us put c = 1 and interchange 
w and z. The resulting transformation is 

z — sin“^ w or w = sin z. (223) 

This maps the region with — 7 r /2 ^ a: ^ x/2, y ^ 0 in the z 
plane on the upper half w plane. As it also maps the region with 
— 7r/2 ^ X ^ 7r/2, ^ ^ 0 on the lower half w plane, we may use 
it to map the infinite strip —Tr/2 ^ x ^ 7r/2 on the entire 
w plane. The images of the lines y = constant are confocal 
ellipses with foci at w = —1 and ir == 1. They are the stream- 
lines for flow about a barrier in the w plane (Fig. 113) along the 
part of the u axis between —1 and 1. The images of the lines x 
constant are confocal hyperbolas with foci at tr = — 1 and w = 1. 
They are the streamlines for flow around two barriers along the 
u axis, separated by a slot from — 1 to 1 through which the flow 
takes place. 

Example 6. Let us start with the strip of Example 2 (Fig. 
107), which had one angle zero at infinity. And consider the 
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m 


strip formed from it by folding back the right half of the upper 
edge about any point of this edge, along itself to give an angle 
27r. Thus 

/3i = 2 t, 182 = 0, so that Pi = 1,P2 — —1. (224) 

I Y, , 



w- plane z- plane 

Fig. 114 . Fig. 116 . 


And, if we take Xi = — 1 and — 0, we shall have 
^ = G{z + l)z“^ = G' w = G(z + log z) + A. (225) 

With A = 0 and G = c, a real constant, this becomes 

w = c(z + logz). (226) 

The image of Xi = — 1 is Wi = c( — 1 + tti), point B in Fig. 114. 
And the segments AB (upper side), BA (lower side), CD in the 
w plane (Fig. 114) are mapped on the segments x < — I, 
— l<x<0, a;>0of the x axis in the z plane (Fig. 115). 
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Example 7. Let us combine the transformation of Example 3 
with that of Example 6. With Z in place of w, Eq. (219) is 

z = log Z‘ or Z = e^. (227) 

And with Z in place of z, Eq, (226) is 

w = c(Z + log Z). (228) 

The result of eliminating Z from these equations is 

w = c{e^ + z). (229) 

The lines y = constant in the upper half z plane are mapped by 
(227) into the lines radiating out from a source at the origin 
in the upper half Z plane. Then by (228) these lines are mapped 
into the streamlines for flow from 
a source at infinity in the chan- 
nel between AB and CD, flowing 
through the channel and fanning 
out into the upper half plane. 

The transformation (229), like 
those of Examples 3 and 5, may 
be extended symmetrically into 
the lower half plane. Thus the 
images of the lines y = constant 
in the z plane by the transforma- 
tion (229), shown in Fig. 116, give 
the streamlines for flow out of a 
channel. This transformation is also used in connection with the 
electrostatic field near the edge of a parallel plate condenser. 

96. References. For further details on the applications of 
line integrals and complex variables, the student may consult 
The Elements of Aerofoil and Airscrew Theory by H. Glauert, 
Complex Variable and Operational Calculus with Technical Appli- 
cations by N. W. Mclachlan, Conjugate Functions for Engineers 
by M. Walker, and Theory of Functions as Applied to Engineering 
Problems by Rothe, Ollendorf, and Pohlhausen. 

Justification of the calculations on residues used here will 
be found in the author’s Treatise on Advanced Calculus, Chap. 
XIII. A comprehensive text on complex variables which 
includes the Schwarz transformation is the Vorlesungen ilber 
allgemeine Funktionentheorie und elliptische Funktionen by 
R. Courant and A. Hurwitz. 



w - plane 
Fro. 116. 
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EXERCISES V 

Calculate {2yHx — 3xy dy) over the path Ci along y — 2x 
and also over C 2 along y^ = Sx. 

yb. Calculate ^ {2xy dx + ZxMy) over the path Ci along x‘^ = 9y 
and also over C 2 along x = Sy. 

Calculate ^ (4y dx 4-'2a; dy) around the circle x = cos t, 
y = sin L 

4. Calculate ^ (2y dx — 5x dy) around the ellipse x = 4 cos t, 
?/ = 2 sin t. 

6. Calculate ^ (3y dx A- x dy) around the square with vertices at 
(0,0), (1,0), (1,1), (0,1). 

6. Check Prob. 1 by transforming the integral over Ci — C 2 by 
Green’s theorem and evaluating the double integral. 

7. Check Prob. 2 by the method of Prol). (>. 

8. Prove that {ay dx + bxdy) = (6 — a)Ar, where Ar is the 

area and Br the boundary of the region T. 

9. Use Prob. 8 to check Probs. 3, 4, and 5. 

Using Eq. (20), find the area bounded by 

10. The ellipse x = a cos t, y = b sin t. 

11. The four-cusped hypocycloid x — a cos® t, y = a sin® t. 

12. The lines y = 0, x = —a, and the involute, 0 < t < tt, 

X = a(cos t A- i sin t), y — a(sin t — t cos t). 

13. The epicycloid of (n — 1) cusps, 0 < t < 27r, 

X = a{n cos t — cos nf), y = a{n sin t — sin nt). 

14. The hypocycloid of (n + 1) cusps, 0 < f < 27r, 

X = a(n cos t + cos nt), y — a{n sin t — sin 7it). 

16. The loop of the strophoid, —'k/4 < ^ < x/4, 

X — a cos 2t, y = a tan t cos 2t. 

For each of the following exact differential expressions, find an 
indefinite integral F{x,y) whose total differential dF equals the given 
expression: 


16. (x® + I2x^y)dx + X2y + 4x^)dy. 
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17. {x^ + dx y dy). 

18. (e* + ei')dx + (1 + x)e’>dy. 
(x + cos y)dx + {y 


19 

20 . 

21 . 

22 . 


y dx — X dy , , 


X^ 


X sin y)dy. 

( 0 , 0 ). 


— w dx + X dy . „ , , 

Ax^ — y^ 

ax"‘?/'‘[(/« + \)y rfx + (n + '^)x]dy, m > 0, n > 0. 


23. If the potential energy is U{x,y) — k{x^ + y^)~^, show that the 
force is an attraction toward the origin inversely proportional to the 
square of the distance. 

24. With the notation of Prob. 62 of Exercises III (page 137), let 

ds = iidr + jir dd. Hence if the force is F —‘"Fai + FeUf the element 

of work is dW = Frdr + rFedd. Deduce from this that if there is a 

potential energy function U(r,d) such that dU =■ —dW, then as a con- 

„ dV IdU 

sequence Fr = — F9 

dr r dd 

26. Check Prob. 23 by using Prob. 24 with U = k/r. 

26. For an ideal gas, Eq. (50) holds and pv = RT, R constant. 
Assume that dQ = cdT p dv, c constant. This means that for 
dT = 0, dQ = p dv. And for dv = 0, dQ/dT = c, the specific heat at 
constant volume. Derive the equation dQ = (c -{■ R)dT — v dp, and 
use it to show that the specific heat at constant pressure C is constant 
and equal to c + 

27. From pv — RT, dQ = c dT + p dv, and c R = C, Prob. 26, 

deduce that dS = ^ = c— -f-C— • Hence show that the change in 
T p V 

entropy along any path from pa,vo to p,v is 


S{p,v) - S{po,Vq) = c log p + (7 log — c log Po - C log v^. 


28. An adiabatic (uirve in the pv diagram is one on which dQ = 0. 
Hence dS = 0, and the entropy is constant. Show that for the system 
of Probs. 26 and 27 the adiabatic through po,yo is pc*= = po^o*, where 
k — C/c = 1 + R/c. In air k = 1 .4 and the adiabatic is py* '* = pot^o^-^. 


For each given J{z) find the conjugate functions %i{x,y) and v{x,y) 
such that f{x + iy) = w + iv. Also verify directly that Eqs. (67), 
(7p, and (74) hold ^ ^ 

2^ (2 + 3f)2. 30: 31. ^ Z2.J^. 

3;3.'l5in 22. cos 2. 3§{^inh 2. 30fcosh 82. ^ 

Verify that the given function satisfies Laplace's equation, and find 
f{z) such that f{z) = u iv ia.analytic if ^ 

u = X + 2y. 38r u = &xy. sin yy^ 

= cos X sinh y. = Qx^y — 2//^. 42/ v — &> cos x. 
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43. Let w = f{z) be analytic. Write z = in w = u + iv so 
that /(re**) = u{r,d) iv{r,d). Show that when 0 is constant ds: = e**dr 

and — = e-’* (— 4- i And that when r is constant the relations 
dz \dr dr/ 


are dz = ire'HQ and ~ = e~*^ ~ ^ 

dz \ r dd r dd/ 

44. Use Prob. 43 to derive the polar form of the Cauchy-Riemann 

du I dv j dv \ du 
equations = rFe ¥r ~ ^ rM 

46. Check Prob. 44 by finding the condition for exactness of the real 


f(z) fdv \ 

and imaginary parts of - „ - dz = {u iv) ( -r + i dO )• 

Z \ f / 


46. By eliminating v from the equations of Prob. 44 show that 

4- = 0. This is the polar form of Laplace’s equation. 

002 


f(4“) 

dr \ or / 


Also show that r 


dr 




- i - ^^2 


. For each given /( 2 ) find the conjugate functions u(r,d) and v(r,d) such 
that /(re*») = u 4- iv. Also verify directly that the equations of 
Probs. 44 and 46 hold. 

47. log z. 48. 4t log z. 49. Ziz"^. 60. 22*. 

61. 1/z. 62. 2*4, 53. 5 e 2 t 2 ;, 64 . a, A, p, real. 


Find the value, over any path Joining the given end points, of each of 
the following integrals : 

n r 2 +i f^TTi 

66. L (42* + 42)d!2. 66. (z - 2)Hz. 67. j . e^dz. 

Calculate each of the following integrals over the path Ci, the upper 
half of the circle x‘‘ 4- y* = 25. Also over C 2 , the lower half of the same 
circle. 


68 . f! 


5 22 + 3 


dz. 




' 2 dz 

5 2 * — 1 



dz 


2 - 1‘ 


61. Check the last three problems by using the residue theorem to 
evaluate each integral over C 2 — Ci. 

62. Show that, over any path not 'passing through the origin, 



Compare Prob. 37 of Exercises IV (page 189). 


,, , If f{t)dt 

63. Prove Cauchy’s integral formula, f{z) = ^ ^ where 

C, denotes a positive circuit about 2 , and Qz is inside some region in which 
/( 2 ) is analytic. Hint: Replace t, z, Cz by 2 , a, C„ and apply the residue 
theorem to the integral. 
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64. With the notation of Prob. 63, prove that the nth derivative of 
f ( z ), Prob. 63 and compute 

the residue by Eq. (109). 

66. Let/(2) be analytic inside 7’ and on Br. Assume that/(2:) ^ 0 
on Bt, and let N denote the number of roots of /(z) = 0, or zeros off(z), 
inside T, where a zero of order m is counted m times. Show that 

~ Jbt f (^ w-fold zero at the point a, 

S(z) = (2 - a)-9(2), gia) ^ 0. Hence ^ Now 

apply the residue theorem to this function, using a circuit C in which 
g ( z ) 7^ 0. 

66. Let/(2:) be analytic inside T and on Bt. Assume that/fz) 9 ^ 0 
on Bt and that/fz) = 0 has only one simple root a inside T. Show that 

^ ~ 27a' Jbt integrand has a simple pole at a, 

with B(a) = a. 

Using complex integration as in Sec. 91, verify that 


fo 5 

^ L a 


dx _ T 
5 — 4 cos X ~ Z 


+ 6 cos a: ^'^2 _ 52 


lo (5 


} a > ]51. 


dx 5t 

4 cos ” 27 


sin^ X dx 


1 . 

4 JO 


sin"* X dx = 


/. 


TT 1 • 3 • 5 • • 
cos'" xdx~^ 274-0- 


16 

(2n - 1) 
^ • 2 n 


n a positive integer. 


0 ( x ^ 4- a ^){ x ^ + 52) 2 ah{a + h ) 


w: /» 


dx TT 

+ 1 ” 2 V2* 


a > 0, 6 > 0. 

°° X'^ dx IT 

^8 +1 ^ 6 ' 


dx TT 

6x2 + 25 “ 


/■ " dx 
Jo X* -6x2 + 2 

f “ cos mx , 

h = 

„„ f * X sin mx , 

77. L —5—1 — o dx = 

Jo + x2 


Hint: x* — 6x2 + 25 


(x2 + 5)2 - (4x)2. 


a > 0, m > 0. 


0 ^2 ^ ^2 ~ 2 ^ > 0 , > 0 . 

r cos mx . TT . , • N ^ A 

0 ’ 4 ' 4!"^ ax = g (cos m + sm m), m > 0. 
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79. From Prob. 69, by differentiation with respect to a, deduce that 

da; TO. 1,1 -.T 1 ■ , , T-. , 

h laTbcosxy = W^y'‘ *" 

80 . Using complex integration as in Sec. 92, show that 
f ” sin mx , tt 

Jo ~ ~ ^ 0 > 0, tn > 0. 

81 . Check Probs. 76 and 77 by differentiating the result of Prob. <S0 
twice with respect to m. 

82 . From Prob. 80, by differentiation with respect to a, deduce that 

f " sin mx , / 2 + am \ ' 

Jo xia"^ + x-)^ ~ 2«" V 2 ^ ^ ^ 

f ^ TT 

83 . Show that the integral L — , = 7 — — r-, if 

^ JO 4- 1 4- 1 \ 


x’’'dx 

x^'~\ 


. /m + 1 Y 

\-T- 


0 < w + 1 < 71. Hint: Make the substitution x"' = t and use Eq. 
(150). 

84 . Use Prob. 83 to check Probs. 73 and 74. 


86 . Show that 


dx — sec a, 


J - » cosh TX ’ 2 

Make the substitution 27rx = t and use Ecj. (151). 

f “ \/ TT 

86 . Given er^^dx = ~2 ’ deriveil in Prob. 


TT TT 

n < a < o" Hint: 


e~^^dx = —K > deriveil in Prob. 82 of Exercises IV 


(page 193), show that cos 2hx dx == - ^ Hint: Integrate 

around a rectangle bounded byy = 0, 7j — b,x = —A,x — A. 

87 . Using the integral given in Prob. 86, deduce that 


cos xhlx 


= /o 


sin xHx = 


\/27r 


Hint: Integrate around 


the sector of the circle of radius A bounded by the lines y = 0 and y = x, 
together with a circular arc Sa- As A — > oo , the integral on Sa 0| 

On ^ = 0, the integral approaches e~^'‘dx = on ^ = x, 

1 + f 

if we put z = ^ tbe integral approaches 

f » f 1 4- f 

Jq e~*^dz = Jq (cos — i sin dt. 

88. If a two-dimensional flow has q = —ayi -f ax}, show that the 
rotation defined in Eq. (186) is constant, w = a. By Sec. 52, the fluid 
is moving like a rigid plane rotating about the z axis with angular 
velocity a, since ak X (xi + ?/j) = —ayi A axj. 

89 . For a steady plane flow with no external forces, 

dqi dqi I dp dq2 . dq^ \ dp 

- --gj. Herep(»,!/) 
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is the pressure in pounds per square foot and p = D/g is the constant 
density in slugs per cubic foot. Assume that the motion is irrotational 
so that by Eq. (187) dq-z/dx = dqi/dy. Deduce from these equations 

that dp = —piqidqi + q^dqz) and hence that p = — ^ {qi^ + ? 2 *) + c. 

90. If the motion of Prob. 89 is related to F{z) by equation (192), 
show that the pressure p = — ^ \F'(z)\’^ + c. 

91. Show that S(x,y) = + 2xy — y‘^ — x — y determines an 

irrotational motion, and find P(x,y) and F{z) = P iS. At what 
point is the fluid at rest? 

92. Find the pressure difference between (0,0) and (5,10) for the 
motion of Prob. 91, if the conditions of Probs. 89 and 90 hold and (a) 
the fluid is water with p = 1.93 slugs/ft.®, (b) the fluid is air with 
P = 0.00238 slug/ft.=* 

Using Eq. (194) and Prob. 90, find the velocity components qi, q^ and 
the pressure p for the fluid motion determined by each of the following 
functions F{z) : 

93. z. 94. z"^. 96. e\ 96. — cos z. 97. sinh z. 


98. As in Prob. 24 write ds = iidr -}- jir dO. And let the velocity 
q = qAi. + 9eji. And if K is the circulation of Eq. (185), show that 


K = iq4r + rqedd) = j^(^qe + 

= / 2wr dr dd. Deduce that co = 
JT 


dqe _ dqr \ 
dr de) 


dr dd. Also that K 


— f 2cor dr dd. Deduce that co = 75 (— + Eor irrota- 

JT 2\r dr rddj 

tional motion, co = 0, and there is a velocity potential P(r,d) such that 

dP — q4r + rqed,d, and hence qr = qe — 

99. With the notation of Prob. 98, n of Eq. (180) is iir dd — jidr. 

Show that the stream function S{r,d) is the integral of —qedr + Tqrdd, 

, , dS 1 dS 

and hence qe = “ = 7^' 

100. Show that the functions P and S of Probs. 98 and 99 satisfy the 

dP 1 dS , dS .1 dP u .V. 

equations ~ rWd "dr ~ ~ r Ihese have the same form 

as those derived in Prob. 44. 

101. Using Probs. 43, 99, and 100 show that the polar components of 
the velocity may be obtained from F{z) — F{re'^) = P{r,d) + iS{r,d) 
by means of the relation e'^F'{z) = qr — iqe. 

Using Probs.* 101 and 90, find the velocity components qr, qe and the 
pressure p in terms of r and d for the fluid motion determined by each of 
the following functions F{z): 

102 . log z. 103 . z*. 104 . 1/z. 105 . 2^. 106 . 2 ”*, m real. 


1 ^’ ^ 1 ^ 

r dd dr ~ rdd' 


These have the same form 
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107. If F{z) = log {z — • • • (2 — an)*" show that the flow 

with P + iS = F{z) has a “source” with strength 2 irkp at 2 = ap. If 
the sum of the A:’s is not zero, we must think of an additional “source” 
at inflnity of strength — 2ir(fci + A:2 + • • • + A:„). A “source” of 
negative strength is a sink. 

108. Plot by points the streamline S = 1 if P(2) = log (2^ — 1). 

Z 1 

109. Show that if F{z) = log . . , the streamlines S = constant, 

as well as the equipotentials P = constant are “circles,” including 
straight lines as degenerate cases. 

110. If F{z) = —ic log 2, show that the streamlines are circles about 0 , 
and that the circulation around Co, any positive circuit about O, is 2tc. 

111. Show that F{z) = 6(2 + (P/z), for |2| > a, corresponds to 
streaming past a barrier in the form of a circle of radius a. The velocity 
at infinity is b, since for 2 large, F (2) is nearly bz. 

112. Probs. 110 and 111 show that F{z) = —ic log z A-b(z + oP-/z) 
corresponds to streaming past a circle of raduis a, combined with circula- 
tion 2xc around the circle. Plot the streamline iS — lifa = 6 = c= l. 

113. Plot, by points, the curve in the w plane which is the image of 
the circle {x — 0.2)^ + (?/ — 0.3)‘'^ = 1.53 under the transformation 
w = 2 -j- 1/2. Hint: For any point on the circle, measure r, calculate 
1/r, and plot I/2 with polar coordinates 1 /r, 6 . Then add to 2 by the 
graphical construction of Sec. 6. 

The curve is an example of the Joukowski airfoil. It is possible to 
find the streamlines for flow past it by first finding them for the circle as 
in Prob. 112 and then mapping them on the w plane by tc = 2 -f- 1 /z. 

114. Plot the streamlines of liquid flow from a channel obtained as the 
images of i/ = 0, 7r/4, x/2 under w = c* -b 2. 

116. Plot the lines of force of a parallel-plate condenser, obtained as 
the images of a: = 0, 1 under w = e* -f 2. 

{ z dz ^ 

116. Show that the elliptic integral w = I 

^ V(1 - z^)(l - 

k < I, maps the upper half 2 plane on a rectangle in the w plane. The 
points Xi = — 1 /k, Xi =■ —1, Xz ■= 1, Xi = \/k go into the vertices 
tci = — A -f- iK', Wi = —K,W 3 = K,'Wi = K + iK', where 



dx 

V{l-x^){l-k^x^) 


and 



lA 

^/ (x^ 


dx 

1)(1 —kH'^) 


117. Let t be any real or complex number not equal to 0 or + kir, one 
of the poles of cot 2. For any integer n such that nx > |<1, let >S„ be the 
square whose sides are x = ±i(w -f- J'i)x, y = ± (n -f Show that 

71 

k (“* " - r)(r^( -1 ) (cot ( - 
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As n — > 00 , the integral on Sn — > 0. Assuming this, deduce that 


1 “ 

• cot « - 7 = X 


2t 

12 — nV 


118. By integrating the result of Prob. 117 from 0 to z, show that 
log = 2 log and hence 



CHAPTER VI 


THE GAMMA FUNCTION 
AND RELATED DEFINITE INTEGRALS 

The Gamma function, a generalization of the factorial function, 
is defined by an integral between fixed limits which contains the 
independent variable as a parameter. In this chapter we discuss 
the Gamma function and certain integrals expressible in terms 
of it. 

97. The Gamma Function. The integral 

x/~^e~^dx ( 1 ) 

is improper because of the infinite limit and, if p < 1, because 
of the discontinuity for a: = 0. However the tests of Sec. 72 
show that the integral converges whenever p > 0. For positive 
values it defines the Gamma function of p, r(p). Thus 

r(p) = x^^e~^dx, p > 0. (2) 

If we integrate by parts, we find that 

f x‘‘e~^dx ~ — + P / x^~^er^dx 

— P Jq x^^e~‘‘dx, (3' 

since the integrated part is zero at the upper limit by Eq. (224^ 
of Sec. 17, and at the lower limit because x^ = 0. By the defini- 
tion [Eq. (2)], Eq. (3) may be rewritten as 

r(p -b 1) = pr(p). (4) 

If we replace p by p — 1, this becomes 

r(p) = (p - i)r(p - 1). (5) 

For p = 1, we have 

r(l) = er^dx = — ^ =1. (6) 

262 
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It follows^y Eq. (5) that 

r(2) = ir(l) = 1 ; r(3) = 2r(2) = 2 • l; 

r(4) = 3r(3) = 3 • 2 • 1 . (7) 

Continuing in this way, we find that for any positive integer n, 

r(n) = (n - l)(n - 2) • • • 3 • 2 • 1 = (n - 1) ! (8) 

and 

r(n + 1) = n(n - 1) • • • 3 • 2 • I = n! (9) 

where n!, read “factorial n,” is the product of the integers from 
1 up to n. This shows that the function r(p + 1) is a generaliza- 
tion of p\, originally defined for integral values only. And many 
expressions involving factorials of positive integers may be 
extended to other values by defining 

p\ = T(p + 1) (10) 


when p is not a positive integer. The usual definition of 0 ! as 1 
is a special case, since it makes 0! = r(l)- 

Suppose that the values of T{p) are known for all values of 
p in some unit interval, e.g., 1 ^ p ^ 2. Then by using Eq. (5) 
we may find the value of T(p) for any p in the next unit interval, 

2 < p ^ 3, since this makes 1 < p — 1 ^ 2. Similarly, we 
may from these find the value of r(p) for any p in the interval 

3 < p ^ 4, and so on for all values of p > 1. 

Or we may, by repeated use of Eq. (5), deduce that 


r(p) = (p - l)(p - 2) ' • • (p - n)r(p - n) (11) 

for any positive integer n less than p. Then for any p > 2, 
p — n will lie in the interval .1 ^ p — n ^ 2 if w is the integer 
between p — 2 and p — 1. 

The solved form of Eq. (4), 


r(p) = 


r(p + 1 ) 



V 


( 12 ) 


may be used to find the value of r(p) if 0 < p < 1. 

We use Eq. (4), or its equivalent (12), to define the Gamma 
function for negative values of the argument. Thus we may 
regard Eq. (12) as giving the value of r(p) for — 1 < p < 0, 
in terms of T{p + 1) with 0 < p + 1 < 1. The values for 
— 2 < p < — 1 are then determined from those for 


-l<p + l<0, 


and so on. 
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Or we may by repeated use of (12) deduce that 


r(p) = 


r(p + n) 

p(p + 1) • • • (p + w - 1) 


(13) 


for any positive integer n. Then for any p < 0 and not a nega- 
tive integer, p -h n will lie in the interval 1 <p-i-n<2ifwis 
the integer between — p 1 and — p -f 2. Equation (13) shows 
that r(p) becomes infinite as p approaches zero, or any negative 
integer. 



Graph of tho Gamma function. 

Fig. 117 . 

We illustrate the remarks just made by computing the values 
of r(3.2) and r( — 1.2) from a table of values of logio r(p) for 
1 < p < 2, as given in Peirce’s Tables. We have 

r(3.2) = (2.2)(1.2)r(1.2), logio_r(1.2) = 1.9629 
logio r(3.2) = 0.3424 -h 0.0792 -b 1.9629 = 0.3845 

r(3.2) = 2.424. (14) 

r(-1.2) = 2) (-0.2) (0.8)' __ "" IMQl 

logxo r(-1.2) = 1.9691 - (0.0792 -b 1.3010 -f 1.9031) = 0.6858 

r(-1.2) = 4.851. (15) 

By computing a sufficient number of values in this way we may 
construct the graph, as shown in Fig. 117. 
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98. The Beta Function. The integral 

x^^(l — x)‘^~Hx (16) 

is improper because of the discontinuity at a; = 0 if p < 1, and 
because of the discontinuity at 1 if g < 1. However, the tests 
of Sec. 72 show that the integral is convergent if p > 0 and 
O' > 0. For positive values it defines the Beta function of p and 
q, B(p,^). Thus 

= Iq “ x)^Hx, p > 0, 9' > 0. (17) 

We may express the Beta function in terms of Gamma func- 
tions by the following device. Put x = y^, dx — 2y dy in Eq. (2) 
to obtain 

P(p) = Jq xP~^erHx = 2 y^^^e~^dy. (18) 

From this, on replacing p by g and y by x, we find 

r(^) = 2 x^^h-^^dx. (19) 

It follows that 

r(g)r(p) = 4: x^'^~^e~^^dx y‘^^h~^^dy. (20) 

We may regard the repeated integral on the right as a double 
integral over the first quadrant. To change to polar coordinates, 
we replace dx dy by r dr dd and obtain 

r(g)r(p) = 4 dd (r cos sin dr 

= 1^2 ^ 1^2 cos^®~^ 6 sin^^^^ d dd^. (21) 

With p -f- 9 in place of q, and r in place of a:, (19) becomes 

r(p -f- ?) = 2 r2(p+9)-ie-’-*dr. (22) 

And the result of substituting 

X = sin‘^ d, 1 — X = cos® d, dx — 2 cos d sin d dd (23) 
in Eq. (17) is 

^(p,^) = x^^(l — x)^^dx = 2 cos®«”^ d sin^^^ddd. (24) 
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A comparison of Eqs. (21), (22), and (24) shows that 
r( 9 )r(p) = r(p + qWv^q) and hence B(p,^) = (25) 


This enables us to reduce the evaluation of the Beta function to 
the calculation of Gamma functions. The symmetrical form 
shows that B(p,g) = B{q,p). 

If we put p = q = }^ in Eq. (25) and then use Eqs. (6) and 
(24), we find 

r(4)r(i) = r(i)B(4,i) = 2 fj'" de = t. ( 26 ) 

Hence 

[r(i )]2 = T and r(i) = v^. (27) 



The value of the Gamma function for 
any p that is half an odd integer may 
be deduced from this by using Eq. 
(11) when p = n + 3^^ and Eq. (13) 
when p = — n + 3^^. 

99. Dirichlet’s Multiple Integrals. 
Consider the double integral of 
over the triangle defined by 

•r ^ 0, y ^ 0, X y ^ 1. (28) 


The integral equals 



x^y^dy 


Q 


- f‘ 

+ 1 jo 


37^(1 — x)^'^^dx 

1 


Q + 1 


B(p + 1, Q + 2) (29) 


by Eq. (17) with P + 1 in place of p and Q + 2 in place of q. 
By Eq. (25) the right member is 

1 r(P + 1)T(Q + 2 ) r(P + 1)T{Q 4- 1) ...s 

Q+l r(P + Q + 3) r(P + Q + 3) 


by (4) with p replaced by Q + 1. Hence, 



x^y^dy 


r(P + l)r(Q + 1 ) 
r(P + Q + 3) ' 

P > -1, Q > -1. 


( 31 ) 
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The double integral of over the area defined by 


* a 0, y S 0. + (ij* s 1 (32) 

may be deduced from (31) by a suitable change of variables. 
For if 


©■ ' - 


X — y = (33) 


I 

0 Jo 


b[l-(x/a)^]^/B 


x^y^dy 


aP+y+ 

~'AB 


(,*+■ f' ^±i-. 

- I du I u ^ V ^ 

^ Jo Jo 

_ V d / V B ) 

V ^ B 


U A y B 


F > -1, Q > -1, (34) 

by Eq. (31). 

Similar results hold for integrals of this type in more than two 
variables. Thus 


'' .X r 

0 Jo 


x^y^z’^dz 


/;,/x/y'xv''--^:^f-‘</y. (35 


But, if y = (1 — x)u, 


y^(l -X- yY+^dy = (1 - a;)«+"+2 / M,e(l - 7iy+^du. (36) 


Since the integral in w is B(Q + 1? ^ + 2), the triple integral in 
(35) is 


B(Q + 1, fl + 2) n 

^ + 1 Jo 


— - J x^(l — x)^^'^^dx 

_ B(Q + 1,R + 2)B(F + 1, Q + + 3) 

R + I 


( 37 ) 



258 


THE GAMMA FUNCTION 


§99 


By Eqs. (25) and (4) this is 

T{Q + i)r(i^ + 2)r(P + i)r(Q + 7^ + 3) 

(R + l)r(Q + 77 + 3)r(P + Q + 77 + 4) 

_ r(P + i)r(Q + i)r(77 + i) 

(P + Q + 77 + 4) ■ 

And, by a change of variable, we find that the integral of 
x^y'^z^ taken over the volume for which 


a: ^ 0, y ^ 0, 2 ^ 

is equal to 


aP+l^Q+l^K+l 

ABC 


• (;)' + (l)’ + (i)" s ‘ ™ 


Equations (34) and (40) enable us to find the mass, center 
of gravity, and moments of inertia of uniform plates bounded by 
the coordinate axes and curves of the form 


©' - (!)■ 


or of uniform solids bounded by the coordinate planes and 
surfaces of the form 


<S) + ©■ " ©' 


= 1 . 


As an illustration, consider the first octant of the sphere 

^2 _|_ ^2 _j_ 2:2 = Qi (43) 

When h — c = a, A = B = C — 2, and P = Q = 77 = 0, the 
expression (40) is 

^[r{yz)r_<c [ri}£)]y 
8 Tirz) 8 • VzlVA) 6 ^ ^ 

This is the volume of oile octant of the sphere (43). When 
b = c = a, A=B = C = 2, Q = R = 0, but P = 1 , the expres- 
sion (40) is 

r(i)[r(34) ]^ ^ [TiAW ^ 

8 r(3) 8 2! 16 


( 45 ) 
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Divided by the value found in (44), this gives %a, the distance 
from one plane face to the center of gravity of the octant. 
When b = c — a, A=B = C = 2, Q = R = 0, but P = 2, the 
expression (40) is 


(46) 


8 T{y2) 8 30 

By symmetry, twice this will give the inertial integral of {x^ + y^). 
Doubling and dividing by the value found in (44) gives %a^. 
And the moment of inertia of the octant about the z axis is %Ma^. 

100. Alternative Forms. If we put x = —q log y, q> 0, in 
the defining equation for r(p), (2), we obtain 


r(p) 


=/. 


xp-^e~^dx 


{- log y)^^dy (47) 


■= 

or 

r(p) = 9" ^ ^log dy. (48) 

r / 

The special case with q = 1, I I log - ) dy is sometimes 

Jo \ y/ 


taken as the integral defining the Gamma function, r(p). 

If we start with the integral, it is more natural to change the 
notation and write 

Jo 0 ^ (rVl)^i’ a > -1, 5 > -1. (49) 

The integral of a power of x times the exponential of a power 
of X from 0 to 00 is reducible to a Gamma function. Thus with 


6.T® = y, 




(50) 


As examples with b = and c = 2 we have 



00 

Q-h’^x-^dx = 

(30 

xe~^'^^^dx = 
xH~^'^^^dx — 


2h ~2h ' 

r(i) 1 

2h^ 2h^’ 

rm ^ ^ 

29 W 4/?* 


(51) 

(52) 

(53) 
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These integrals occur in the theory of errors with normal prob- 
ability distribution. Compare Probs. 87 to 89 of Exercises IV 
(page 194). 

Equations (17) and (25) show that 


- x)<^^dx = B(p,g) = (54) 

The integral of any product of two first-degree factors, each 
of which vanishes at one of the limits, is reducible to Beta func- 
tions. Thus with X — a = {b — a)y, 


/: 


/. 


{x - aYib - x)<^dx = (6 - aY+<^^B{P + I, Q + 1) 

= (b - ± Jiri-g- ± -i), 

10 a) y{P-\-Q-\-2) 

b > a,P > -l,Q > -1. (55) 

And the substitution x"^ = y will reduce the integrals 

b 


(x“ — a®)^(6‘' — x‘Yx‘^~^dx and 


J x ‘^{ b ‘ — 


x'^Ydx (56) 


to the type evaluated in Eq. (55). 

The Beta function may be converted to an integral from 0 to 
00 by making the change of variable 

y 1 _ . = 1 dy 


X — 


I y 


lYy 


dx = 


(1 + yY 


(57) 


in 


B(p,g) = 


3ji>-i(l _ x)'^~Hx 


=/. 


y 


p— 1 


(1 + y)^’+« 


dy. (58) 


And the substitution 6a;® = ay makes 


l±\-o 

f * x^dx _ o ® f 

Jo WTbx^o - 

cb ® 


p+i 


-1 


y 


(1 + yY 


dy 


P±l_o 


(59) 


cb ® 

by Eq. (58). 

If we put ^ = 1 — p in Eq. (58), we find 


f. 


* y^^ 


j -n/ 1 N r(p)r(i - P) 

Y+ydy = B(P>1 -p) = — f(iy~ 

= r(p)r(i - P). (60) 
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But the particular integral on the left was evaluated in Eq. (150) 
of Sec. 91. Using the value there given, we find 


■r(p)r(i - p). ( 62 ) 


r(p)r(i - p) = — ( 61 ) 

sm pr 

The argument just given assumes that 0 < p < 1. But, if we 
replace p by p + 1 in the left member, we find from Eqs. (4) 
and (12) 

r(p + i)r(-p) = pr(p) - = -r(p)r{i - p). ( 62 ) 

Thus the sign is reversed. And with p + 1 in place of p the 
left member also reverses its sign, since sin (p + l)7r = — sin px. 
This shows that, since Eq. (61) holds for 0 < p < 1, it holds 
for 1 < p < 2, and then for 2 < p < 3, and so on. And 
similarly we may replace p by p — 1 and show that the equa- 
tion holds for — l<p<0, — 2<p< —1, and so on. Thus 
Eq. (61) holds for all real nonintegral values of p. 

101. Trigonometric Integrals. An expression for the Beta 
function in terms of trigonometric functions is given in (24) : 

r 7r/2 

B(P)^ ~ ^ $ sin^'^^ d dd. (63) 

If we start with the integral and change the notation, we find 




cos« d sin^ ede ^ 2^)’ 

P > -1, Q > -1. (64) 

For P = 0 or Q = 0 this becomes Wallis’s integral. 


Wp = 


cos^ 6 dd = 


sin^ 6 dd 


+ 2 ) 
-2»(2’ -“ 2 - A 


2r I 2 + 1 


For a positive integer n, r(n) = (n — 1)! and 

_ (2n — l)(2n — 3) • • •3*1 's/x 
_ _ 
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It follows that when P = 2m + 1, an odd positive integer, in (65) 

2”*m! 

" (2m + l)(2m - 1) • • • 3 • 1 

- 2-4 ■ ■ ■ (2m - 2)(2m) 

3 • 5 • • • (2m — l)(2m + ij 

And when P = 2m, an even positive integer, in Eq. (65) 

(2m — l)(2m — 3) • • • 3 • 1 

T 

_ r 1 • 3 • • • ( 2m — 3)(2m — 1) , 

“2 2 • 4 • • • (2m — 2) (2m) ^ ^ 

The expressions (67) and (68) for the value of either integral of 
Eq. (65) when P is a positive integer are collectively known as 
Wallises formula. They may be used to deduce Wallis’s infinite 
product for t. We first note that Wp decreases when P is 
increased by unity, since this multiplies the positive integrand 
by cos d, and 0 < cos 0 < 1 for 0 < 0 < 7r/2. It follows that 

Warn > IFam+i > w 2 m +2 and hence I > | \ 

From (68), as written and with m + 1 in place of m, we find 


W 2 m-p 2 _ 2m -|- 1 
W~ 2 n. ” 2m + 2 


1 when m — » 00 


And from Eqs. (67) and (68) we find 


1 • '' 2 wi -|-2 

lim — 

00 ^ yy 2 m 


IT W 2m+l 

2 W2m 

__ 2 • 2 • 4 • 4 • • • (2m — 2) (2m — 2) (2m) (2m) 

“ 1 • 3 • 3 • 5 • • • (2m — 3)(2m — l)(2m — l)(2m + 1) 

T his approaches 7r/2 when m — > since the relation (69) shows 
that it is less than x/2 and greater than a number that approaches 
■jr/2 by Eq. (70). Consequently, 


T 2 2 4 4 6 6 
2 r3’3’5’5'7 


2^“(m!)4 

- j™. [(2m)!P(2m.+ 1)’ ^ 


since the expression (71) may be written 
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2 • 4 • • • (2m) 

' 1 

'2-4 •• • {2m)'V 

1-3 • • • (2m — 1) _ 

2m 4- i 

1 

2 • 4 • • • (2m) J 
[2™! •2*3 • • • m] 


[1 • 2 • 3 


(2m)]^(2m + 1) 


(73) 


102. Stirling’s Formula for Factorial n. If w is a positive 
integer, n!=l'2-3 • • • n and 

log (n!) = log 1 + log 2 + log 3 + • • • + log n. (74) 

For n large this sum will be of the order of magnitude of 

log X dx = {x log X — x) ^ = n log n — n + 1. (75) 

If we neglect the 1, we have as a rough estimate of the 

size of n!. A better estimate is To show this, we 

consider the logarithm of the ratio 

m\ 


W-|- f/ 2 ^ — ffl 


h{m) — log 
From this 

h(m) — h{m — 1) = log m + 1 


log (m!) + m 


- (” + 0 


log m. (76) 


+ 0 log ^ 

+ - 0 log (w — 1) 


= 1 + 




iUog 


m 


m 


(77) 


When m ^ 2, < 1, and by Eq. (126) of Sec. 11, 


log 


m 


m 


= log I 1 


(■ - i) 


L 

in, 

j _ 1 1 1_ 

m 2m^ 3m® 4m^ 


Consequently 




log 


m 


1 




1 


1 


3 


m 12m^ 12m® 40m^ 

It follows from this and Eq. (77) that 

1 


h{m) — h(m — 1) = 


I2m^ 




(78) 


(79) 


(80) 
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where for m ^ 2, 

n n 

0 < Rm < 12 “ 2 SO that ^ ^ j 2 w 2 - (81) 

m = 2 m = 2 

Let us next observe that 


h{n) - h(2) = h(S) - h{2) + /i(4) - /i(3) + 


= ^ [A(m) — h(m — 1)] 


m — 2 




Rt, 


12m2 / ■ 

m = 2 m = 2 


by Eq. (80). For n large 
12a;2 12x 


in 12; 


12n 


and 


• • 4- h{n) 

, — h(n — 1) 


(82) 


S 12m2 


have the same order of magnitude. Hence for n — > oo the first 
sum on the right of (82) converges. And the convergence of the 
second sum for n — ^ then follows from the relation (81). 
Thus we may write 


lim 

n— ► 00 


h(n) = H2) - ^ .^4-, 

m — 2 


^ = log K, 

m = 2 


(84) 


where K is the constant whose logarithm is defined by this 
equation. » 

It follows from Eqs. (76) and (84) that 


lim 

n— > 00 


n\ 


= K, 


iH". = 1- 


This confirms our statement that for large n, gives a good 

estimate of the size of n!. 

To find the value of K, we use the relation 


TT 


lim 

00 


24m(yy^|)4 

[(2m) \\^m 



which follows from Eq. (72) since 2m/ {2m + 1) 1 as m — > . 
By the second equation in (85), with n ^ m and with n = 2m, 
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the limit in (86) is the same as the limit of 


265 


2 4^ 4 w+ 2^— 4m 


2 ’ 


so that -^ = T and K == \/2t. 


(2m) 

The relation obtained by inserting this in Eq. (85), 

ito — = 1, 

n-^ 00 -y/ 2 t ^ 


(87) 


( 88 ) 


is known as Stirling’s formula for n\. It shows that in evaluating 
the limits, as n — of expressions containing n! as a factor, 
we may replace n\ by the denominator. This procedure has 
many applications in the theory of probability. 

103. Computation of r(x) by Stirling’s Formula. The denom- 
inator of expression (88) has a steadily increasing graph for 
n > 2. And the function r(a: -f- 1) has a smooth graph, inter- 
polating between the values r(n 4- 1) = n! for x — n, a, positive 
integer. Hence, we should expect 


lim 

X—* 00 


r( r -f 1) 

\/ 2t 


lim 

oo 


j;(.x) 

■y/ 27r 


= 1 


(89) 


to hold when x is not restricted to integral values, since for 
X — 11 it reduces to Eq. (88). 

Equation (89) is a special consequence of the expansion 


log r(a;) = log {\/2ir x^ '%-*) 

q — I _| \ — 

^ 12a; 360.a;* ^ 1260a:® 


(90) 


This has the property that for any positive x each partial sum 
of terms on the right approximates the left member with an error 
numerically less than the last term retained. We shall not 
prove this, merely noting that the term l/(12a;) is not unrelated 
to the l/(12n) in Eq. (83). Regarded as an infinite series, the 
right member of (90) diverges for all values of x, so that it is 
an asymptotic expansion as defined in Sec. 76. 

For practical computation, we rewrite Eq. (90) in the form 

logio r(x) = 0.39909 -f ^.T - logic x 

- 0.434294 (.- A. (91) 
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For a four-place result we may stop with the term in l/x* if a: 
exceeds 2, and with the term in \/x if x exceeds 4. 

As an example, let x = 3.2. Then 

logio r(3.2) = 0.39909 -h (2.7) (0.50515) 

- 0.434294 ^3.2 - ^2(3.2) + 360(3.2)') 

= 0.39909 + 1.36390 - 1.38974 + 0.01131 - 0.00004 
= 0.38452. (92) 

This is in agreement with the value found in Eq. (14). 

For negative x, we may not use (91) directly but may use it to 
compute r(l — x), since if a; < 0, 1 — x > 1. And then, by 
Eq. (61), 

r(x) = =7=^ r- (93) 

sin TX r(l — x) 

With —X in place of x, this procedure leads to the equation 
logic r( — .x) = 0.09806 — logic sin ( — 180x)° 

- {x + 0 logic (x + 1) 


-f 0.434294 X 4- 1 


12(x-|-l) ' 360(x+l)® J* ^ ^ 

Here x > 0, and r( — x) has the same algebraic sign as 

sin ( — 180x)°. 

For numerically large arguments the use of Eq. (91) or (94) 
is less tedious and more accurate than the reduction to tabular 
values by the method of Sec. 97. 

104. References. Short tables of the Gamma function or its 
logarithm will be found in most mathematical handbooks. An 
introduction to the theory of the Gamma function is given in 
Chap. XVI of the author’s Treatise on Advanced Calculus. 

Comprehensive tables, a survey of the theory, and a bib- 
liography will all be found in Vol. I of Tables of Higher Mathe- 
matical Functions, by H. T. Davis. 


EXERCISES VI 


Use tables to evaluate 


x^e"*dx. 




x^e~*dx. 
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4. r(3.8). 

7. Show that 

8. Show that 


6. r(-2.4). 6. - x)- 

dViv) , 

= L log X dx. 

f 00 

(log x)”^dx. 


^dx 


dp 

d’^Tip) f ' 
~ ^ jo 


dp^ 


For a > — 1, & > 0, and n a positive integer show that 


" x-e-^-dx = 


x*h~^dx 


(,0 + 1 
r(a + 1) 

(log 6)“+^ 


10 , 

12 


• /o *■' 


x”e“'’*da: = 


n! 


6“*dx = 


n! 


(log h) 


»■ /o 

“■ /o 

Use Eq. (34) to find the area in the first quadrant bounded by the 
axes and each of the following curves: 

13. x^^ + yy^ = a^. 14. x^^ + = a^. 16. = 1. 


16 . Find the center of gravity of the area of Prob. 13. 

17 . For the area of Prob. 14, find the moment of inertia about OX. 

18 . If the area of Prob. 15 is revolved about OY, find the volume 
generated. 

19 . A plate covering the area of Prob. 13 has its density p = 2x^. 
Find the mass of the plate. 

20 . A plate covering the area of Prob. 14 has its density p = + y*. 

Find the center of gravity of the plate. 

21 . For the solid of Prob. 18, find the moment of inertia about its 
axis OY . 

Use Eq. (40) to find the volume in the first octant bounded by the 
coordinate planes and each of the following surfaces: 

22 . x'y^ + yy- + zV- = aV^. 23 . x^^ + + zV* = aV*. 

^ + (!)' + 0 ’ = 1 - 25 . + !,- + .«= 1 . 


26. Find the center of gravity of the volume of Prob. 22. 

27. For the volume of Prob. 23, find the moment of inertia about OZ. 

28. A solid filling the volume of Prob. 22 has its density p = x®. Find 
the mass of the solid. 


Evaluate each of the following integrals: 

29. x^ (log dx. 30. ^log X dx. 31. e-^^dx. 


32 


■/; 


22 - jo 


x\2 — xY^dx,. 


x^er^'^dx. 
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fi “ x)~y^dx. 36. ^ ~ 2)“>^(4 — x)' 

f\ dx ri dx ri x^dx 


1 x^dx 


>. /.'i 

‘ r 


Mr. 

— r 40. 

sin^^ X cos^^ X dx. 


Vl - 

* x dx 


lo 


[ xdx Ai f ^ 

Jo 1 + x‘ Jo 1 

43. /'"'‘’V— *• 

Jo ’ cos X 


X dx 


44. For 0 < p < 1, show that the value of the definite integral 


tanp xdx = cot^’ xdx = 


2 cos 


Use Prob. 44 to evaluate 


tan^ X dx. 46. 


cot^ X dx. 47. 


r 


in X dx. 


For a > — 1, 6 > 0, c > —1, and n a positive integer show that 
5. /„‘ *-(l - x>)-dx = I B c+l)=l , 


+ C + 


fo - b(c + l)(c V 2) 


60. L — x^ydx = , y • — 

Jo ^ ' on! sin cx 

not zero or an integer. When c is an integer m, 


b{c + 1)(6’ 2) • • • (c + n) 

xc(l — c)(2 — c) • • • (n — 1 — c) . 


if c is 




m!(n — ?n — 1)1 


’1 dx 

) vr^ 


* 6r 


»a 


dx _ 2-4 • * • (2n) 

0 Vl - “ 1 • 3 • • • *(2n - 1) 


62. Show that for a> — 1,6>0, 6c>a+l, the definite integral 

V ( v( r — - ^ 

f * x’^dx 1/a + l a-l-l\ \ h / \ b / 

Jo (1 + x»y ^b^ \b~’ ^ 6~/ " 6r(cr 


) (1 + x»y ~ b \ 6’" 6/ 

63. From Prob. 52 and Eq. (61) deduce that 


f * X^dX T A ^ . 1 ^ 7 

Jo I + a* - (a+l 0 < a + 1 < 6. 

6 sm ^- 5 - r) 
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64. Use Prob. 52 to show that 


/o 


dx y/ir r(c — }i) 
{x^ + 1)' " 2r(c) 


c > 2 - Check Probs. 62 and 65 of Exercises IV (page 191) by putting 
c = n, and c = n + ) 2 - 

56. A particle starts from rest at a; = a and moves along the x axis 
toward 0 under the law of force F = —k/x. The energy equation is 

~2 \llt) + ^ ^ Uerive the equation 

' = - VI /; (>o.iy‘ « Vi jy y. .. and show 

that the time required to reach 0 is a \/ nm/2k. 

66. A particle starts from rest at x = o and moves along the x axis 
toward 0 under the law of force F = —k/x’^'^^, p > 0. The energy 

equation is ^ ^ Derive the e(iuation of motion 

t = — \ f^ {x-'p — a-p)~y^dx = < 7 p/ 2 +i P and show 


^ 2k Ja 

that the time required to reach 0 is 


2k A/a -s/ 1 — UP 

w ^ Q + 

ikp r (i + i) 


67. The energy equation for a pendulum making 180° swings is 

yfj]2 

— — tng cos 0 = 0. If t = 0 when 6 = x/2, derive the equation 

/ = — I cos~*^^^ 6 dd, and show that the period of vibration is 

2iQ J"^/^ 

F - 7.416 VT/g. 

68. Show that the total length of the lemniscate = a* cos 2d is 
4rt cos“^- 29 dd = 2a cos'l’^ u du — 5.244a. 

1 _ a;2 

69. Show that the area of the oval ^ ^ - in terms of t = sin-^ 


is 4 


rv 

1 dx = 2 

“ (sin-?”^ t - 


yo - 

Jo 



F 

or the loop of r = 

sinp 

d cos« 




fir/2 


60. 

The 

area A is 

u 

r^dd ■■ 



moment Ax 

. 1 

fw/2 

61. 

The 

"^3 J 

L ^ 




. 1 1 

f-r/2 

62. 

The 

moment Ay 

‘“sJ 

'o 
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63 . The polar moment of inertia /o is expressed by the definite integral 
K Jo rHe = yiB{2v + 1.^, 2q + H). 

For the loop of r'* = sin® 6 cos 6, 0 < 6 < 'jr/2, 

64 . Find the area by Prob. 60. 

66 . Find the center of gravity, x,y by Probs. 61, 62, and 64. 

66. Find the polar moment of inertia by Prob. 63. 

67 . Using Prob. 9 and Eq. (58), evaluate each side of the equation 

r oo /•» f oo r OO 

I xp+'i~^e~^(lx L yp-^e-^»dy - L y^~^dy xp'^<>-'^e~^^+«'>'dx, 

thus giving a new demonstration of Eq. (25). 

68. For 6 > 0 and 0 < p < I , simplify each member of the equation 

r 00 f oo f 00 C CO 

/q cos bx dx Jq yp~^e-^«dy = 1^ y^‘~Hy cos hxe~’^»dx, and so 

,, , /■ " cos 6a: , n . 

prove that /„ ;; — dx = — = o'' 'r(l — p) sin 

70 X" ro' NO 2 

1 (p)2 cos 

Hint: Use Prob. 69 of Exercises IV (page 192), Probs. 53 and 9 above, 
and for the final step Eq. (61). 

69 . By the method of Prob, 61, show that for 6 > 0, 0 < 7; < I, 

f * sin bx , b^-hr . . par 

I ^ — = 6p-ir(l — p) cos -TV- 

70 a:" PTT 2 


Jo 


dx = 


r(p)2 sin 


70. By putting u = x'‘ and using Probs. 68 and 69, demonstrate that 


,, ,, PdA) TT 
COS {bx>‘)dx = cos ^ 


hl« 


’(lA) . i 


6 > 0, A: > 1. 

71. From Probs. 68, 69, and 70 deduce that 


cos X 


/■ * a 

Jo ^ 


\/27r 
2 ’ 


cos xHx 


= /o 


sin xHx = 


■\/27r 


72. Using Eq. (58), show that 


/• 1 a;p-i 4. 

h ITT 


Ja (1 4- x).’*’’ ~ h (1 + ^ ~ m' 

73. Show that B(p,p) = 2®~^'’B(p,>^). Hint: Let P — 2p — 1. 
Then if < = 2a:, 


a:«“®da: f * u^~Hu 

(1 + x)'’+« ~ Ji (1 + w)p'* 


if X = -• 
u 
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sin^ X cos^’ X dz 


= 2- /; ri 


sin^ tdt = 2 


(2 /o’ 


sin^ ^ 


74. From Prob. 73 deduce that vV r(2p) = 22p-T(p)r(p + M)- 

76. The numerical values of the Riemann Zeta-function f(p) have 


been tabulated, where f (p) = 4- 2^ + + 


,s = - ^ 4 . -- -I- 

'' ip “ 3?> “ 5 p ' 


and L 


1_1 .4.1 

2^ ' 3^ 


p > 1. Let 
• • . Show 


that Sp = (1 - 2-i')f(p) and tp = 2sp - f(p) = (1 — 2-p+i)f(p). Hint: 
.<■(?) = Sp(l + 2-f + 2-2p 4- 2-*p 4- • ' • 

76. It follows from Prob. 117 of Exercises V (page 250) that we may 

■ 1 2t^ f \ • • 

write 1 — tcott = 2/ ^^^2 V ^ nV / This becomes the series 

n = 1 

C , C , 2<2 ^ 1 , 2<< V 1 . 

3 + 45 4- • • • = ^ 2/ ^ 2/ 41 + • • • both sides are 

n = 1 n— I 

expanded in powers of t by the methods of Sec. 13, Using Prob. 75, 

deduce that f(2) = S 2 = irV8, <2 = irVl2, while 4(4) = 7r'*/90, 

s., = tV96, U = 77rV720. 

77. Using = 1 4- 4- 4- • • • and Prob. 75, show that 

/o‘ - r(p + mp + 1), p> 0. 


78. Using 4 - = 1 — X ^4- — . . . and Prob. 75, show that 

/o' dx = r(p 4- l)tp+i = (1 - 2 -^)r(p + l)r(p 4 - 1), if 

p > 0. 

79. Integrate by parts and use Probs. 77 and 76 to demonstrate that 

80. Integrate by parts and use Probs. 78 and 76 to demonstrate that 

/' '“8 <> + T = /o' T+T * = 12' 

81. The radiation density xp, according to Planck’s law, is given by 

. Stt/i f * v^dv , , . , , . 


, Stt/i f ' 

*=-c^h 


i '/ K T — 


Show that this may be evaluated as 


87^ jfi (- log xY Sir^K^r 


l~Z- ~ ~lbcH\F ^ variable 


hv = —KT log X and use Probs. 77 and 76. 

82. Use Eq. (90) to show that the error made by replacing n\ by 

Stirling’s approximation \/2t n’^+y^e-^<- is less than 0.1 per cent if n 
exceeds 100, less than 1 per cent if n exceeds 10, and less than 10 per cent 
if n exceeds 1. Note that n\ — nT{n). 
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83. The number of possible arrangements of an ordinary deck of 
cards is 52!. Show that this is about 8.07 X 10®^ 

84. Calculate r(ll) = 10! by Eq. (90) and compare with the exact 
value 3,628,800. 

86. Use Eq. (94) to compute r( — 1.2) and so check the value found 
from the tables in Eq. (15) 



CHAPTER VII 

ELLIPTIC INTEGRALS 


The integral that expresses the length of arc of an ellipse 
cannot be evaluated by elementary methods. It is one of a large 
class of nonelementary integrals, called elliptic integrals. In 
this chapter we shall show how certain problems that lead to 
elliptic integrals may be solved by using tables of two special 
functions, F{k,<f)) and E{k,<f>). 



The elliptic integral of the first kind. 
Fig. 119. 


106. The Function The equation 

r* d<i, 


F(k,4,) 


jo \/l — k^ sin^ (f) 


0 < k < I 


defines Legendre’s normal form of the elliptic integral of the 
first kind F{k,<f>) as a function of the amplitude <t> and of the 
modulus k. For /c = 0 or 1, we have 


F(0,<l)) = 0 and F{l,<t>) = log (tan <f> + sec 0). (2) 

For other values of k, the graph of F(A:,<^) as a function of <(> for 
fixed k lies between these two, as indicated in Fig. 119. 

273 


274 


ELLIPTIC INTEGRALS 


§105 


The integral in (1) is called complete ii <f> = Tr(2. The com- 
plete integral of the first kind F{k, t/2) is usually denoted by 
K{k), or by K when the modulus k is indicated by the context. 
Thus 

X = = (3) 

When k is not 0 or 1, the integral in (1) is nonelementary. 
That is, it cannot be expressed in terms of a finite combination 
of elementary functions. However, its value can be found from 
an infinite series. For, by the binomial theorem, Eq. (127) of 
Sec. 11, 

(1 - sin2 0)-^ = 1 + i /e2 sin2 Aj^sin^ <^ + • • • . (4) 


Hence, by termwise integration, 

F{k,<i>) = <j)-\-^k'^ s\n‘^<l)d<f>-{-^^k* sin‘‘</)d0+ • • • . (5) 

The integrals of powers of sin 0 may be found in succession from 
the recursion formula 


/. 


./) 

sin" <i) d<j> 


sin"~^ (f) cos <j> n — I 
r 


n 


n 


sin"~^ 0 d(i>. (()) 


If we put <t> = 7r/2 in (5), the left member is the complete 
integral K. And the integrals on the right can be found from 
Wallis’s formula [Eq. (68) of Sec. 101]. In this way we find 



The integrand of (1) is an even function of <f). Hence 


Fik-<l>) = -F{k,<l>) (8) 


by Prob. 2 of Exercises IV (page 186). 

And the integrand of (1) is a periodic function having the 
period tt. Hence by Prob. 8 of Exercises IV (page 186), 

F{k,nr 4- <^>) = nFikjir) + F{k,<t>), n any integer. (9) 
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In particular, if n = 1 and <i> = — 7r/2, 

, 0 = F(k,-,) + f - l) or X = F(k,T) - K. ■ (10) 
Consequently, 

F{k,7r) = 2K and F{k,nT <i>) = 2nK + F(k,<t>). (11) 

Equations (8) and (11) enable us to determine F(k,<l>) for any 
amplitude <f> from values of F{k,(t)) tabulated for the range 
0 ^ ^ 7r/2. If —t/ 2 ^ <f> < 0, we use Eq. (8). Any ampli- 
tude greater than x/2 or less than — x/2 may be written in the 
form nr -f- 0, with n a positive or negative integer and 

— ir/2 ^ ^ 7r/2. 

Hence, if 1^1 > 'jr/2, we use Eq. (11). 

Instead of k, most tables use the parameter a defined by 

sin <x — k, 0 < a < 90°. (12) 



As an example, let us find F(0.41, 0.3584). Here sin a = 0.41 
and (t> — 0.3584 radian. Consequently a = 24.20° and 

<f> = 20.54°. 


Using PeirCk’s Tables Using Jahnke-Emde’s Tables 


a 

0 

15° 

24.20° 

a 

30^ 

<t> 


24.20° 

25° 

o 

O 

0.3495 

(0.3503) 

0.3508 20° 

0.3499 

(0.3502) 

0.3503 

20.54° 


[0.3598] 

20.54° 


[0.3595] 


25° 

0.4372 

(0.4387) 

0.4397 21° 

0.3671 

(0.3674) 

0.3675 


The corner values are the nearest ones found in the tables. The 
values in parentheses are found by these by interpolating on a, 
and finally the values in square brackets are found by interpolat- 
ing on <i>. Thus from Peirce’s tables we find the three-place 
value 0.360 and from Jahnke-Emde’s tables the four-place- 
value 0.3595. 

To find E(0.41, 3.5), where </> = 3.5 > x/2, we observe that 
3.5 - 3.1416 = 0.3584, so that 3.5 = ir + 0.3584. (13) 

Hence, by Eq. (11), 

E(0.41, 3.5) = 2A:(0.41) -f- E(0.41, 0.3584) 

= 2(1.6439) -b 0.3595 = 3.6473. (14) 
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The value of K(0A1), for a — 24.20°, is found by interpolating 
between the values K = 1.6426 for a — 24° and K = 1.6490 for 
a = 25°, found in either of the tables mentioned. 

For small values of k, a direct computation of the series (7) is 
sometimes preferable to the use of the tables. 

We note that, when the lower limit is not zero, 


r<t,i 


d(f> 


■y/l — sin® 0 


= F(fc,02) - = F{k,<l>) 


<f>2 

01 


(15) 


106. The Pendulum Problem. In many physical and geomet- 
rical problems we encounter an integral of 
the type 



D 


h = 


Cm 

J ni 


du 


Va + c cos u A- Jy sin u 


(16) 

The procedure for reducing such an in- 
tegral to an expression whose value can be found from tables of 
F{k,<i>) is as follows. We first find B,b the polar coordinates of the 
point C,D from 


B = + D\ b = tan-i 


D 


(17) 


choosing B positive and b in such a quadrant that 

.C = 5 cos 6, D = B sin b. (18) 

This makes 


C cos w + D sin u = B cos b cos w -h F sin 5 sin w 

= B cos (m — b). (19) 

Now change /i by the substitution 

u — b = 2v, so that cos (w — 6) = 1 — 2 sin^ v. (20) 

Then 


J f*V2 

VI 


2dv 


■\/ A -{■ B — 2B sin® v 

2 


dv 




2B 


( 21 ) 


A + B 


sin® V 
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Since B > 0 and for real values the radicand must be positive, 
A + 5 > 0. We must now distinguish two cases, according as 
A B or A < B. 

Case I, A B. We put 

where ^ 1 since A + B ^ 2B. (22) 


Then from Eq. (15) and the second form in (21), 

f , du 

i 1 — 


f 


where 


\/A + B cos (a — 6) 

VTFiK-'-) 


\ = 


2B 


+ B 


< 1 


and 


v^ = 


Ui — b 


Vi = 


Ml 


(24) 


Case II. A < B. We again put 


A + B 
^ 2B 


•; where now c’ < 1 since A + B < 2B. (25) 


We make the further change of variable 

\/ 2B sin V = -y/ A A- B sin w, 

■\/ 2B cos V (Ir = \/A + B cos w dw. (26) 
The radical in the second integi-al of (21) becomes cos w, so that 

_2dv 

\/A 4- B cos w 


lx = 


/: 


Hence 


2 d,w 
cos 


s V I 


2 dw 


\/2B - (A VB) sin2 


w 


(27) 


Vw 


Wl 




dw 


A + B . 

I - — Sin- w 


2B 


by Eq. (15). That is, 

, du 

i 1 




=/■ 


[/'■(c.wj) - F(c,w01 (28) 


‘t'. 


-y/A B cos (m — 6) 

= [F{c,w,} - F{c,w,)] HAKE, (29) 
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where 


-V 


A -\-B 
2B 


^ 1 J • 1 . W2 - 

< 1 and sin Wi — - sin — ^ 

C 


• . 1 ^ /Of\\ 

sin wi = - sin - — jr — • (30) 


As an application of these reductions, we consider the motion 

of a simple pendulum of mass m slugs 
and length I feet. The position is 
determined by d, the angular dis- 
placement from the position of stable 
equilibrium. If we take 0, the pivot, 
as the level of zero potential energy, 
the height above this is 

h = —I cos d, 

and the potential energy is 

U = wh = —mgl cos 6. (31) 

Since the moment of inertia about 0 is ml'^, the kinetic energy 
is 

The total energy T -b U is constant. Hence the equation of 
motion is 

^ ~ ^ ~ \ — mgl, (33) 

where wo is the value of dd/dt at 0 = 0. 

This may be written 

(^) = "o" - y + j cos 0 = A -f B cos e, (34) 

with A and B abbreviations for the coefficients, defined by 

A = coo' - ^ and B = ^ (35) 



A 

Fig. 121. 


It follows from this that with the proper sign for the radical, 


4? 

dt 


— A At B cos 0 


and 


dt = 


dd 


'\/ A -b B cos 0 


(3b) 
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If we take < = 0 when ^ = 0, this leads to 


t = 





■s/ A B cos d 


(37) 


which is an integral of the type in Eq. ( 16) . There are three types 
of motion according as A > B, A < B, or A = B. 

Type 1. Complete Revolutions. Suppose that A > B. Then 
we may apply Eq. (23) to the integral (37) to obtain 


t = 


VA B 


F 




(38) 


This applies for all values of, t since the condition A > B implies 
that the radical in (37) is never zero and hence preserves its sign. 
The pendulum rotates around the circle in one direction with 
periodically varying speed. And the period of the motion P, or 
time for one complete revolution, is 



by Eq. (11). 

From Eq. (35), the condition A > B is equivalent to 

wo^ > y or To = ^ > mg {21). (40) 


Thus the motion is of Type I if wo > 2 \/g/ 1, that is, if To the 
initial kinetic energy is larger than mg {21), the work necessary to 
raise the bob from the bottom to the top of the circle. 

Type II. Vibratory Motion. Suppose that A < B. Then we 
may apply Eq. (29) to the integral (37) to obtain 

The parameter a of this elliptic integral is defined by 


sin a 



Thus 


0 < a < 90°. 


(42) 
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Initially the radical in (37) is positive if 6 is increasing when 
t = 0. As d increases from 0 to 2 q!, <f> increases from 0 to t/2, 
by the first equation in (43). And hence, by the second equation 
in (43) the radicand A B cos d decreases from A + J5 to 0. 
Since the radical would become imaginary if 6 increased further, 
at this time the sign before the radical must be reversed. Hence, 
if we let increase steadily through 7r/2, we may replace the 
radical in (37) with its proper sign by 

2 

both before and after t/2. A similar situation holds when 0 
decreases to — 2 q: and 0 increases to 37r/2. Consequently, 
Eqs. (41) will apply for all positive values of t and <j> if we take 0 
such that 

ff 

sin n = sin « sin <f) and —2a^0^ 2a. (45) 

The pendulum oscillates between the positions 0 — 2a and 
0 = —2a. The period of the motion, or time for one complete 
swing and return, is 

P = F(sin a, 2.) = 4 .jl K(sin „) = 4 ^ if (f (46) 

When A < B we must reverse the inequality signs in (40). 
Hence the motion is of Type II if wo < 2 that is, if To, 

the initial kinetic energy, is less than the work necessary to raise 
the bob from the bottom to the top of the circle. i 

Type III. Asymptotic Approach to a 180° Deflectio7i. If 
A = B, Eq. (38) becomes 

‘ = I ^ ('> I) = i I + "''' 1)’ 

by Eq. (2). In this case, the radicand approaches zero as 0 -^t. 
But when 0 = T,t = <» . Thus the pendulum approaches a 180° 
deflection but does not reach it in finite time. 

When A = B we must replace the inequality signs in (40) b y 
equality signs. Hence the motion is of Type III if wo = 2 Vg/h 
that is, if To, the initial kinetic energy, is just equal to the work 
necessary to raise the bob from the bottom to the top of the 
circle. 
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107. The Function E(k,^). The equation 

E(k,<f>) — -s/l — sin^ </> d4>, 0 ^ fc ^ 1 (48) 

defines the Legendre’s normal form of the elliptic integral of the 
second kind E{k,<l>), as a function of the amplitude <i> and of the 
modulus k. For = 0 or 1 we have 

E{0,<p) = <l> and E{l,<j>) = sin <f>. (49) 

For other values of k, the graph of E(k,(l>) as a function of <f> for 
fixed k lies between these two, as indicated in Fig. 122. 


E{k,<^) 



The elliptic integral of the second kind. 
Fig; 122 . 


The integral in (48) is called complete if 0 = ir/2. The 
complete integral of the second kind E(k,T/2) is usually denoted 
by E{k) or by E when the modulus is indicated by the context. 
Thus 

E = E{k) = E(k,^ = Vl - sin2 <#» d<l>, 

O^k^l. (50) 

When k is not 0 or 1, the integral in (48) is nonelementary. 
But its value can be found from an infinite series. For, by the 
binomial theorem, Eq. (127) of Sec. 11, 

(1 — sin^ <^)^^^ = 1 — ^ sin^ 0 — sin^ 0 — * • • . (51) 
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Hence, by termwise integration, 

1 1*1 

E{k,4>) = <l> — I sin^ <t)d<l> — ^7^ k* / sin^ <j>d<(> — • • • . 

(52) 

The integrals may be found from Eq. (6). 

If we put 4> = 7r/2 in (52), the left member is the complete 
integral E. And the integrals on the right can be found from 
Wallis’s formula [Eq. (68) of Sec. 101]. In this way we find 



The argument used to derive Eqs. (8) and (11) shows that 

E(k-<t>) = -E{k,<l>) (54) 

and that 

E(k,ir) = 2E, E(k,mr + <^>) = 2nE + E{k,4>). (55) 

Thus the function E{k,4>) need be tabulated only for the range 

0 ^ ^ 7r/2. The tables are 

given in terms of the parameter 
a defined by Eq. (12), and the 
process of finding a value of 
E{k,4>) from the tables is en- 
tirely similar to that used for 
F(k,<l>) in Sec. 105. 

Here also, for small values 
of k, a direct computation of 
the series (53) is sometimes! 

.. preferable to the use of the 

J^iG. 123. ^ 

tables. 

When the lower limit of our integral is not zero, 

— k^sin^ <f) d<f) = E{k,<i>2) — E{k,(f>i) - E(k,<f)) 

As an application of this equation, let us determine the 
following: 

The Length of an Arc of an Ellipse. Take the parametric 
equations for the ellipse as 

a; = a cos f, y = h sin t, with a > b. (57) 

Then 



4>2 


(56) 


d$^ = dx^ + dy'^ = (a^ sin^ ( + 6* cos^ t)dlj 


(58) 
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s = ^ cos‘^ t dt. 

We note that 


(59) 


sin^ t cos^ t = d^ — (a^ — b^) cos^ t 

= a^{\ — cos^ t) (60) 


where e is the eccentricity of the ellipse, 

= f 

a a 


(61) 


To replace cos t by sin <j>, we use the substitution 



which makes cos t — sin and dt = —d<t>. (62) 


It follows from Eqs. (59), (60), and (62) that 

s — a y/l — sin''^ <j) d<t> = a[E(e) — E{e,<f>)]. (63) 

J’f' ■ / 

It follows that, if A J? is a quadrant of the ellipse, 

Arc AB = aE{e) and &rc PB = aE(e,<l>). (64) 

Let AP'B' be a 90° circular arc and PP' be parallel to OB. Then 
angle P'OB' = <f>. This leads to a geometric representation of 
any value of E{k,(j>) by an arc PB on an ellipse with a = 1 and 
c = e = k. 

108. A Trigonometric Integral. The integral 

h = / VVT C cos u D sin u du (65) 

Jui 

can always be expressed in terms of the two functions E{k,(f)) and 
F{k,<t>). The procedure for reducing 1 2 is somewhat similar to 
that for 1 1 described in Sec. 106. We first use the transforma- 
tion (19) and substitution (20), u — b = 2v, to obtain 


I 2 = I~\/A-{-B cos (u — b) du 

Jui 

= 2 \^A -t- B — 2B sin^ v dv. 

Jvi 


( 66 ) 


We next distinguish two cases according as A ^ B or A < B. 
Case I. A ^ B. As in (22), we put 

A + B 
~2B ’ 


C2 — 


where ^ 1 since A B ^ 2B. (67) 
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Then from Eqs. (66) and (56), 


/’"» 

= I vA + B cos (u — h) du 

J Ul 

= 2 VA + B (■•■)} if A ^ J5, 


where 

1 j 2B ^ ^ , U2 — b 

Case 11. A < B. As in (25) we put 


Ul — b 
~ 2 ~' 


= 


A + j5 
2B ’ 


where < 1 since A -jr B < 2B. (70) 


And we make the further change of variable (26) 

\/W sin V — \/ A B sin w, 

\/^ cos V dv = \/ A B cos w dw. (71) 

The radical of Eq. (66) becomes \/A +■ B cos w, so that 


1^ — 2 -y/ A + B / cos w dv 


f 2{A + B) cos^ w dw 
J cos V 

2(A + B) cos^ w dw 


J y/2B - (A + 5) sin2 w 
We next combine the last integral with the identity 
2(A + B) cos2 w = 2{A- B) A- 2[2B - (A A B) sin^ w] (73) 


to deduce that 


h = 


2(A - B) 
\/2B Jwi 


\/l — sin^ w 

r tv 2 

+ 2 y/2B I y/l — sin^ w dw. (74) 
J w\ 


Then from Eqs. (15) and (56), 


h = 


I y/ A A- B cos {u — b) du 

Jui 

^ a A <B, (75) 
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where 


^-4 


A + B 
2B 


< 1 


and 


1 . U2 — b 
sm W 2 = - sm , 

c 2 

• 1 , *^1 b 

sm wi = - sm — s — (76) 


109. The General Elliptic Integral. Let R(u,v) denote any 
rational function of the two variables with real coefficients and 

X = ax^ + bx^ -\- cx^ -\- dx A- ^ (77) 

be a real polynomial. Consider the integral 


R(x,\/X)dx. (78) 

If a = 5 = 0, the polynomial X is of the first or second degree. 
And if X = 0 has two equal roots, we may write 

V^X = s/ix — rYipx^ qx A- t) 

= (x — r) V px‘^ + qx + r. (79) 

In both cases the integral (78) reduces to the type shown in 
Sec. 68 to be expressible in terms of elementary functions. We 
exclude these degenerate cases and assume that X is a poly- 
nomial of the third or fourth degree with all its roots distinct. 

Then the integral (78) is called an elliptic integral and in 
general is nonelementary. However, any such integral can 
always be expressed in terms of integrals which are elementary, 
together with three new types of integrals, namely. 


/: 


dx 


V(1 - a-'2)(l - W) 


and 


dx 


Iq (1 A- nx'^) ^/(l — x^)(l — k^x^) 



where 0 < fc < 1, 
-I ^ X ^ 1. 


Here, as the inequalities indicate, k and x are real. But n may 
be any complex number. The three integrals (80) are Jacobi’s 
normal forms for elliptic integrals of the first, second, and third 
kinds, respectively. They may be transformed into Legendre’s 
normal forms by the substitution x = sin which makes 
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/: 


dx 


-v/(l - a:2)(l - 


=/: 


d(}) 


\/l — sin® (j) 


= Fik,<l>), 


fo ^ jo ~ <i>d<l> = E{k,<t>), 


dx 


fo (1 + nx2) V(1 ^ a-2)(l - W) 

d<j> 


=/; 


(1 + sin® (t>) \/i — A:^ sin® <j> 


= = ir{n,k,4>). 


( 81 ) 

(82) 


(83) 


The functions F{k,(f)) and E{k,<l>) have been discussed in 
Secs. 105 and 107. It is theoretically possible by using F(k,<j>) 
and elementary functions to express Air{n,k,(j>) + AT{n,k,<l>), 
where A, A and n,fi arc any two pairs of conjugate complex num- 
bers, in terms of two functions 7r(mi,/e,</)) and 7r(w2,A;,<^) with mi 
and m 2 real; and similarly to express ‘Tr{n,k,<j>) with n > 1 or 
n < 1 in terms of ■7r(m,k,4>) with — 1 ^ m ^ 1. But even with 
this restriction, there are still three parameters, and tabulation is 
not practicable. It is also possible to express the complete 


function tt 



— 1 ^ n ^ 1, in terms of elementary func- 


tions and the functions F{k,4>) and E{k,<j>). 

Sections 110 and 111 are devoted to two classes of elliptic 
integrals that may be expressed in terms of F{k,<l)) and E(k,<l>) 
and hence practically evaluated. For most other elliptic 
integrals, the reduction would lead to integrals of the third kind. 
And if numerical values are required, one must resort to a direct 
use of Simpson's rule or to a series expansion. 

110. Integrals of the First Kind. The integral of dxj^X is 
always reducible to a constant times the integral of (15). The 
evaluation is easily effected if there is at hand a substitution 
which makes 


dx 

-v/x 


= c 


d<t> 


Vl - k" 


sm^ 


and hence 


rx<i 

J XI 


dx 


\/X 

= C[F{k,<l>,) - F{k,<t>i)]. (84) 


We give such a substitution for each of six possible cases. This 
enables us to compute <f >2 from X 2 and <}>i from Xi. We also give 
the formulas for computing the constant C and the modulus k. 
The constants a,b, etc., are all real. 


Cose L X = + (a; — a)(x — b){x — c){x — cQ, 
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The substitution 


sin^ <l> = 


{b — d)(x — c) 
(b — c)(x — d)’ 


will make Eq. (84) hold with 




(85) 



4 

c)(6 - d) 


and 


(6 - c)(a - d) 
{a - c){b - d) 


( 86 ) 


The modulus k is positive, and the sign of C is determined by the 
following table: 


Upper sign: d<c<x<b< a, or x<b<a<d<c, 

C >0; (87) 

a < b < X < c < d, or c < d < a < b < X, 

C <0. (88) 

Lower sign: c<x<b<a<d, C>0;d<a<b<x<c, 

C <0. (89) 

For X in any interval of integration which makes \/X real, it 
is always possible so to letter the four roots that one of these 
relations is satisfied. This will ensure that the given expression 
for is positive and that the expressions for sin^ <f> and A:^ will 
each be between 0 and 1. 


Case II. X = ±(x- a)ix - 6)[(x - cY + 
The substitution 


+ iL ^ 

2 - Mx-b 


0 < <l> < T, 


(90) 


where M and N are the positive square roots of 

= (c - ay + d\ m = (c - by + d^ 

will make Eq. (84) hold with 


r'2 — 

^ MX 


and 


= 


(M ± Ny - (a- by 
±mN 


(91) 

(92) 


The modulus k is positive, and the constant C is positive if 

Upper sign: x < b < a, or b < a < x. (93) 

Lower sign: a < x < b. (94) 

For X in any interval of integration that makes y/X real, it 
is always possible so to letter the two real roots that one of 
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these relations is satisfied. This will ensure that the given 
expression for tan® <^/2 is positive, and that the expression for 
will be between 0 and 1. 


Case III. X = [(x — a)“ + — c)® + d®], a 9 ^ c. 

Let p and q be the roots, necessarily real, of the quadratic 
equation 


(a — c)p® + (c® + d® — a® — 6®)p 4- (ca® + c&® — ac® — ad®) = 0. (95) 


Calculate 

M = [{q — ay + 5®][(p — c)® + d®] and 

^ = [(P ~ «)^ + &^][(<7 ~ <^)^ + d®]. (96) 

The notation may be so chosen that p > q and that M N, 
since an interchange of.,,a,6 with c,d will not affect p and q but 
will interchange M and N. Then the substitution 


tan 




a)® + 5® a: — (/ 


a)® + 6® p — 0 - 
will make Eq. (84) hold with 


C = 


p -_q 

Vm 


and 


k 


- I < (97) 

i - V 


where the indicated square roots in Eqs. (97) and 
to be taken as positive. 

Case IV. X = [(x — a)® + 6®][(x — a)® + c®], 
The substitution 

tan <t> = — ^ — } — 2 < <^ < 2 ’ 


(98) are all 
0 < 6 < c. 

(99) 


will make Eq. (84) hold with 

C = i and k = ^l-~ (100) 

Case V. X = ±{or— a){x — b)(x — c). 

The substitution 


sin® <t> = ^ 0 < <t> (101) 

0 — c Z 
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will make Eq. (84) hold with 

and = -> (102) 

a — c a — c 


if the sign of C is determined from the table: 

Upper sign: c < x < b < a, C > 0. (103) 

Lower sign: a < b < x < c, C < 0. (104) 

And the substitution 

sin^ <f) = ^ 0 < <f> <^7 (105) 

will make Eq. (84) hold with 

and k^ = (106) 

0 C 0 c 

if the sign of C is determined from the table: 

Upper sign: c < a < b < x, C > 0. (107) 

Lower sign: x < b < a < c, C < 0. (108) 


For X is any interval of integration which makes -s/X real, it 
is always possible so to letter the three roots that one of the 
relations (103), (104) or (107), (108) is satisfied. 

Case VI. X = ±(x- a)[{x - 6)= + c^]. 

Let M be the positive square root of 

M2 = (6 - a) 2 -I- c2. (109) 

Then for the upper sign x > a, and the substitution 

= 0<<.<T, (110) 

makes Eq. (84) hold with C and k the positive square roots of 
= i and = (111) 

For the lower sign x < a, and the substitution 




0 < <^ < TT, 


( 112 ) 
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makes Eq. (84) hold with C negative and k positive where 



and 


= 


M + a - 6 
2M 


(113) 


111. Integrals of the First and Second Kinds. One of the 

intermediate steps in the reduction of an elliptic integral (78) 
is a substitution that transforms the radicand to the product of 
two real factors without odd powers of x, 

X = (Ax^ + B)(A'x^ + B') = + hx^ + c. (114) 

This substitution will, in general, introduce denominators outside 
the radical that eventually lead to integrals of the third kind. 
In fact, if the original radicand X is an unrestricted third- or 
fourth-degree polynomial, we can be sure of avoiding this 
difficulty only if the integral has the form dx/\/X discussed in 
Sec. no. 

However, if X has the partly reduced form (114), the integral 




dx, 


n any positive or negative integer, (115) 


is always reducible to integrals that are either elementary or 
expressible in terms of F{k,<l>) and E{k,4>). If n is odd. 


n — 2m -j- 1, 


the integral (115) is elementary, since the substitution x^ — t 
makes 


/ 


,y2fnA~ 1 

~v= dx 

Vx 


/ 


V^ dt 

2 (iF T 4“ c 


(116) 


which is an integral of the type treated in Sec. 68. Hence we 
need consider only integrals (115) with exponent n even. 

We start with the relation 


r /v^ _ 2)a:”+* 4- b{n l)a:"+^ -4* cnx' 

Tx Vf 


If we put n =■ 2m — 3 we may deduce that 


[ ^ ‘\/X 

J VI “ a(2m - 1) 


26(w — 1) f 

- 1) J Vf 

_ c(2m — 3) f 
a{2m — 1) J 


dx 


/y.2m~-4 

^—^dx. 


(117) 


( 118 ) 
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This enables us to reduce any integral (115) with positive 
exponent to two others with smaller exponents if w > 1. Again, 
we may put n = — 2m + 1 in (117) and deduce that 


j ■^(2;^iy 


26(m - 1) 
c(2m — 1) 

a{2m — 3) 
c(2m — i) 


/ 

/ 


2(m— 1) 


dx 


2(w— 2) 


dx. 


(119) 


This enables us to reduce any integral (115) with negative 
exponent to two others with algebraically greater exponents. 
Thus, by successive use of the two formulas, any single integral, 
or linear combination of integrals, of the type of (115) may be 
expressed in terms of the two integrals 

and (120) 



The first of these is of the type evaluated in Sec. 110. The 
second may be transformed as follows. Choose the signs of 
in such a way that the two factors of X in (114) are 
both positive for x in the interval of integration. We shall 
require two substitutions. 

Substitution I. The substitution = Ax'^ A" B makes 


/ 


xHx _ —B r dz 1 

~ W j ^ P I 


/ 


z'~dz 

vl' 


where, written with positive factors, 

Z = (z‘^ - B){A'z^ + AB' - A'B), if A > 0, 

and 


( 121 ) 

( 122 ) 


Z = (-^2 4- B){-A'z^ - AB' + A'B), if A < 0. (123) 

The first integral on the right in (121) is reducible by the method 
of Sec. 110, and the second integral is of the same type as our 
original integral, but with new radicand given by (122) or (123). 
Substitution II. The substitution z = —l/x makes 


C xHx _ f z~Hz _ _ -y / Z , 

J V J “ J 

by Eq. (119) with m = 1, where 

Z = (Bz^ + A)(B'z^ + 


BB' f 

AA' J 
AO. 


z^dz 


(124) 


( 125 ) 
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Thus Substitutions I and II enable us to express the second 
integral (120) in terms of a new integral of the same type with 
new radicand given by Eq. (122), (123), or (125). After each 
substitution we may replace z hy x and redefine the letters 
so that the radicand is again {Ax"^ + B){A'x‘^ + B'). 

If B and B' are both negative. Substitution II will make the 
new B and B' both positive. 

If B and B' are of opposite sign, choose the notation so that 
B is negative and B' positive. Then Substitution I will make 
the new B and B' both positive. 

This reduces all cases to that in which B and B' are both 
positive. And in that case we may take the factor -s/BB' out- 
side the radical, and with revised notation write 

X = (1 + A.t2)(1 + A'x^). (126) 

If A and A' are of opposite sign, choose the notation so that 
A is negative and A' positive. Apply Substitution I. Then 
from (123) with B = B' = I, the new radicand will be 

Z = (1 - z^){A' -A- AV) 

= (A’ - A)(l - 2^) (l - y4ra *")• (127) 

If A and A' are both positive, choose the notation so that 
A' > A. Then Substitution I [Eq. (122)], followed by Sub- 
stitution II, will make the new radicand 

Z = (1 - Z^)IA' + (/I - A')z*] = A'(l - 2’) M - ^ ^ 

(128) 

This reduces all cases to that in which A and A' are negative. 
And in that case we may write the radicand (126) in the form 

X = (1 — — 5%^), with a > 6 > 0. (129) 

Our integral is now reduced to normal form by the substitution 

sm <t> = ax, — 2 < <> < 2 ' 

which makes 

■\/ (1 — a%®)(l — h'^x^) J \/l — sin^ 

where k = -> 
a 



(130) 

(131) 
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or 

i / V l 1> ~ d*. (132) 

And these two integrals may be found in terms of F(k,<t>) and 

E{k,<f>) by means of Eqs. (15) and (56). 

112. Jacobi’s Elliptic Functions. For fixed modulus k and 
X = sin <f>, the equation 

dx 

u = t(k,<i>) = ;7(rzpy(f3pp) (133) 

defines w as a function of <l> or of x. It also defines </> as a func- 
tion oi u, <f> = am u (read amplitude of u). The sine amplitude 
of u, cosine amplitude of u, and delta amplitude of u are then 
defined by the equations, 

sii u = sin (am u) — sin </> = x, (134) 

cn u = cos (am u) = cos ^ = \/l — x^, (135) 

dn u = A(am u) = A<t> = \/l — /c^ sin'^ 4> = -s/T — k^x^. (136) 

When u is real, all these functions are real and we use the positive 
square root in Eq. (136). In particular, if w = 0, <^ = 0 and 

sn 0 = 0, cn 0 = 1, dn 0 = 1. (137) 

The function sn u is odd, while cn u and dn u are even. That is 

sn ( — m) = — sn u, cn ( — w) = cn u dn ( — ?/) = dn u. 

(138) 

We shall omit the deduction of the addition theorems for these 
functions, which are as follows (see Prob. 87 of Exercises VII) : 


sn (w ± v) = 
cn {u ± v) = 
dn {u ± v) = 


sn M cn y dn V ± cn u sin v dn a 
I — k'^ sn^ u sn'^ v ’ 

cn w cn y + sn w sn y dn w dn v 
I — k^ sn^ u sn^ v 
dn w dn y + sn w sn y cn w cn y 


1 — k'^ sn^ u sn^ y 
When u = K — F{k, t/2), </> = v/2 so that 
sn X = 1, cn K = 0, dn K = \/l — k^ = k'. 
This positive root k' is called the complementary modulus. 


(139) 

(140) 

(141) 


( 142 ) 
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And by Prob. 90, when u — K iK', where K' = F(k', Tr/2), 
snu = X — 1/k so that 

1 I'k' 

sn {K + iK') = cn (K + iK') = - 

rC K 

dn {K + iK') = 0. (143) 

From these values and the addition theorems, it follows that 
each of the functions sn u, cn u, dn u admits the real period 
4iC and the imaginary period AiK'. The smaller periods 2iK' for 
sn u and 2K for dn u, as well as the alternative period 2K + 2iK' 
for cn u may be used. 

All three of the normal integrals of Sec. 109 may be expressed 
in terms of sn u and simple integrals involving sn n. Thus 


F{k, sm~^ x) 


0 ^/(l - x^){l - kH^) 


— u = sn~^ X or sn“^ {x,k) 


if we wish to indicate the parameter. 

If <^ = am u, we find from Eqs. (133) and (136) that 


(144) 


du _ 1 _ 1 

d<t> A0 dn u 


and dn^ w = 1 — sn^ u. (145) 


Hence 


E(k,(l>) = J A<pd<f> = J dn^ udu = u — k^ J sn^ udu. (146) 
And when x = sin = sn u, from this and l^q. (82), 


E{k, sm-^ x) = 


f' Vl - k^ 

*0 -v/l — a 


dx = sn~^ 


r sn ^ , 

-''•j. 


Similarly, from Eq. (83), 
7r{n,k,(f>) = 7r(n,A;,sin“‘ a;) = 


sn^ u du. 


(147) 


(1 + nx"^) \/(l — a:^)(l — kV) 

rsn~^x J 

/ du _ 


'o (1 + n sn^ u) 


(148) 


113. References. Tables of the complete integrals K and E 
as functions of a are included in many mathematical handbooks. 
Those in H. B. Dwight’s Mathematical Tables list K and E as 
functions of the argument k"^, which is usually the known param- 
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eter. The brief table of the incomplete integrals F{k,<f>) and 
E{k,4>) given in B. 0. Peirce’s Short Table of Integrals and the 
fuller one in Jahnke-Emde’s Tables of Functions have been 
mentioned in Sec. 105. 

A proof of the possibility of expressing any elliptic integral 
in terms of the three normal forms will be found in Chap. VI of 
the author’s Treatise on Advanced Calculus. For a comprehensive 
treatment of the theory of elliptic integrals and functions, the 
reader may consult A. Enneper’s Elliptische Funktionen. 

EXERCISES VII 

Use tables to evaluate 


1. A(0.23). 

/4 d<i) 

■y/I — 0.3B sin^ 0 

2ir d(f) 


•r 

•/:: 


2. F(0.23, 0.96). 

r 


3. F(0.23, 1.85). 
d<l> 


j. r- 

J-^/n 


v/l — 0.83 sin^ <j) 
/!) dd) 


-%/ 1 — 0.54 sin^ 7ir/i8 s/i — 0.25 sin^ 4> 

By means of the series (7), compute the value of the elliptic integral 

8. A(O.l). 9. A(0.08). 10. A(0.2). 

11. From Eqs. (5), (6), and (7), deduce that 
Lui 2 ... . OA . 3 ^ , 3 • 5 ^ 

, 3 • 5 • 7 .. A:« , \ , 

+ be - + • • • ), where 


k* 


4-6-8 


8 


C-2 = sin^ </) 4- ^ 


cu 


sin-' </> + -| sii4 0 + 

Ce = siii« (p A- ~ sin‘ (f) + J— ^ siiU (p + 1-4-4’ etc. 

o 6-4 o • 4 • 2 




12. Using Probs. 11 and 8, compute the value of the elliptic integral 
x/4 d<p 


F 




Vl - 0.01 sin2 cp 
Use Eqs. (23) and (29) and the tables to evaluate 


13 

16 

18 


/o 

■/« 

•/o 


r/9 


du 


\/3+~ cos u 

7r/3 du 

0 \/ cos u 

7r/2 du 


14. 

Jo 


du 


V" COf 


cos u 


/o 


\/3 — cos u 

17. 

Jo V si 


16 


•/« 


r/2 


du 


0 Vt - 


sm u 


sm u 


7r/2 du 


\/Ri 


Rin u 
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19 . Let P = {r,6) be a point on the lemniscate r'^ — cos 26 with 
0 < 6 ^ ir/4: and let A be the vertex (a,0). Show that the length of the 
arc AP is equal to any one of the following expressions: 

re add f 2 e adu a „r 1 . , ^ /-i . 1 

Jo v cos 26 Jo 2 -\/cos'M \/2 L\/2 J 

20. Evaluate the arc AP in Prob. 19 if 6 = -rr/^; also if 0 = 7r/4, 
when AP is a quadrant. Use this to check Prob. 58 of Exercises VI 
(page 269). 

21. Let 0 be the pivot and C the center of gravity of a compound 
pendulum. Then T = '^l{d6/dtY, U = —mgr cos 6 where I is the 
moment of inertia about 0, in is the mass, and r = OC. Show that 
the discussion of Sec. 106 applies if we replace I by I/mr in Eq. (34) and 
all later relations. 

22 . Use Eq. (46) to find the period of a simple pendulum making 
180° swings, and so check Prob. 57 of Exercises VI (page 269). 

23. For the pendulum of Prob. 22, find the time required for 6 to 
increase from 0° to 30°, from 30° to 60°, and from 60° to 90°. 

24. If |8 is the maximum angular deflection of a vibrating pendulum, 

show that the period P = 2r \j- f 1 + 4 ^ — sin'* - + • • • 

g \ 4 2 64 2 / 


or 2x 




1 4- _L 52 1 Li, Q 4 4. 

^ 16 ^ ^ 3072 ^ 


) if^i 


is small. 


26. Check Prob. 22, within 2 per cent, by using three terms of the 
first series of Prob. 24. 

26. If the maximum velocity of a pendulum making complete revolu- 
tions is one-half the minimum velocity, find the period. 

27. Show that the elliptic integral involving trigonometric functions 

f 

/ takes the form of 1 1 given 

J Vi ~r Q sm* V R cos-* v -j- S cos v sin v 

in Eq. ("16) if u = 2?;. 

Use Proi). 27 to evaluate 


28. 

f^/2 

dv 

29. 

f 77/2 

dv 

yo \/l -}- 3 sin*-^ V 

Jo 

•\/l + 3 cos* V 

30. 

/•V3 

dv 

31. 

f 7r/2 

dv 

V3 — 4 sin^ V 

Jtt/Q 

\/ 3 — 4 cos* V 

32. 

r 

dv 

33. 

r^/2 

dv 

A) \/l — 4 sin^ V 

Jtt/^ 

\/l — 4 cos* V 


Use tables to evaluate 
34. E(0.70). 36. E(0.70,l). 

/5 


37. fY Vi 


36. .£’(0.70,2). 


0.36 sin* <f) d<f>. 38, 


f ^/2 

•/o 


0.72 sin* d<f>. 
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39. 




0.41 sin^ </) d<f>. 



— 0.25 sin"'* <i> d<i>. 


By means of the series (53) compute the value of 
41. ^J(O.l). 42. E{0M). 43. i!;(0.2). 


44. From Eqs. (52), (6), and (53), deduce that the elliptic integral 
Eik,<t>) =?F<^ + sin2<^^(i 


4 4 4 


Z ^ k* 
6^^ 6 


+ 


1-3 


5^ P , 
6 - 8 ^'® 8 


). 


where the C,, are given in Prob. 11. 


46. Using Probs. 44 and 41, compute the value of the integral 
V^l — 0.01 sin^ 4>d4> = jB(0.1,x/4). 


Find the entire length of the ellipse 
46. 8a;2 + = 72. 47. x'^ + 4i/ = 4. 48. + 2?/2 = 16. 


On the ellipse of Prob. 48, find 

49. The length of the minor arc joining (2,-%/6) and (2 \/2,2). 

60. The point that bisects the arc of the first quadrant. 

61. The end of a unit arc measured from (0,2 \/2) to the right. 


62. Show that the total length of an ellipse is equal to the expression 

2ira(l — He* — % 4 e‘‘ — ~ ^^^6384^* —•••)• 

63. Check Prob. 46 by using the series of Prob. 52. 

64. Show that the length of one arch of y = a sin a; may be expressed 

in the form 2 + I E ( — ^ 

VVa^ + I/ 

66. Use Prob. 54 to find the length of one arch oi y = sin x. 

Given the right circular cylinder C: r = a sin d and the sphere 
aS: r* = 21 * 4- 6*, with b a, show that 

66. The area on the cylinder C inside the sphere S is AahEia/h). 

67. The area on S inside C is 26 *[t — 2F(a/6)]. 


68. Compute the areas of Probs. 56 and 57 when a = 1, 6 = 2. 
Use Eqs. (68) and (75) and the tables to evaluate 


cos u du. 


/•t/2 . 

69. /„ V 

\/3 + cos u du. 



sin u du. 
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P' + Q' sin* V + i?' cos* v 


dv in terms of the integrals 

-f- Q sin* V R cos* v 
reduced in Secs. 106 and 108 by putting u = 2v and using the identity 
A' + B' cos u B' /-i—r-B- , 1 

7 . , „ = = -pVA+B cos -UH K -==p:^=z:zz::- 

A B cos u ^ -o V A + .D cos u 


Use the appropriate reduction of Sec. 110 to evaluate 


«3- /, 

“■/o 


dx 


2 y/ {x — l)(a; — 2){x — 3)(x — 4) 

dx f 2 

j\ 


64 . 


f: 


dx 


67 . 


0 \/x* + 6x* + 8 

dx 


i: 


\/(l — a;) (4 — X*) 


66 . 

68 . 


y/l — X* 
dx 


f: 


Vix - l)(x - 2)(x - 3) 
dx 

\/\ — x^ 


69 . Check Prob. 63 by putting 2x = sin </> + 5. 

70. From Case I of Sec. 1 10 with d,c,6,a = —1/m, — 1,1, 1/^5 m < 1: 

dx 2 rr /2 \/r 


2K{m) = 

_ 2 Vni 




\/(l - a:*)(r- ?n*.x2) 1 + w. 


- K ( ^ Now put 

I. \1 + 


and deduce that K{k) = (1 + m)K(m), where m 


1 - k' 


l + m - 

k' = y/l — k^. This is one case of Landen’s transformation. Since 
m < k, the series (7) for K{m) converges faster than that for K{k). 

Use the substitutions of Sec. 1 1 1 to evaluate 




1 x*dx 


0 -v/l — 

73 . The area of the oval y* 


**• fo 

1 — X* 


x*dx 


1 + X* 


y/x* + 6x* + 8 

isA=4/; (1-^’)* 


Va - a:*)(l + x*)‘ 

Section 111 suggests z* = 1 — x* and sin <j) = z, or x = cos <^. Use 
this to show that A = 4 y/2 j^/C ~ ^ ~ 2.848, check- 

ing Prob. 59 of Exercises VI (page 269). 

74 . Verify that 

f ^ SGC^ d) f ^ 

(1 — A:*) d<f> = Jq sec* <l> A(f> d(t> — k^F{k,4>) and also that 

/ sec* <f> A<t> d<f> = tan <}> A<f) -p F{k,<l)) — E{k,4>), if as usual we write 
A<l> = y/l — A:* sin* 0. 

76 . Let A = (a,0) be the vertex and P = (x,y) be a point with posi- 
tive coordinates on the hyperbola ^ — p = 1. Put tan 0 = p> where 
c = \/ a* -p 6*, and show that the length of arc AP is equivalent to 
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^ F — <^F + tan <j> \/c^ — sin^ <i>. Hint: Use Prob. 

74. 

76 . Use Prob. 75 to find the length of the arc joining (4,0) and 
\/l3,2) on the hyperbola Ox'-* — 16i/^ = 144. 

77 . Show that the volume cut out of the cylinder x‘^ + z‘^ = by the 

cylinder = b‘^, b ^ a, is 

7 = ^ (a2 + h^)E (^) - (a2 - b^)F (^) ]• Hint: If x = cos <f>, and 
b /■’^/2 

^ ^ a’ ^ ~ io (f> A<f> d<f>. Now use the following identity 

3 cos'-^ (f> A</> = ^ (sin <l> cos 4> Atp) + (k~‘^ + l)A</> — {k~'^ — 1) 

78 . Compute the volume of Prob. 77 if a = 3 and 6 = 2. 


Let an electric current / flow around a circular loop C of radius a. 
The magnetic field intensity H at 0, any point in the plane of C and at 
distance 6 from its center, may be found as follows. If 0 is the origin 
and the center of C has polar coordinates (6,0), the equation of C is 
r'^ — 26r cos 0 + 6^ = n\ and the expression for the field intensity is 

H = j - ds = I j taken over C. Show that 


79. For 0 inside C, b < a; - = - 

> > y. 


6^ sin^ 6 - 

— 6^ 


6 cos d 


and hence 




S’T dd 


“ Wo r -b^^^ \aJ 

80. For 0 outside C, 6 > «; if 6 < «, where sin « = a/6 there are two 
values of r on G. If these are r\ and rj > ri; dd 2 = —ddi, while now 

I 1 2 \/«^ — 6^ sin^ ^ tt xt- • r XI • X -x • 

^ = ^ ’ ^2 Hence the expression for the intensity is 


^ ” 2^ /o (^ + ^) - y V«* - b'sm^edS. And hence 

H = 4/[f^^i;c(f)]. 


81 . If a spring, originally straight and along the x axis, is bowed up 

El 

by a compressive force F acting on its ends, the equation — = —Fy 

holds. Put El = Fc^, p = ^ so that - = Let x = 0, 

’ ^ ax p (I + ’ 

y = b when p = 0 and x = ±a when y = 0. Then it follows that 

y dy = —c^p dp{l + p"^)-^^, y^ — b^ = 2c*[(l + p^)-y^ — 1]. And with 


y = b cos 0, k 


6 

2c’ 


deduce that the following relations are all valid. 


(I + p2)“5'^ = 1 — 2k'^ sin^ 0 = 2(A(f>P — 1, and hence for 0 < x ^ a. 
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_ 1 _ 2{A<t>)^ - 1 
p ~ 2k sin ^ A</> 

c d<j) 

dx — 2c A(j> d(j> -r~^ 


1 dx 

But = ~ T" 

p dy 


-,-7> SO that we have 


JLU — — — 7 — 7 » 111' OVi uixciii/ XM.CMI y 

p dy 0 sin <(> d<t> 
and X = c[2£'v, — F(k,^)]. Also with s 


diS (1 ~ I c d/fj) 

measured from (0,6), ^ — > so that ds = ■— and hence 

s = cF{k,<l>). For the whole spring from —a to a, the length becomes 
L = 2cK{k), the span 2a = 2c[2E{k) — K(k)], and the maximum 
deflection 6 = 2ck. 

82. Suppose the spring of Prob. 81 is of steel for which E = 3 X 10^ 
Ib./in.* has uncompressed length L = 10 in. and is in. wide and H4 
thick, so that / = 1/(3 X 2^0 Find the maximum deflection and 
span if the thrust F is 1 lb. 

83. When gravity is neglected compared with the centrifugal force 
and tension T, the equation for the curve of a skipping rope reduces to 

— —'inoi'^y. Putwico^'c^ = Tg and p = dy/dx. Let a: = 0,2a 

when y — 0 and x = a, y — h when p = 0. Then it follows that 

dp{\ + = —y dy, 2c^[(l -p P^)^^ — 1] = 6^ — y^. And with 

6^ 6^ 
y = 6 sin 4>, k'^ = deduce that (1 + p'^yA = ^^2 

, , ^ ^ 1 2kc^ ^ , I dx dx 

and for 0 s a; < a, - = tz i3ut - = -j- = r t~ti^ so 

“ p 6^ cos 0 A0 p dy 6 cos 0 c/0 

that dx = and x = ^^F(fc,<^). Also ^ = (1 + so that 

/6 _ 2kc^\,, , 2kc^^„^, 

ds = d<l> and » = ^ E{k,<l>) ^ F{k,<i>). 

84. In Fig. 124, B'AB is the arc of a circle of radius I on which the 
bob of a simple pendulum is vibrating. BCB' and UWU' are horizontal 
lines cutting the vertical diameter AD in C and W. The small circle has 
diameter AC and cuts UV in VV' . Angle AOB — 2a, angle AOU = B, 

0 

and the time t is given by Eq. (41). Show that AW — 21 sin^ 2’ 

0 

AC = 2 I sin'^ a, so that AV = -y/ AW ■ AC = 21 sin 2 sin « = AC sin d>. 

Deduce that angle ACV — 0, and if u = ■\/ g/l t, the functions of Sec. 

112 are . sn u = WVICV, cn u = CWjCV, dn -u = DW/DU, since 

0 

dn^ w = 1 — sin^ « sin^ 0 = cos* -x- 


that dx 


86 . Use Case V of Sec. 110 to show that, if cs < cz < Ci < p, then 

_ ^ “ dx 

Ip \/4(x — ei)(x — e 2 )(x — es) 

1 .. L ^ ki - Ca . , A Ici — ez\ 


\/cx - Cz 


Co — C3 
Cl - € 3 ' 


j ei — 

p - ezj 
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Deduce that p{u) - ez -\ -y :— li— — > where k = — is the 

sn* (Vei — esu) Ci — ei 

modulus of the sine amplitude. When ei + + Cs = 0, the function 

p{u) is the Weierstrass ^ function. 

86. From Eqs. (134) to (136) and (145), ^ = dn w, deduce that 


is the 

€i - e% 


d(sn u) 


= cn u dn u, 


d(cn u) , d(dn u) 

■ — j- — = — sn u dn u. — = —k^ sn u cn u. 

du ’ du 



87. \{ u V = c, 


1. Let sn w = s, sn ?; = <Sf, and use primes 


for u differentiation. From Prob. 86, we have s'" = (1 — s^)(l — 
s" = 2k‘^s^ — (I + fc^)'s, and similarly 8'"^ = (1 — *S'^)(1 — k^S'^) 
S" = 2/c\S3 - (1 + k^)S, so that s"S - .S"s = 2k^sS(s^ - S^) and 
g'ig ‘2 _ ^>‘ 2 g 2 =: (1 _ ]ch‘^S^){S‘^ — s^). Hence derive the relation 


s"S - S"s 
s'S - S's 


2k^sSis'S + S's) 
1 - k^s^S^ ’ 


and from this by integration deduce 


log (s'S — S's) = log (1 — kh^S‘‘) + C. This may be rewritten as 
cn w dn w sn V + cn y dn y sn w ^ 

yy - y -■ — — — — - = e^. When y = 0, u — c, and so 

i — k^ sn^ u sn^ v ’ ’ 


= sn c or sn (u + y). This verifies the first addition theorem, 
Eq. (139). 

88 . Show that when k = 0, u = <f>, sn w = sin -w, cn w = cos u, 
dn w = 1, and Eqs. (139) and (140) become familiar trigonometric 
formulas. 


89. Show that when k = \, u = gd“^ 0, where (f> = gd u is the func- 
tion of Probs. 31 and 32 of Exercises I (page 39) and also show that 
sn w = tanh u, cn w = sech w, dn « = sech u. Also verify that Eqs. 
(139) and (140) become consequences of formulas given in Sec. 4. 
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90 . In Eq. (133), u becomes complex if a: > 1. Show that when 
X = 1/k, u = K iK', where we may evaluate K = F(k, 7r/2) and 
K' = f’(\/l~-^» ’r/2). Hint: See Prob. 116 of Exercises V (page 250) 
,»and put 1 — k"^x'^ = (1 — A:^) sin^ <f> in the integral for K' . 

Use Prob. 86 to check the first two terms of each of the following 
series. They all converge if \u\ < K', defined in Prob. 90. 

/!/ 3 ^ 5 

91 . snu - u — {i + k'^) ~ • • • . 

92 . cn w = 1 — + (1 + 4/c^) ^ — (1 + 44fc^ + 16^:“) + • • • . 

rty2 /j/4 

93 . dnw = 1 - + kH^ + k'^) ^ - A;2(16 + 44/0^ + ■ ■ ■ . 

94 . am u = w. — ^ + fc^(4 + k'^) — A^(16 + 44A‘'' + A'*) yj + • • . 



CHAPTER VIII 

VECTOR ANALYSIS 

The algebra and ordinary differentiation of vectors were intro- 
d\iced in Chap. Ill as an aid to the study of curves and surfaces 
in space. Most of this chapter deals with the symbolic vector 
del, Avhich is a vector partial differential operator, and three 
expressions involving del known as the gradient, divergence, and 
curl. These expressions simplify the discussion of certain useful 
relations between volume integrals, surface integrals, and line 
integrals in space. We show how results formulated in terms of 
del may be expressed in any system of orthogonal curvilinear 
coordinates. Symbolic vectors occur frequently in mathematical 
physics. We illustrate this by deriving the condition for a force 
field to be conservative, the Fourier equation of heat flow, Euler’s 
hydrodynamic equations, and Poisson’s equation for electrical 
or gravitational potential. 

114. Vector Algebra. We begin with a summary of those 
properties of vectors or directed magnitudes which were developed 
in Chap. III. Vectors may be represented in terms of their 
components along the axes, as 

a = ttxi “h ciy] d" u^k, b = bxi "b by} -b etc. (1) 

The operations of addition, subtraction, multiplication by a 
scalar, and differentiation with respect to a scalar parameter 
can all be carried out by performing these operations on the com- 
ponents of the vectors involved. The length of the vector a is 

a = \a.\ = s/ (2) 

The scalar product or dot product of Sec. 45, a • b, is 

a • b = Uxbx -b dyby -}- a^bz. (3) 

The scalar product is commutative, a • b = b • a, and 


a • b = a Proja b = ab cos 0. 
303 


( 4 ) 
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The vector product or ci oss product of Sec. 51, a X b, is 


a X b = 


i j k 

Ctx Ctz 

bx by bz 


tty ttz 

by bz 


i + 


ttz aj 

b z bx 


j + 


ttx 



(5) 



Fig. 125 . 


The expanded form is 

a X b = {ttyhz — azhy)i + 

(ttzbx — tt.xbz)j + {ttxby — aybx)k. (O) 

The vector product is 7wt commu- 
tative, but 

axb = — bxa, while 

[a X b| = |b X a| = tth sin 9. (7) 

The triple scalar product of Sec. 
53 is 




a ♦ (b X c) = (a X b) • c = 

4 


dx dy (Xz 

bx by hz 

Cx Cy Cz 


116. The Symbolic Vector Del. The equation 


(8) 


V = — i-f — i+— k 
dx dy dz 


(9) 


defines the symbolic vector, or vector differential operator V, 
read del. To interpret V in combination with a scalar point 
function f{x,y,z), we treat d/dx, d/dy, bjbz as if they were 
numerical components, and in the final form replace the product 
of d/dx times /by df/dx, that of d/dy times /by df/dy, and that 
of d/dz times / by df/dz. Thus the gradient of /, V/, is 


^ dx. dy dz^ dx dy^ dz ' 


( 10 ) 


Similarly for a combination with a vector point function 


Q(x,y,z) = Qx{x,y,z)i -b Qy{x,y,z)] -|- Qz{x,y,z)k (11) 


we replace products such as d/dx times Qx by dQx/dx. Thus tin* 
divergence of Q, V • Q, is by Eq. (3) 




dQx I d^ , dQz 
dx dy dz 


( 12 ) 
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And from Eq. (5) the curl of Q, V x Q, is 


V X Q 


i j k 

AAA 

dx dy dz 
\Qx Qy Qx 


The notation 



grad/ = V/, div Q = V • Q, curl Q = V x Q (14) 


is often used. The reason for the terms gradient, divergence, 
and curl will be explained in Secs. 116, 117, and 128. The 
physical interpretations there given show that the expressions 
(10), (12), and (13) have a significance independent of the choice 
of coordinate axes. This is not at once obvious, since del was 
defined in terms of i,j,k and x,y,z for a particular choice of axes. 
And we cannot geometrically interpret del or the scalar and 
vector products involving del by the methods used for ordinary 
vectors. Actually, under a rotation of the coordinate axes, the 
formulas of transformation for the component differential 
operators of V are identical with those for the components of an 
ordinary vector. Any scalar or vector expression that has a 
geometric meaning when applied to ordinary vectors must lead 
to an expression with a meaning independent of the axes when 
one or more of the vectors is replaced by V. Consequently all 
simple expressions of this type are likely to be useful in mathe- 
matical physics. For example. 


d^i d^f d^f 

a? 


(IS) 


is the Laplacian operator. We usually write V‘^ for V • V. 

Many of the rules of differentiation apply to V. In particular 
the product rule suggests that 


^(Jg) = i^f)g + Sm, V . (/Q) = (V/) • Q + / V . Q, (is) 
vxtfQ) = (v/)xQ+/vxQ, 

V-(PxQ) =Q-(VxP) -P-(VxQ). (17) 

If the vector Q is a gradient, Q = V/, 


Q-(VQx) = Q- 
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On replacing Q by V/ in Eq. (13) we find 

V X V/ = 0. (19) 

From this and the second equation in (17) we may deduce that 

V . (V/ X Vg) = Vg . (V X V/) - V/ . (V X v^) = 0. (20) 

116. The Gradient. Let U(x,y,z) be any scalar point func- 
tion, for example, a potential function. Then we may* pass an 
equipotential surface, 

U{x,y,z) = c (21) 

through any given point P = {x,y,z). By Sec. 49, the vector 

VI7 = ^i + |^j + ^^^k (22) 

dx dy Bz 

is normal to the surface (21) at P. Thus the gradient of the 

^ t potential function at any point 

y is normal to the equipotential 

)/ surface through the point. 

PQ=^ Let C be a space curve pass- 

/ ’ ing through P, and s the arc 

,T length measured along C. 

--..^./u(x.y,z)-o Then on the curve x,y,z are 

/ functions of s, and hence U is 

'C a function of s. We call dU/ds 

Fig. 126. directional derivative of V 

along C. From Eq. (25) of Sec. 21 

dU _ ^ • dU ^ dll dz -^o' 

ds dx ds dy ds dz ds ' ^ 

But t, the unit vector tangent to the curve C at the point P, is 

. dx . , dy , . dz . 

by Eqs. (172) to (174) of Sec. 54. It follows that 


(Vt/)-t = t.(VI[/). (25) 

Let B be the angle between the gradient and the vector t. Put 

Igrad U\ = IVl/l = + (gf + (gf. (26) 
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Since t is of length one, we find from Eq. (4), 

^ = Igrad U\ cos d = Projt (Vf7). (27) 

This shows that dlJ/ds depends only on the direction of the 
tangent to C at P and is equal to the projection of the gradient 
on this tangent. We call dU/ds the derivative of U in the direc- 
tion of t. Tt is a maxim\im when cos 0=1, and 0 = 0. That 



is, the gradient Vll extends in the direction in which the deriva- 
tive of 17 is a maximum, and its magnitude jgrad U\ of (20) is 
equal to that maximum derivative. 

117. The Divergence. For the flow of a liquid in a thre('- 
dimensional region, let 

Q = Qxi 4* Qy} + (28) 

be a vector equal to D times the velocity vector, where D is the vari- 
able density in pounds per cubic foot. Thus [Q] is the quantity 
of flow, per unit time, through unit area normal to the direc- 
tion of flow. Consider any element of area dA ft.‘^ Let 
n be the unit vector normal to dA drawn toward the side called 
positive. And let 0 be the angle between n and Q. Then the 
projection of dA normal to the flow is dA cos 0, and the rate of 
flow through dA toward the positive side is 

IQI dA cos 0 = Q • n dA. (29) 

Let us apply this result to the faces of the parallelepiped, or 
box of. Fig. 127, with one vertex at P(x,y,z) and with sides of 
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length dx, dy, dz parallel to the axes. Then the rate of floAv 
into the left-hand face is 

Q • j dxdz — Qydx dz, while ^Qy + d^ dx dz (30) 

is the rate of flow out of the right-hand face. The net outward 
rate of flow due to these two faces is 


dy dx dz. And 


dxdydz, dz dx dy (31) 


are obtained similarly as the net outward rate due to the other 
two pairs of parallel faces. Since the volume of the box is 
dx dy dz, the divergence or rate of flow outward per unit vol- 
ume (pounds per second per cubic foot) is 


dx dy dz 


V • Q. 


(32) 


The designation of V • Q as div Q or the divergence anticipated 
this interpretation of V • Q as divergence per unit time per 
unit volume. 

118. The Divergence Theorem. Let Q(x,y,z) be a vector 
point function and R a region of space throughout which Q is 

regular, that is, without singu- 
larities. Then in R we may 
associate Q with the ideal flow 
of a compressible fluid in the 
manner described in Sec. 117. 

Let S consist of one or more 
closed surfaces that collectively 
bound a volume V in R. If we 
subdivide R into small boxes by 
a series of planes parallel to the 
axes, V will be subdivided into 
boxes and parts of boxes. For each small box wholly in V, the 
outward flow per unit time will be 



V • Q Ax Ay Az — V • Q AV (33) 


to within infinitesimals of higher order, by Eq. (32). As in 
Sec. 74, neglecting the parts of boxes near S or replacing them 
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by whole boxes will not affect the limit of the sum, which will be 


f^V.QdV. 


(34) 


The flow out from any face of an interior box will be into the 
face of an adjacent box. Consequently the integral (34) will 
represent the total net rate of flow from V out through S. 

The rate of flow out through an element dS of is 


Q^ndS, 

(35) 

by P]q. (29), where 


n = cos aid- cos |8 j + cos 7 k 

(36) 

is the outward drawn unit vector normal to d8. 
total net rate of flow out through S is 

Hence the 

f,Q-ndS. 

(37) 

By equating this to the expression found in (34), we 

find 

j^^-QdV = f^Q-adS. 

(38) 


This is the divergence theorem. From Eqs. (28), (32), and (36) 
we may derive the expanded form for Cartesian coordinates 


IM 


dQ. , dQy , dQ 


dx dy 


+ 


dz 


') 


dx dy dz 

{Qx cos a + cos + Q* cos 'y)dS. (39) 


T^et us use parameters u and v on S, so chosen that the vector 
A of Eq. (278) in Sec. 50 has the direction of the outward drawn 
normal. Then from Secs. 56, 57, and 58 


^ cos a dS = I du dv = ±dy dz. 
d{u,v) 

And the right member of Eq. (39) may be written 


(40) 


d(u,v) ' B(u,v) 

= {iiQdly dz + Qydzdx ± Qyixdy). 


( 41 ) 
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The last form follows from Sec. 58. The signs in (40) and (41) 
are determinate at each point as those of the Jacobians in 
Eq. (41), or those of the cosines in Eq. (36). With each term we 
may associate the coordinate axis of the variable whose dif- 
ferential is omitted. Then the 
sign is plus if the projection of 
the outer normal to S on this 
axis is positive and minus if 
this projection is negative. 

119. Green’s Theorem for a 
Plane Region. Let T be a 
simple region in the xy plane. 
Define the positive direction 
on its boundary Bt, as in Sec. 
Fig. 129 . 81. Erect a right cylinder C of 

height h on T as a lower base. 
Then we may apply the divergence theorem to the cylinder C, 
using the vector point function 

Q = - P(x,y)l so that = Q, 

Qy = -P, Q, = 0. (42) 

On the top and bottom of the cylinder, Q • n = 0. And on the 
lateral surface 

( dx . dy \ . dy . dx 

+ 'l^ = hds. (43) 

Since no quantity depends on 2, we may take dV = h dx dy and 
Eq. (38) becomes 

- 0) h dx dy ^ I^ (q^£+P I, ds. (44) 

It follows that 

/*, « ‘‘y) = X 

which is Green’s theorem as stated in Sec. 81. 

We shall next obtain a vector form in which the coordinates do 
not appear explicitly. Let Q be any vector point function 
[Eq. (11)] and put 

P(x,y) = Qx(x,y,0), Q{x,y) ~ Qy{x,y,0). 




(46) 
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At all points of 7", z = 0, so that by Eq. (13) 

k.(VxQ) = (^-^-) (471 

\dx dy / ^=0 \<3a: dy ) ^ ^ 

Let dT he the element of area of T, and n^ the unit vector normal 
to T . Then dT = dxdy and nr = k, so that the right member of 
Eq. (45) is 

It W “ If) * “ X X (48) 

Again, if ds is the vector of length ds along the tangent to Bt, 
ds — dxi dy } and 

Q - ds = Q^dx + Qydy = P dx -h Q dy (49) 

on Br, since z = 0 there. Hence the left member of Eq. (45) is 

fur +■ ^ ^ fsr^' 

Equations (48) and (50) lead to the alternative form of (45), 

fnr fr nr • (V X Q)dT. (51) 

Here all the terms have a meaning independent of the choice of 
axes. With that meaning the equation holds for a region T in 
any plane. 

120. Stokes’s Theorem. Let S 

be a portion of a surface in space ^ \ 

bounded by a simple closed curve 
Bs. The positive direction on Bs 
is that regarded as forward by an 

observer on the positive side of the J^****'*'*^ 

surface walking along the boundary ^ ^ 

Avith the region on his left. It is - 

possible to approximate the curved surface /S by a polyhedral cap 
P each of whose faces T is in a plane tangent to S at an interior 
point. Let d^. be the largest dimension of any polygonal face. 
Then if dm is small enough, the skew polygon Bp which bounds the 
cap will approximate Ba, the bounding curve of S. 

With Q any vector point function, we may apply Eq. (51) 
to each plane face T. The sum over all the faces of the cap is 

S L Q • <*5 = 2 /r • (^ X ())dT. (52) 


Fig. 130 . 
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Each inner edge of the cap is traversed twice in opposite direc- 
tions, Consequently the sum on the left reduces to the integral 
over the skew polygon Bp which bounds the cap. The line 
integral over a skew polygon or space curve is defined by a 
procedure analogous to that used for the plane case in Sec. 80. 
And we may consider the sum on the right as a surface integral 
over the cap. Hence 

/^^Q-rfs= nr . (V X Q)dS. (53) 

Applied to a sequence of approximating polyhedral caps with 
dm 0, this leads to the limiting relation 

Q • ds = jf n • (V X ms, (54) 

where n is the unit vector normal to S drawn toward the positive 
side. This is Stokes’s theorem. Let the components of the 
positive normal n be given by Eqs. (36) and (40). Then from 
p]q. (13) we may derive a Cartesian form of Stokes’s theorem: 



(Q^x -b Qydy -f Qzdz) 



cos a COS j8 cos 7 


A A 

dx dy 

Q. Qy 



(55) 


After expanding the determinant, we may use the relation (40) 
in a manner analogous to that used to derive Eq. (41), to express 
the right member of Eq. (55) as a double integral in u and v, 
or as one in terms of x, y, and z. The latter is 

where at each point the signs may be determined by the method 
given for determining the signs in Eq. (41). 

121. Exact Differential Expressions. Consider the differential 
expression 

P{x,y,z)dx + Qix,y,z)dy -j- R{x,y,z)dz (57) 

for X, y, z in T, some three-dimensional region of simple type. 
If the first partial derivatives of P,Q,R with respect to x,y,z are 
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dR 

dy 


dz 


dz dx dx dy 


throughout T, the differential expression (57) is said to be exact. 
If we introduce the vector 


F = Pi + Qj + Pk, 

the condition for exactness (58) may be written 
V X F = 0 or curl F = 0. 


(59) 

(60) 


Let Bs be any closed path bounding a portion of a surface S 
in the region T. Then by Eq. (59) and Stokes’s theorem (54) 

f (P dx Q dy + R dz) = f F • ds = £ n • (V x F)dS. (61) 

jBs JBa JS 

The last integral is^zero by Eq. (60). Hence the first integral 
is zero over any closed curve of simple type. By an argument 
like that of Sec. 82, we may deduce from this that 

f = (Pdx + Qdy + Rdz), (62) 

taken over any path joining M to N lying in the region P, is 
independent of the path. And we may then take M — (xo,yo,Zo), 
N — (x,y,z) and so obtain a function f{x,y,z) such that 


fx-P’ -1 = ^’ = ( 83 ) 

The total differential of / will equal the original expression, 


df = P dx Q dy R dz. * (64) 

Conversely, let us start with a function f(x,y,z) and define 
P,Q,R by Eq. (64). Then 

V/ = F and V x F = V x V/ = 0, (65) 

by Eq. (19). Hence the total differential df is exact. 

We may find f when the exact expression is given by a method 
like that used for the two variable cases. Consider the expression 

{yz + dx^)dx + {xz + ^y^)dy + (xy + 3z^)dz. ( 66 ) 


The condition for exactness (58) is satisfied. 


Since should 
dx 
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equal yz + Zx^, 

f = xyz g{y,z) (67) 

by X integration Avith y and z kept constant. Then 

^ = 0 : 2 : + ^ should equal xz + 3?/=^, so that ^ = ^y'K (68) 

With z kept constant, y integration gives 

gr = ^3 + li{z) and / = xyz + a:* + y^ 4- h(z). (69) 

Finally, 

^ + ~ should equal xy + 3z^, so that ^ = Zz"^. (70) 

dz dz -a .7 

Integrating this gives 

/}, = 2 ^ -f c, so that / = xijz + x^ + y^ At z^ c. (71) 

The vector formulation of the principal result of this section 
is as follows. A necessary and sufficient condition for the 
continuously differentiable vector F to be the gradient of a 
function /, F = V/, is that the curl of F vanish identically, 
V X F = 0. 

122. Conservative Force Fields. The discussion of force fields 
in three dimensions is analogous to that of force fields in the 
plane given in Sec. 83. Let the variable force vector be 

^{x,y,z) = X{x,y,z)i + Y{x,y,z)i + Z{:x,y,z)]s.. (72) 

Then the work done by the force on a particle moving along any 
path C, in general a space curve, is 

Wc = (X dx+ rd)/ + Z di) = (, F • ds. (73) 

The force field is conservative if the work depends only on the 
end points of C; otherwise it is independent of the path. In 
this case the expression {X dx Y dy A- Z dz) is exact, and there 
is a function W{x,y,z) having this expression as its total differ- 
ential. The function W {x,y,z) is called the force potential, while 
U — —W is the potential energy. Consequently, we have 

X dx A- Y dy -Y Z dz =='dW = -dU (74) 

In vector form, the condition for a conservative field is 

V X F = 0. And F = VIF = -VIZ 

expresses the force vector in terms of the potentials. 


( 75 ) 
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123. Curvilinear Coordinates. Certain problems are simpli- 
fied by introducing curvilinear coordinates. . The systems of 
most frequent occurrence are orthogonal systems, for which the 
vectors U,V,W, of Sec. 59, tangent to the coordinate curves, are 
mutually perpendicular, so that 

U.V = 0, V.W = 0 , W-U = 0 . (76) 

Here, with subscripts denoting partial derivatives, 

U = a;ui + Vu) + 2 «k, V = a;4 + yj + ZvK 

W = xj -H y.4 + zu,k. (77) 

Let hi, hi, hs be the lengths of U, V, W. Then 

= U . U, // 2 " = V . V, A 32 = W . W. (78) 

Let us square both sides of each of the equations 

dx = Xudu + x,4v -f- Xvjdw, dy = y-udu + yvdv -j- y,odw, 

dz = Zudu 4- z^dv + z-^odw, (79) 

and add the results. Using Eqs. (76) to (78), we find 

d8^ = hiHu^ + hiMv"^ + hzHw^. (80) 

Since hihihz is the volume of the rectangular parallelepiped on 
U,V,W, by Sec. 53 

U . (V X W) = hihihz. (81) 

Hence by Sec. 59 volume integrals are transformed by 

dx dy dz = hihihzdu dv dw. (82) 

The unit vectors i,j,k are in the direction of increasing x,y,z. 
Corresponding to them, at each point we introduce three unit 
vectors ii,i 2 ,i 3 along U,V,W. Thus 

U = hill, V = hiii, W = /i3i3. (83) 

Then any vector point function Q can be represented in terms of 
these unit vectors 

Q = Qiii “H QiH 4" QsU- (84) 

By calculating the dot products, and recalling that ii,i 2 ,i 3 have 
unit length and are mutually perpendicular, we find that 

Q • ii = Qi, Q • i 2 = Q 2 , Q • is = Qs. (85) 

These relations may be used to obtain the components of Q. 
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As an illustration of these ideas, consider the spherical coordi- 
nates r,(t>,d of Sec., 59. The vector 

T = xi yi + zk = rii (86) 

and 


ds = dx i dy j dz k = dr ii -f- r i 2 + r sin </> dd is. 
Consequently, 

hi =1, hi = r, hi = r sin <f> 

and 

ds^ — dr^ -h r^ -j- sin^ 0 dd^. 

Also volume integrals are transformed by 

dx dy dz = sin <i> dr d<i> dd. 



Fig. 131 . 


124. Del and Curvilinear Coordinates. We shall next obtain 
the expanded form of the fundamental combinations involving 
del for a system of orthogonal curvilinear coordinates; that is, in 
terms of the unit vectors ii,i 2 ,i 3 and partial derivatives with 
respect to u,v,w. The gradient of u, Vm, has the direction normal 
to the surface u = constant; that is, the direction of U or ii. 
And the magnitude of Vw is the derivative of u in this direction. 
But from Eq. (80), when v and w are held fast, 

so that 


ds , 


(91) 
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Vm = And similarly Vv = Vw = (92) 

hi /i2 hs 

It follows from the definition of V and Eq. (26) of Sec. 21 
that if f(u,v,w) is any scalar point function, 

V/ = 4- ^ Vw). (93) 

du dv dw 

From this and Eq. (92) we may deduce that the gradient 

_ 1 a/. . 1 a/. , 1 a/. 

hi du hi dv hz dw 

As a preliminary to finding the expression for V • Q we note 
that one consequence of Eq. (94) is 


hi du 


And from Eq. (92) 




Since ii varies from point to point, V • ii 7^ 0 in general. But 


.(h) 

\Ws/ 


= V . (Vy X Vtc) = 0 


by Eq. (20). This leads us to write the first term of (84) as 


Qiii = {h2h 


Then by the second equation in (16) 


te)- 


V . (QM = . (4^) + UM. V . {!£)■ 


The last term is zero by Eq. (97). Hence 


V • (Qiii) 


'^{h^hzQi) • ii 


1 ^ 

hihihz du 


{h2hzQi), ( 100 ) 


by Eq. (95) with h 2 hsQi in place of /. On treating the other two 
terms of Eq. (84) similarly, we find that the divergence 



318 


VECTOR ANALYSIS 


§124 


V . Q = 


= _i ^ r. 

hihihs L( 


^ (A2/.3O1) + ~ (M.Q2) + ^ (hM,) ■ ( 101 ) 


To expand V x Q, we observe that from Eq. (94) 

V/xii - - rf-i3 + ^^i2. 

hi dv hz dw 


( 102 ) 


And from Eqs. (92) and (19), 


V X (Vm) = 0. 


ddiis leads us to write the first term of (84) as 


Qdi — (hiQi) 

Then the first equation in (17) 


V X (Qiii) = V{hiQr) X 


(103) 


+ //iQi V X 


(104) 


The last term is zero by Eq. (103). Hence 


V X (Qiii) 


V(/tiQi) X i, 


1_ d( hiQ i) . 
hihi dv ' 




by Eq. (102) with hiQi in place of /. On treating the other two 
terms of Eq. (84) similarly, we find that the curl of Q 


V X Q 


/till /i2i2 fhis 

a a a _ ii [dihzQz) difnQ^) 


hih^hs du dv dw hofh [ 
hiQi hiQi hsQz 


_L A 4. A nnn 

hzhi [_ dw du J hihi L du dv 

The Laplacian operator of Eq. (15) may be expanded by com- 
bining Eqs. (101) and (94). The result is 

V2/ = V . V/ 

= A_. ibhi nn?^ 

hihihs Law \ hi du/ dv \ hi dv) dw \ hz dw) } 
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Once we know the element of arc (80), or the values of hi,h 2 ,hz 
for any orthogonal system of curvilinear coordinates, all the 
expressions of this section may be found explicitly. For example, 
in spherical coordinates Eq. (88) holds and 

u = r, V = <l>, w = 6, hi = 1, hi = r, 

hz = r sin <f>. 


With these values the expression for the gradient (94) becomes 


V/ 


■V" “I TT ^2 ■+■ • 7 -77 1 

dr r d<j> r sin <j> dd 


(108) 


The expansion of the divergence (101) reduces to 


Q = i|:(^W + 


1 


r sin <j> d(l) 


(sin (f> Qi) + " 


1 dO 


!3 


r sin 0 dd 


(109) 


And either from these or Eq. (107) the Laplacian is found to be 


V2/ = V . V/ 


dr\ dr) 


+ 


sin d(i> 


^ li) 


+ 7 ^ 


1 


sin^ </> dd 


( 110 ) 


126. Gauss’s Theorem. Let S consist of one or more closed 
surfaces that collectively bound a volume V. For each point 
x,y,z of S we define r and ii by Eq. (8()) and denote the outward 
drawn unit normal by n. Then Gauss’s theorem asserts that 



0, if O is outside of V, 
47r, if O is inside of V. 


(Ill) 


Suppose that 0 is outside of V. Then ii/r^ is regular in V, 
and from the divergence theorem (38) 



• n dS. 


But from Eq. (109) 




( 112 ) 


(113) 


And in Eq. (112) the left member is zero. Hence the right 
member is zero. This proves the first case of Gauss’s theorem 
( 111 ). 
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If V includes 0, which is a singularity of ii/r^, the divergence 


theorem is not applicable to V. 



Fig. 132 . 


To circumvent this difficulty, 
we draw a small sphere s about 
0, so small that it lies in V. 
Denote by V' the volume V 
with the small sphere s re- 
moved. The boundary of V' 
is S together with s, and the 
outer normal at s, regarded as 
part of the boundary of V' is 
— n, where n is the outer nor- 
mal of the small sphere. Write 



The bracket equals zero, since we may apply the case of (111) 
already proved to V', which docs not include 0. And if the 
radius of s is a, on s we have 

n = ii, r = a, so that j dS = ^ = iyr. (115) 

This shows that the left member of Eq. (114) equals 47r, and 
the second case of Gauss’s theorem (111) is proved. 

126. Poisson’s Equation. Let the potential energy U = eyelr. 
Then by Eqs. (75) and (109) the force vector F is 

F = -VC/ = -V i,. (116) 

Let 0 be the origin of spherical coordinates, and P the point 
with spherical coordinates r,<f>,d. Then 

OP = rii, (117) 

and the vector F at P is the force exerted by an electric charge 
e at 0 on a charge ci at P. The force on a unit charge at P is 
E, the electric intensity vector. And the scalar point function 
4», such that E = — V4> is the electric potential. Hence for 
the single charge e at 0, 

^ = ^ = -V4> = 4 ii- 

r 


( 118 ) 
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All the equations of this section hold for an x,y,z system such 
that 0 = {xo,yo,z^ and P = {x,y,z) if we define r and ii by 

r = ^y{x — XqY + {y — yoY + (2 — zo)^ (119) 

and 

rii = OP — {x — Xo)i + {y — yo)j + (z — zo)k. (120) 

This suggests the correct expression for the potential due to a 
continuous charge distribution with density of charge p{xo,y<i,Zo) 
at (xo,yo,Zo)- If Vo is the whole of space or a volume including 
all the charges, 


$ 


1 . 


p(xo,yo,zo) 


dVo, where dVo = dxodyodzo- (121) 


'Vo r 

And, with del acting on the x,y,z without subscripts in r, 


E 


= -V4> = f 

J Vo 


p(xo,yo,zo) . 


iidVo. 


( 122 ) 


Now let S be any closed surface bounding a volume F. By 
Gauss’s theorem (111), with r and ii defined by Eqs. (119), (120), 


Js 


ii • n il {xo,yo,Zo) is outside of F, 

[47r, if (xo,y(,,Zo) is inside of F. 


(123) 


From this and Eq. (122) it follows that 

/ E.nd5= f dS f p(xo,yo,Zo)'-^dVo 
Js Js JVo ^ 


= 4t 


L 


p{xo,yo,Zo)dVo. (124) 


With the variables of integration Xo,yo,Zo replaced* by x,y,z, 

J^E.ndS = 4^ f p(x,y,z)dV. (125) 

But from the divergence theorem (38) 

j^E^ndS = -EdV = - V • V4> dF, (126) 

since E = — Vf>. A comparison of the last two equations shows 
that 


I, 


47r / p(x,y,z)dV 

V 


V • V4> dF, or 


L 

[V • V4> + iirp{x,y,z)]dV = 0. (127) 
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Since this holds for any volume V, the integrand must vanish. 
Thus 


V • V4> + ^Trp{x,y,z) =0 or V • V4> = —^p{x,y,z). (128) 

This is Poisson’s equation. The expanded Cartesian form is 

^2$ 524* 

^ ^ ^ -47rp(a;,?j,2). (129) 

It may be expanded for any system of orthogonal coordinates 
by using Eq. (107). In a region free of charges, p = 0 and 
Poisson’s equation reduces to Laplace’s equation. 

We have interpreted 4> as the electric potential due to charges 
of density p. An analogous discussion may be carried out for 
the magnetic potential due to poles, the gravitational potential 
due to matter, the steady temperature distribution due to con- 
tinuously distributed sources of heat, or the velocity potential 
of an incompressible fluid due to continuously distributed sources 
or sinks. 

127. Heat Flow. In any portion of space where heat is flowing 
the temperature U is a scalar function of x,y,z and t, the time. 
Consider any closed surface S bounding a volume F. Then the 
rate at which heat escapes from F through an element dS is 
— KdlJ/dn dS, where n is the outward drawn unit vector normal 
to dS. The constant K is the thermal conductivity in calories 
per centimeter per second per degree centigrade. And the 
minus sign is due to the fact that heat flows from a higher to a 
lower temperature. By Eq. (25) and the divergence theorem 
(38), 

j^~dS j^(VU)-ndS = J^V^VUdV. (130) 

Hence the rate in calories per second at which heat flows into 
the volume F through S is 




KV-VUdV. 


(131) 


If c cal./gm. °C. is the specific heat and D gm./cm.® is the 
density, the rate at which heat is absorbed by an element dV 
due to the changing temperature is cDdU/dtdV, And the 
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(132) 


if we assume that there are no sources or sinks of heat in the 
region under consideration. In that event the heat absorbed by 
V will equal that which enters through S, and we may equate the 
expressions (131) and (132). Hence 



KV -VUdV =- 



(133) 


Since this holds for any volume V, the integrand must vanish. 
Thus 


XV. Vf/ - cD~ = 0, or ^ = 4v.Vr; (134) 
at dt cD ' 


is the equation governing heat flow. If = K/cD, the equation 
is 


^ = 2 r ^ q- — 

dt ^ dx^ dy'^ dz^ 


(135) 


in Cartesian coordinates. It may be written for any system of 
orthogonal coordinates by using Eq. (107). 

A similar equation holds for diffusion, whether of a solid 
through a solution, a liquid through a porous material, or one 
fluid through another. In fact, if U is the concentration of the 
diftused substance, and is the diffusivity, Eq. (135) is the 
equation governing diffusion phenomena, 

128. Fluid Flow. We wish to study the motion of a perfect 
fluid in space. It is customary to denote the components of q, 

the velocity vector, by u, v, w (in feet per second), so that 

0 

(i{x,y,z,t) = u{x,y,z,t)i + v{x,y,z,ty] + w{x,y,z,t)^. (136) 

Consider any closed surface S> bounding a volume V. Let 
p(x,y,z,t) lb. /ft. 2 be the pressure, which is the same in all direc- 
tions. Then the inward force on any element dS is —pndS, 
where n is the outward drawn unit vector normal to dS. And 
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the resultant force on S is 


- j^pndS or -j^VpdV, (137) 

as we see by applying the divergence theorem (38) to each 
component. For example, 

pndS = (pi) -ndS^ . (pi)dV = dV. (138) 

■s 

Let p{x,y,z,t) = D/g (in slugs per cubic foot) be the density 
at any point of the fluid. Then the mass times acceleration 
vector for an element dV is p dV dq/dt. And if 

F = Xi+Yj-V Zk 


(pounds per slug) is the body force per unit mass, the body force 
on an element dV is ¥p dV. For example, F = — gfk if the 
z axis is vertically upward and gravity acts as the body force. 
Equating the resultant mass times acceleration of V to the body 
force on V plus the resultant force due to pressure on S found in 
(137) gives 

A"-L Fp dV - Vp dV. (139) 


Since this holds for an arbitrary volume V, a similar relation 

must hold for the integrands and 

pf = Fp-Vp 



or 


dq _ 
dt 


= F 


Vp. 


(140) 


Fig. 133. 


This is the vector equation of motion. 

Another relation may be derived by 
considering the amount of fluid in V. 
The rate at which fluid escapes from V through an element dS is 
pq • n dS. Hence the rate (slugs per second) of decrease of mass 
of V is 



f V • (pq)dy 


(141) 


by the divergence theorem (38). But the rate of decrease of 
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mass of an element dV is —dp/dt dV. The integral of this over V 
equals the rate of decrease found in (141), so that 

Since this holds for an arbitrary volume V, it follows that 

- ^ = V • (pq), or V . (pq) + ^ = 0. (143) 

This is known as the equation of continuity. 

If we kept t fixed in Eq. (136), the motion of a particle would 
have components 



The acceleration is due to a space change of this kind, 

combined with the influence of t in Eq. (136). Thus 


dq _ dq^ dq^ 3qdz 
dt dx dt dydt dz dt 


4-^ = „^ + 3 + w^ + ^- (145) 
dx^ dy^ dz^ at ' ^ 


And on a component of q or on any scalar, the differential 
operator 


d 

dt 


d d d d r? I ^ 

w — + y— + w— + -= q.V + — • 

dx dy dz dt dt 


(146) 


As a consequence of this and the second equation in (16), 

^ * (pq) ^ ~ • q + p ^ • q + 

= pV.q + (q-V+l)p = pV.q + ^?- (147) 

Hence the equation of continuity (143) may be written 

pV., + ^ = 0, or V.q=-l|. (148) 

We may write Eqs. (140) and (148) aa follows: 



( 150 ) 
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Bw , dw , Bw , Bw 
Bx By Bz Bt 


= Z--^ 


1 Bj) 
p Bz ’ 


Bu Bv Bw 
Bx By Bz 


l{ Bp 

P V 


. Bp Bp Bp 

+ w-~ + -£ 

By Bz Bt 


)■ 


(151) 

(152) 


The relation between p and p, such Sis p = kp for a perfect gas 
at constant temperature, or p = constant for a liquid, enables us 
to eliminate p. We then have a system of four equations in the 
four quantities u,v,w,p. 

The circulation about any curve is the integral of the tangential 
component of the Velocity times ds, or 


q • ds = u dx V dy -{■ w dz. (153) 

The circulation K about any simple closed curve Bs bounding S, 
a portion of a surface, is 


K= q • ds = n • (V X q)dS (154) 

by Stokes’s theorem (54). The vector x q) is called the 
rotation of the fluid, since it represents the instantaneous angular 
velocity of an element of the fluid. This is responsible for the 
designation of V x q as curl q. The motion is said to be irrota- 
tional if curl q, and hence the rotation, is zero at all points of the 
region considered. 

Let us assume that the motion is irrotational. Then by 
Eq. (154) the circulation along any curve from a fixed point 
{xo,yo,Zo) to a variable point {x,y,z) depends only on the end 
points, and so determines a function <t>{x,y,z). By Sec. 121 


d<l> — u dx -\- V dy w dz, 


B(f> 

Bx ~ 


Bz 


= w, 


B<f) 

By 


= V, 


and q == V<^. 


(155) 


Since the velocity q may be obtained from 0 by this equation, the 
function <t> is called the velocity potential. 

If we make the additional assumption that the body forces 
are conservative [Eq. (75)], F = -V[/ holds. We may then 
integrate the equations of motion in the following manner. Since 
q = V0, we may use Eq. (18). And the left member of Eq. (149) 
is 


q • Vw + 


Bu 

Yt 


13 . \ \ ^ ( 30 \ 3 

2 ^ (q • q) + ~ ^ 
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Piv) 


^0 p(p) 


dP 1 dp ,, __v 
Then _ = - /• (157) 

ox p dx 


And F = — Vt/ implies that X = —dll/dx. Consequently the 
right member of Eq. (149) is 


X - 


dx dx 


(158) 


It follows from this and Eq. (15(i) that Eq. (149) is equivalent to 


V2 ^ a 


+ V + p] = 0. 


(159) 


We may treat Eqs. (150) and (151) similarly. Hence the 
expression in parentheses has all its space derivatives zero, and 
so can depend only on the time. That is, 


^ + ^ + + = ‘ + ^ + u + 


r^dp 

j Vo P 

/((). (160) 


When there are no body forces f/ = 0. And if the motion is 
steady p, u,v,w and hence <t> will be independent of the time. 
Under these further restrictions, Eq. (160) reduces to 


I + P = 2 (''' + + 


po P 


( 161 ) 


which is Bernoulli’s equation. 

For an incompressible fluid, e.g., a liquid, the density p is 
constant. And the equation of continuity (148) or (152) 
becomes 


V • q = 0 or 


^ + *i’ = 0. (102) 

dx dy dz 


For the irrotational motion of an incompressible fluid, it follows 
from Eqs. (155) and (162) that 

v.v« = 0 or v»^ = 0 + p + 0 = O, (163) 

so that the velocity potential satisfies T^aplace’s equation. 
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For steady, irrotational motion of an incompressible fluid 
under no body forces, Bernoulli’s equation (161) reduces to 

^ ^ = c or i (m 2 + + «,2) + ^ = c. (164) 

This type of flow in two dimensions was discussed and illustrated 
in Secs. 94 and 95 and in Probs. 88 to 1 14 of Exercises V (page 248). 

129. References. Among the many texts with title Vector 
Analysis, we call to the reader’s attention the classical lectures 
of Willard Gibbs, edited by E. B. Wilson, the brief account of 
J. G. Coffin which emphasizes physical applications, and the 
work of H. B. Phillips which presents the subject in the form 
applicable to theoretical electricity and hydrodynamics. Stu- 
dents of the latter subject may also consult with profit the two 
volumes by L. Prandtl and G. O. Tietjens, Fundamentals of 
Hydro- and Aeromechanics and Applied Hydro- and Aeromechanics. 

EXERCISES VIII 

For each given f{x,y,z), find the gradient V/: 

1- xYz*- 2. + 2z\ 3. log (x^ + 2y^ - 3^2). 

For each given Qix,y,z), find the divergence V • Q and the curl V X Q: 

4. xi + yj + 2k. 6. i2z - Sy)i + (3x - z)} + {y - 2x)k. 

With subscripts on V indicating the vector or vectors on which V acts, 
deduce from the identity a X (b X c) = (a • c)b - (a • b)c, proved in 
Prob. 58 of Exercises III (page 136), that 

6. V X (P X Q) = (VpQ • Q)P - (VpQ • P)Q 

= (Q- V)P + P(V-Q) - (P-V)Q - Q(V.P). 

7. P X (V X Q) = Vq(P . Q) - (P . Vo)Q, 

Q X (V X P) = Vp(P • Q) — (Q • Vp)P, and hence 
V(P . Q) = Vq(P . Q) + Vp(P . Q) 

= P X (V X Q) + (P • V)Q + Q X (V X P) + (Q • V)P. 

8. V X (V X Q) = V(V . Q) - V • VQ = V(V • Q) - V^Q, where 

V • VQ = V2Q is the vector + V2Qyj -f- V2Q^k. 

Compute the directional derivative of 

9. xyz at (0,1,2) in the direction of 21 4* 3j -f- 4k. 

10. a;2 4- 2^/2 4- 3^2 at (1,1,0) in the direction of i — j 4- 2k. 

11. x^yh^ at (1,1,1) in the direction of 21 — 3j 4- k. 
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12. Prove that f{x,y,z) is constant in any volume throughout which 
V/ = 0. Hint: Notice either that ^ 


^ = 0 or that ^ = 0 
oz ds 


in every direction. 

13. Prove that V-Q=0ifQ = VxF. For a converse, see Prob. 

14. 

14. Let F» = f{x,y,z), Fy = J"" dx + g{y,z), and let 

- r{{% -«»)*'+ [«• + r (sfr, + -af) * + 1] M 

+ h(z). In each integration the variables not indicated in the limits 
are to be kept constant. The integral in x and y is independent of the 
path if V • Q = 0, where Q(x,y,z) — Qji + Qy} + Qzk- Show that in 
this case the vector F = + Fyj + FJt has V X F = Q for any choice 

of /, g, h. 

Verify that each given vector Q has V • Q = 0. Use Prob. 14 with 
simplest indefinite integrals and f = g = h = 0 to find a vector F such 
that Q = V X F. 


16. 2i + 3j + 5k. 

17. yzi + zx} + xyk. 


16. xi — 2yj + zk. 

18. + z^ + Sx^k. 


Let x,y,z be the center of gravity of a homogeneous solid of volume F. 
If n = cos a i + cos )3 j + cos 7 k is the outer normal to S, the closed 
surface which bounds the solid, show that 


19. j 

/ (x cos a y cos jS + 2 cos y)dS = 3F. 
’ s 


20 . j 

^ ( 2 x cos 

a + 

3y cos /3 -f 5z cos y)dS = 

lOF. 

21 . j 

^ {xz cos 

a + 

2yz cos ^ + 3z^ cos y)dS = 

= 9F2. 

22 . j 

^ (y^ cos 

a + 

2xy cos ^ — xz cos y)dS — 

Vx. 

23. J 

I (Q» cos 

'0 

a + 

Qy cos ^ Qz cos y)dS = 

0 . 


such that V • Q = 0, e.g., the vectors of Probs. 15 to 18. 

24. Demonstrate that f dV = f dxdy dz = [ + Qxdy dz 

jy ax Jy ox Js 

~ cos a dS, by a method like that used to prove Eq. (18) in 

Sec. 81. Written as V«/ ~ leads to the result 

L{V)dV = L(ii)dS, where L is any linear function. 
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From Prob. 24, deduce that in particular 

26. V • Q dF = • Q 

26. l^^xQdV 

27. I^WdV = j^,n/d/S. 

28. V . {fQ)dV = /^ n . (/Q)d^ or 

/^(/V-Q)+V/.Q)dF = fjQ'ndS. 

29. Prove /^/ dF + = /^Z ^ Hint: Use 

Prob. 28, and put Q = Vj/. 

30 . From Prob. 29, deduce Green’s Theorem, 

31 . Prove [ ^dS = [ V^gdV. Hint: Put / = 1 in Prob. 29. 

jsdn Jv ^ 

32 . Demonstrate ^ ^ d*8 = Jyl'^gl^dV + j^g'^'^gdY. Hint: Put 
/ = gf in Prob. 29. 

Let (7 be a closed curve and S the portion of any surface bounded by C. 
Show that 


fc V/ • ds = 0 and hence Vg • d& = ^ S' Ff ’ ds. 

34 . (V/x Q +/V X Q)d>S = J^/Q-ds. 

L Q • ndS depends on C only, and not on *8 if V • Q = 0. Hint : 

The F of Prob. 14 has V X F = Q. Hence j^Q • ndS = j^F • ds. 

36 . Illustrate Prob. 35 for C the circle x'^ = i, z = 0, and 

Q = 2i + 3j + 5k. By Prob. 15 Q = V X [5xj + {2y — 3a;)k]. Hen(^e 

(2 cos a + 3 cos jS + 5 cos y)dS = ^ 5x dy = 57r. 

Let S bound the volume F, and F Po mean that F shrinks to zero 
while including Po as an interior point. Show that at Po 


37. div Q = V • Q = lim 

r-»Po F 


38. curl Q = V X Q = lim 

F-»Po 


f^Q.ndS 

V 

l^nxQdS 


Hint : Use Prob. 26. 
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39. Show that at Po curl Q = V X Q is a vector whose component 

f Q ds 

normal to any plane T through Po is (V X Q) • n = lim — ■ ^ > 

S->Po in T S 

where C bounds the area S, and S — >• Po in T means that S shrinks to 
zero on some surface tangent to T at Po while including Po as an interior 
point. 

For each given 'E{x,y,z), verify that V X F = 0 and find an f{x,y,z) 
such that F = V/. 

40. 2xy^z‘^i + Sx'hfz‘*} -f- 4x^jh^k. 41. e*[(2?/ + 3z)i + 2j + 3k]. 

42. 3{x - y + 2z)Hi - j + 2k). 43. A{x^ + iP + z^)(xi + yj + zk). 


44. Let df/dsi, df/ds->, df/dss denote the derivatives of / in the direc- 
tions of ii, i 2 , is. If these are the unit vectors of Sec. 123, show thaf 

+ ip te-o ^1’ = (iy + (if + 

]3educe that these relations hold if ii, U, is are any three mutually per- 
pendicular unit vectors. 

For cylindrical coordinates, ds'^ — dr‘^ + r^dO'^ -f- dz"^, show that 


.1 K T7/ ^/ • I 1 ^/ • I df . 

46. V/ = + 

46. V ■ Q = i + 1 

r dr r dd dz 

47. VxQ-(if + ( 


d^ 

dz 


48. Vy 


ii. 

r dr 


(40 


+(i^ 

\r dr 


1^' 
r dd 


)is. 


4.Lii 4-^. 

dd^ dz"^ 


49. With the terms in z omitted and Qs = 0, the expre.ssions of Probs. 
45 to 48 hold for polar coordinates in the plane. Use this fact to check 
the results of Probs. 24, 46, 98, and 99 of Exercises V (page 245). 

Use Eq. (108) to find the gradient of each given /(r,<^,0): 

60. log r. 61. r~y^. 62. r". 

Find the divergence and curl of each given Q(r,<f),d): 

63. rii. 64. ii. 66. ris. 


66. Check Prob. 43 by writing F = 4rHi, and using Prob. 52. 

67. Show that V X [/(r)ii] = 0, and deduce that a force directed 
toward a center and equal to any function of the distance from that cen- 
ter is conservative. 
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Any solution of Laplace’s equation is called a harmonic function. 
Let S bound the volume V lying in a region R throughout which U is 
harmonic. That is V • VC/ — V^U = 0 in Show that 

68. f^^dS = 0. Hint: Use Prob. 31 . 

69. fgU^dS == jy \VU\HV, and hence dS > 0 unless U is 

constant in V. Hint: Use Probs. 32 and 12. 

60. Let Sr be a sphere of radius r with center at Po == ixo,yo,Zo) lying 

in R. Put Uo = U(xo,yo,Zo)- Then Uo = jg^ U dS, the average 
of U on Sa. Hint: Take Po as an origin of spherical coordinates and set 
/r = ^ U{r,d>,6) sin <j> d<f) dd. Then /« = average of U on Sa and 

Ir—>^Uo when r 0. But by differentiating Ir we may deduce that 

Hence la — Ir = 0, and on letting r — » 0, Uo — la. 

61. Unless constant in R, U cannot have a maximum or minimum 
value at a point Po inside R. Hint: Assume U = M, its maximum 
value, at some point in R. Then either U = M throughout R, or 
with the notation of Prob. 60 there is a point Po at which Uo = M, and 
such that U 9 ^ M sA some points on Sa- But in this case Uo ^ U{a,<i),6) 
for all <j>,6 and is greater for some values, so that by taking averages 
Uo > la, which contradicts Prob. 60 since Uo = la. 

62. If U = 0 on S, then f/ = 0 throughout V. Hint: If U were 
greater than 0 at any point of V, its values in V would have a positive 
maximum at some inside point. And if U were less than 0 at any point 
of V, its values in V would have a positive minimum at some inside point. 
Either case contradicts Prob. 61, and U = 0 in U. 

63. If C /2 = U\ on S, then C /2 = Ui throughout V. Hint: Apply 
Prob. 62 to the harmonic function C /2 — Ui. 

64. If dU/dn = 0 on >S, C/ is constant in V. Hint: Use Prob. 59. 

66. If dUi/dn = dU^/dn on »S, C /2 — C/i is constant throughout V. 

Hint: Apply Prob. 64 to the harmonic function C/2 — Ui- 

In Eq. (Ill), ii • n/r^dS is the solid angle at 0 subtended by dS. 
By a geometric argument, deduce that jg dS 

66. Is 0 for 0 outside V and is 4 t for 0 inside V. 

67. Is 27r if 0 is a point on S at which the surface S is smooth. 

68. Taken over the surface of a cube, is 7r/2 if 0 is a vertex, tt if 0 is on 
an edge, and 27r if 0 is on a face. 
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I. 


69. With the notation of Eq. (Ill), derive the following relation: 
rii • n = 3F. Use this to check Prob. 19. 


T7 f i \ - L A / 2 \ I 

^ • (pii) - P^ - r ■*" df 


And from 


70. From Eq. (110), 

the divergence theorem (38), ' {pu)dV = j^pU-ndS. Deduce 

that the potential at 0 due to charge density p inside V bounded by S is 
jy- dV = 2 fs P^i • ^dS — ^ jy-^ dV. 

71. The potential at Po = (^,0,6) due to a charge of surface density 

<r on the element of spherical surface = 72^ sin <l>d<t>d6atP = {R,4>,6) 
is a dS/\PQp\, where |PoP| = '\/R‘^ + — 2rR cos <l>. For the whole 

sphere 0^0^ 2t. Show that the potential due to a 

uniformly charged spherical shell of radius 72 at a point inside the shell, 
r < jR, is 47r72<r, and at a point outside the shell, r > 72, is 47r72V/r. 

72. The gravitational potential of a spherical shell of uniform density 
p and thickness dR may be found by replacing <r by p dR in the expres- 
sions of Prob. 71. Show that the potential U{r,4>,6) due to a homo- 
geneous solid sphere of radius a and mass m gravitational units is 


“ 4x72^p dR Airpa 


m 


0 f 

4x72^p dR 
0 r 


3 ^ = y at a point outside the sphere, r > a, and is 


Zin 


mr^ 


X 

^ ^ 4tj.Rp dR = 2irpa2 - = irpr^ ^ 

inside the sphere, r < a. Here 77 is a force potential. 

73. Using F = VU, find the attraction of the sphere of Prob. 72 on 
unit gravitational mass at (r,<f>,d). 

74. For the potential U of Prob. 72, verify the V^U = 0 if r > a and 
= — 4'7rp if r < a, in accord with Poisson’s equation. 

76. For any closed circuit Bs bounding a portion of a surface S, 

and /«.H • ds - /^E-ndS, where 

E is the electric intensity vector and H is the magnetic intensity vector. 
Using Stokes’s theorem (54), show that these may be transformed into 

X(^xE+?f)-“dS = 0 and /,(vxH-if).ndS = 0. 

From the arbitrariness of S and n, deduce Maxwell’s equations, namely. 


V X E = - ^ 


pm 

c dt ’ 


Vx H = 


6^ 
c dt 


76. In the absence of charges or permanent magnets V • E = 0 and 
V • H = 0. Using these relations, Prob. 8, and Maxwell’s equations as 
stated in Prob. 75, show that each component of E and H satisfies the 


equation V^U = ^ 


This represents wave motion with velocity 


c/-\/ejj, and is fundamental in the electromagnetic theory of light. 
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77 . For steady flow of heat along radii from 0, show that the tem- 
perature U satisfies the equation ^ ~ 

78 . The faces of a homogeneous spherical shell r = ri and r = rt are 
kept at fixed temperatures Ui and Ut. Use Prob. 77 to show that 


<W 

dr 


= k and U = — - -f c. Also show that the rate of heat flow 


outward through the shell is —4irKr‘^^ = —ArKk = 4TrKr\rt^-~^^-- 

79 . Use Prob. 48 to show that for steady flow of heat normal to con- 
centric cylinders the temperature XJ satisfies the equation ^ 

80 . The faces of a long homogeneous cylindrical pipe r = and 

r = r 2 are kept at fixed temperatures JJ i and Using Prob. 79, 

show that r = k, U = k log r c. Also show that the rate of heat 

flow outward through a length L of the pipe is given by the expression 

flTT TT jr 

-2TrKLr-^ = -2TrKLk = 2TKLr-^ — 

dr log r 2 — log ri 


81. If a fluid is rotating like a rigid body with constant vector angular 
velocity a, show that the rotation }i{V X q) = a at all points. Hint: 
Let (xo,y(,,Zo) be any point on the axis of rotation and define the vector 
r = (x — a:o)i + {y — ?/o)j + (z — 2o)k. Then by Sec. 52, observe that 
q{x,y,z) = a X r. And by Prob. 6, V X q = a(V • r) — (a • V)r = 2a. 

82 . In an incompressible viscous fluid the internal friction force 
vector on an element dS has a component along the x axis equal to 
/in • Vw dS, where ix = vp slugs/ft. sec. is the coefficient of viscosity. 

Show that dS = pV • Vu dV and deduce that the first 

equation of motion for viscous flow may be obtained from Eq. (149) by 
adding v V^u to the right member. Similarly v V^v and v V^w must be 
added to the right members of (150) and (151) for viscous flow with 
p constant. 

83 . If no body force acts, X=Y = Z = 0 in Eqs. (149) to (152). 

Assume that u,v,w as well as the x,y,z partial derivatives of u,v,w, and p 

are small and neglect second-order products of these quantities. Show 

that if p — po = k{p — po) the equations may be written in the form 

dq d(log p) dq d(V • q) 

— = — A:V(logp) and V-q = — — ' Use ^ to 


eliminate q and deduce the equation 


dH Iog p) 
dt^ 


k (log p). 


84 . For changes of pressure in air so rapid that no heat is exchanged, 
the adiabatic relation p/pn = (p/po)^-^ was derived in Prob. 28 of 
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Exercises V (page 245). If p = po(l + s), for small s, log p = log po + s 
approximately, and we may replace the derivatives of log p by those of s. 
Also at po, dp /dp = 1.4 po/po = k in Prob. 83, since by Taylor’s series 
P = Po + {dp/dp)o(p — Po), approximately. Deduce the equation for 
sound waves in air, dh/dP = kVh. The velocity of sound in air is 

\/lc = ■\/i.4 po/po = 1,120 ft. /sec. for standard pressure and tempera- 
ture 15°C. Since Po/po is proportional to absolute temperature T, the 
velocity of sound varies as \/T. 



CHAPTER IX 

DIFFERENTIAL EQUATIONS 


Earlier in this book we often encountered physical and geo- 
metric problems that led to equations involving derivatives or 
differentials. And in many cases these differential equations 
were solved by appropriate special devices. In this chapter we 
classify the principal useful types of solvable differential equa- 
tions and describe a convenient method of solving each type. 

130. Definition of Terms. Any equation that involves dif- 
ferentials or derivatives is a differential equation. Thus 



or dy — y dx = 0, 



dH d^u 
dx^ dy^ dz^ 


dx’ 


( 1 ) 

( 2 ) 

(3) 

(4) 


are differential equations. If the equation contains any partial 
derivatives, e.g., Eq. (4), it is a partial differential equation. If 
it does not, e.g., Eqs. (1) to (3), it is an ordinary differential^ 
equation. 

The order of the differential equation is the same as the order 
of the derivative of highest order in the equation. Thus Eqs. 
(1) and (2) are each of the first order, while (3) and (4) are each 
of the second order. 

Suppose that a differential equation is reducible to a form in 
which each member is a polynomial in all the derivatives that 
occur. Then the degree of the equation is the largest exponent 
of the highest derivative in the reduced form. Thus (2) is of 
the fourth degree, while (1), (3), and (4) are each of the first 
degree. 

A differential equation is linear if it is a first-degree algebraic 
equation in the set of variables made up of the dependent 
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variables together with all of their derivatives. Thus (1) and 
(3) are each linear in y, and (4) is linear in u. 

131. Integral Curves. The differential equation (1) may be 
written in the form 


dy 

dx 


y- 


(5) 


This associates a value of dy/dx, or a 
slope, with each point in the plane. 

Starting at any point Po, we may con- 
struct a polygon P^PiPa • • • by choos- 
ing any small number h and constructing 
the sides successively of length h and 
with the slope at the first end point. A ” 
sequence of values of /i — > 0 leads to a 
series of polygons approaching a curve 
C. The curve passes through Po and has at each point values of 
X, y, dy/dx that satisfy the differential equation. Consequently 
the equation of C, written explicity as 



Fig. 134. 


A’ 


y = rl/{x), or implicitly as <i>{x,y) = 0, 


( 6 ) 


is called a solution of the differential equation. And C itself, 
which is the graph of a solution, is called an integral curve. The 
discussion suggests that the differential equation (5) has a solu- 
tion, or integral curve passing through any given point. 

Every differential equation of the first order, when solved for 
dy/dx, takes the form 

£ = /(='.!')• (7) 


The geometric process carried out for Eq. (5) may be applied to 
this equation and suggests that there is an integral curve passing 
through any point Po that is not a singular point of f(x,y). In 
fact, the geometric process may be used to obtain a rough grapt 
of the integral curve. One practical procedure is as follows. 
Plot the curves of constant slope, or isoclines, 

f{x,y) = constant (8) 

that pass near Po. On each of these curves mark a series of 
short parallel line segments to show the appropriate slope. 
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Then sketch the curve through Po which appears to cut each 
isocline with the indicated slope. 

Supplementing such graphical methods, there are numerical 
and mechanical methods of solving differential equations. With 

a sufficient expenditure of time, 
these may be made to give reason- 
able accuracy. Though tedious, 
the approximate methods must be 
resorted to in many cases where 
a practical problem leads to a 
differential equation not of a 
solvable type. 

132. General Solution. Since 
the initial point Po may be 
varied, the differential equation 
(7) will have a whole family of 
integral curves. The equation of such a family will involve one 
constant c. Solved for the constant, it may be written 

F{x,y) = c. (9) 

We may eliminate the constant from this form by differentiation, 



dx 




ap 

dy 


or 




+ l^r = 0- 


( 10 ) 


Either differential equation in (10) is called exact and has (9) 
as its solution. More generally, any first-order differential 
equation of the form , 


dF = dG or 


^dG 
dx dx 


( 11 ) 


is called exact. Here dF and dG are exact differential expressions 
as defined in Sec. 82, and the functions F{x,y) and G{x,y) of 
which they are the total differentials may be found by the 
method given in that section. The general solution of the 
exact equation (11) is 

F{x,y) = G{x,y) -}- c. And F{x,y) - F(xo,yo) 

= G{x,y) - G{xo,yo) (12' 

is the equation of the integral curve that passes througl 
Po = a:o,2/o. A few types of first-order equations that car 
easily be made exact and hence solved are discussed in Sec. 133 
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If the family of integral curves is given in the form g(x,y,c) = 0, 
the differential equation having this as its general solution may 
be found by eliminating the constant c from 


Kw) = 0 and | + H = 0. 
For example, if g(x,y,c) is y — ex — c^, we have 


(13) 


y = cx + c2, 




Suppose that a given equation contains two independent con- 
stants. Then we may obtain three equations from which they 
may be eliminated by differentiating twice. Thus from 


y = Cie® -f- C 2 e^®, 


dy _ 


dx 


= Cie^ -b 2c2e2* 


ty 

dx" 


CiC® -f- 4 c2cH (15) 


By solving any two of these for Ci and C 2 , and substituting the 
values in the third equation, we find 


d^y o d.y 
dx^ dx 


+ 2y = 0. 


(1(5) 


Similarly, if an equation contains n independent constants, 
successive differentiation and elimination of the constants will 
lead to a differential equation of the nth order. And, conversely, 
an ordinary differential equatioji of the nth order will have a 
general solution containing n constants of integration. 

133. First Order and First Degree. A differential equation 
of the first order and first degree may be put in the form 

M{x,y)dx -b N{x,y)dy = 0 or 

M(x,y) + N{x,y) ^ = 0. (17) 


We consider some solvable types that are easy to recognize. 

Type I. Variables Separable. Here M and N are products of 
factors, where each factor is either a function of x alone, or a 
function of y alone. Divide the equation by the factor of M 
containing y and by the factor of N containing x. The equation 
then assumes the form 

f(x)dx - g(y)dy = 0 or f(x)dx = g(y)dy (18) 
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in which the variables are separated. The solution is 

j f(x)dx - j g(y)dy = c or Jjj(x)dx =- g(y)dy, (19) 

"d y — yn when x = x^. 

Type II. Linear in y. Here JV is a function of x alone, and 
M is a first-degree polynomial in y. Thus the equation is 

[B{x)y — C{x)]dx -}- A{x)dy = 0 or 

A{x)^ + B{x)y = C(x). (20) 

Divide by A{x). With new notation, the equation becomes 

^ + P{x)y = Q(x). (21) 


Multiply by I{x)dx, where I{x) is a function of x to be deter- 
mined presently. The result is 

I{x)dy -b I{x)P{x)y dx = I{x)Q(x)dx. (22) 

By Sec. 82, the left member will be an exact expression if 

luix)] = Amx)P(x)y], or | = IP. (23) 

This is a separable equation. Type I. We solve it by writing 

P{x)dx, and I = (24) 

With any choice of constant in the integral, this makes 

dl = IP dx and d{Iy) — I dy A- y dl ■= I dy IPy dx. (25) 

Consequently, by Eq. (12), the solution of Eq. (22) is 

IQ dx A- c, or y = j— J I{x)Q{x)dx -f cj. (26) 
And the solution for which y = yo when a; = xo is 

I{x)y — I{xo)yo = I(x)Q{x)dx. (27) 

J oco 

If multiplication of a differential equation by a factor reduces 
the equation to either exact form (11), we call the factor an 



~ = P{x)dx, log I 
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integrating factor of the equation. Thus Eq. (21) admits the 
I of (24) as an integrating factor. 

To integrate a given linear equation, first reduce it to the 
form (21) and compute the integrating factor by (24). Then 
either multiply in the factor to make the equation exact or 
use Eq. (27) as a formula for the desired solution. 

As an example, consider 

a:* — + Sxy = Sx® + 2, or ^ + - 2/ = 5a: + (28) 

dx dx X x^ 


Here the integrating factor is found from 


J ^dx = d log a: to be 7 = e'''*”*® = x®. (29) 

And the exact equation 

x^dy + Sx^y dx = (5a;'* + 2x)dx leads to x^y = a:^ + a:^ + c. (30) 

Type III. Reducible to Linear. Consider the Bernoulli 
e(iuation 

A(x)^ + Ii{x)y = C{x)y-. (31) 

This differs from the linear equation only by the presence of y^ 
in the term on the right. Multiply by (1 — n)y~^/A(x). Put 


and the equation becomes 
du 




n) 


C(x) 

Aix) 


(33) 


This may be solved by the method used above for Eq. (21). 

Again, we may interchange the roles of x and y and so solve 
an equation linear in x, 


A{y)dx + [B{y)x - C{y)]dy = 0 or 

A(v)'^^ + B(y)x = C(y). (34) 

More generally we may use the procedure of Type II when- 
ever we observe new variables u(x,y) and t(x,y) which reduce the 
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given diiferential equation to the form 


A{t)~ + Bit)u = at). 


(35) 


Type IV. Homogeneous. Homogeneous functions were 
defined and examples given in Probs. 10 to 18 of Exercises 
II (page 70). We recall that M{x,y) is homogeneous of the 
nth degree if multiplication of x and y each by a factor k mul- 
tiplies the function by fc”. That is, 

M{kx,ky) = k^M{x,y). (30) 

Such a function is x” times a function of y/x, since if k = 1/x, 


M 



x~^M {x,y) 


and 


M{x,y) = x'^M 



(37) 


The differential equation (17) is homogeneous if M and N are 
each homogeneous of the same degree, say n. Then the equa- 
tion is 



dx •+• 




(38) 


Divide by x'\ Put y = vx, so that 

dy = V dx -A X dv, 

and the equation takes the separable form 

[M(l,v) -f vN(l,v)]dx + xN(l,v)dv = 0. 

The solution of this which makes y = yo when x = Xo\s 

loe X - loir r. - - 
log X log XO 


(39) 

(40) 


(41) 


Type V . Exact Equations. M dx N dy will equal dF if 


dy dx 


(42) 


by Sec. 82, where we showed how to find the function F. When 
the condition (42) is satisfied, Eq. (17) becomes the exact equa- 
tion (10), whose solution is (9), or F = c. 

An exact expression dF remains exact when multiplied by any 
function of F. This sometimes enables us to discover an inte- 



343 


§184 ENVELOPE. OF A FAMILY OF CURVES 


grating factor of a differential equation. For example, consider 

y dx — X dy = x^y^{Sy dx + 2x dy). (43) 

The coefficients 3 and 2 in the right member suggest forming 

d{x^y'^) = Zx^yHx + 2x^y dy = x^y{3y dx + 2x dy). (44) 

This will remain exact when multiplied by any function of (x^y^). 
The coefficients 1 and — 1 in the left member suggest forming 


d{xy~^) = y~Hx — xy~Hy = y~^(y dx — xdy). (45) 

This will remain exact when multiplied by any function of {x/y), 
in particular (rr/y)”. Let us multiply Eq. (43) by 



and write the resulting equation in the form 

d — a;”+^y~”+’d(x^y‘^). (46) 

The factor multiplying d{x^y^) will be a power of (.r^y^) if 


n + 4 

IT 


— n + 1 


2fi 4“ 8 = — 3/1 T" 3, and 

n = -1. (47) 


On putting n — —1 in Eq. (46), the integral is found to be 

log i (.r®y2)2 + c. (48) 

The procedure just used will succeed with any equation 

xPy^(Ay dx + Bx dy) — x''y‘‘{Cy dx + Dx dy). (49) 

When D (or C) is zero, this equation could be treated as a 
Bernoulli equation in y (or in x) by the method of Type III, 
but the method just given is shorter. 

134. Envelope of a Family of Curves. In the xy plane, let 

g{x,y,c) = 0 (50) 

be the equation of a family of curves Gc. Let be a curve in the 
plane tangent to each curve Gc at some point Pc. Then, if 
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each point of is a point Pe at which some curve Gc touches E, 
we call E the envelope of the curves Go. We may use c as a 
parameter for the envelope E and write 

X = x(c), y = y(c). ' (51) 


Since these relations make Eq. (50) an indentity, we have at 

.E any Pc, 



Fig. 136 . 


(ly 

dx 


dy/dc 

dx/dc 


^dx 4 .^ = 0 

dx dc dy dc dc 


(52) 


On any one curve Gc, c is constant. 
Hence the equation 


^ 4. = 0 

dx dy dx ’ 


(53) 


found by differentiating (50) with c 
constant, determines the slope dy/dx 
at any point on Gc, and hence in par- 
ticular at Pc. At Pc, Gc has the same 
slope as E. Hence in Eq. (53) 


and 


-L = 0 

dx dc dy dc 


(54) 


A comparison of Eqs. (52) and (54) shows that at points P,.., 

^ = 0. (65) 

This leads to the rule for finding the parametric equations of 
the envelope of the family (50). Solve I^qs. (50) and (55) for x 
and y in terms of c. 

When the functions are regular, if the expressions for x and 
y in terms of c do not make dg/dx and dg/dy both zero, this 
process necessarily gives an envelope. For example, consider 

(x — 5c)2 + y® = lOc^, or x^ -\- y^ — lOca; 4* Oc^ = 0, (56) 

the family of circles shown in Fig. 137. On differentiating 
partially with respect to c, we find 


- lOx + 18c = 0, 


or 


5 


(57) 
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Hence the parametric equations of the envelope are 

a; = ^ and y = ± (58) 

5 5 

since the x and y partial derivatives of the left member of (56), 

QO/^ 24 -r 

2x — 10c == ^ and 2y = ± (59) 

do not in general vanish. Note that they are both zero for c = 0, 



Fig. 137 . 


and the point Po = (0,0) is not a point of contact, since for 
c = 0 the circle (56) degenerates to a point. 

On the other hand, consider the family 

{x - cy = y\ (60) 

for which 

g{x,y,c) = {x - cy — y^. (61) 

Here dg/dc — 0 leads to 

2(a; — c) = 0, x = c and y = 0. 


(62) 
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But these make dg/dx = 0 and dg/dy = 0. There is- no envelope 
here. Equation (60) represents the pairs of straight lines, and 
y = 0 the locus of their intersections shown in Fig. 138. 


Fig. 138. 



136. First Order and Higher Degree. Singular Solutions. 

The general differential equation of the first order is 



if we write a single letter p in place of dy/dx. 

Type I. Equations Solvable for p. Some equations (63) may 
be solved for p. The resulting first-degree equations may then 
be treated by the methods given in Sec. 133. For example, 



y‘^ leads to y 


(dy\ 

\dxj 


± a/T 


We take the plus sign, separate the variables, and obtain 


y dy 

a/i - 


dx, 



y"^ {x — cY — 1. (65) 


This last includes the result that would have been obtained by 
taking the minus sign. It is the general solution of (64) and is 
the family of circles shown in Fig. 139. These circles have an 
envelope consisting of the two lines y = +1. This is evident 
from the figure and could be found by applying the method of 
Sec. 134 to the last equation in (65). Direct substitution shows 
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that y = 1 and y — —1 are each solutions of the differential 
equation (64). They are called singular solutions because they 
cannot be obtained from any general solution by specializing the 

constant. In separating the variables, we divided by -yl — y^, 
a permissible operation unless y‘^ = 1. Thus Eq. (64) implies 
either (65) and the general solution, or else that y^ = 1, the 


Y 



Fia. 139. 


singular solutions, since y = +l happens to solve the original 
equation. 

A differential equation of the first order will always have a 
general solution, consisting of a one-parameter infinite family 
of curves. If the differential equation is of the first degree, 
there will be one slope and one of these curves through each point. 
For equations of higher degree, there will be more than one slope 
at some points and the curves of the general solution may have an 
envelope at which two values of the slope coincide. Since x,y,p 
have the same values at each point of the envelope as they have 
for the tangent integral curve, the envelope will be a solution of 
the differential equation. Usually the envelope will not be a 
curve of the general solution but will be a singular solution. 

Points at which Eq. (63), regarded as an equation in p, has 
coincident roots satisfy 

SF 

F(x,y,p) = 0 and ^ 

The envelope of the family of curves g{x,y,c) — 0 which make 
up the general solution will satisfy Eqs. (50) and (55) or 

g{x,y,c) = 0 and % ^ 

Thus singular solutions may be found by testing which curves 
obtained from (66), or from (67), satisfy the differential equation. 
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Type II. ClairauVs Form. Clairaut’s equation is 

V = P^+M- ( 68 > 

where / is any function of one variable. To solve it, differentiate 
with respect to z. The result is 

J-. + .g+Ap)| - ») 

since we may cancel dy/dz against p. Equation (69) will hold if 

dv 

^ = 0, which implies p = c. (70) 

Inserting this in Eq. (68) leads to the general solution 

y = cz+f(c). (71) 

This represents a family of straight lines. They have an envelope 
given in terms of the parameter c by 

y — cz f{c) and z + /'(c) = 0. (72) 

This is the singular solution. Replacing c by p gives 

y = pz +/(p) and z +/'(p) = 0. (73) 

The equations in this form might have been obtained by observ- 
ing that Eq. (69) would hold if the factor z /'(p) were zero, 
and combining z 4-/'(p) = 0 with Eq. (68). We also note 
that Eqs. (66) and (67), applied to the problem under discussion, 
lead to (72) and (73), respectively. 

Most equations of the first order and higher degree with 
simple solutions are reducible to Clairaut’s form on introducing 
new variables u and t. For example, consider 



Multiply by y and put = u, 2y dy/dz = du/dz, obtaining 



This is Clairaut’s form, so that the general solution is 


u = cz — j or y^ => cz - (76) 



§136 SECOND ORDER 

The singular solution is given by 


349 


yi 


= cx — 


£! 

4 


and 



or y = ±x. (77) 


136. Second Order with One Letter Absent. The general 
differential equation of the second order is 



Sometimes one of the letters x,y is absent from the function F. 
In either case the substitution dy/dx = p reduces the equation 
to one of the first order. 

Type I. Letter y Absent. If y is missing, we put 


and 


dy _ d^y _ dp 

dx dx^ dx 



0 becomes F 



= 0. 


(79) 

(80) 


The solution of this first-order equation in the variables x and p 
may be written 


p = G{x,ci) 


or 


dy 

dx 


G{x,ci). 


(81) 


This is a separable differential equation whose solution is 

y = jG{x,Ci)dx -f- C2. (82) 

For example, consider the linear equation 


r + 2 ^ = 
dx^ ^ dx 


12x2, 


or 


dp 

^ j 

dx 


+ 2p = 12x2. 


(83) 


This is linear in p, Type II of Sec. 133. Hence we write 

^ + “P = 12x, y ^dx = 21ogx, _ ^.2 

Multiplying by x^ dx and integrating, we obtain 

xMp -f- 2xp dx = \2xHx and px^ — 3x^ 4- Ci. (85) 

We might have discovered that x was an integrating factor of 
Eq. (83) and so written down (85) directly, by reasoning as 
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we did for Eq. (43). To complete the solution of the second- 
order equation, we replace p by dyjdx in (85) and deduce 

dy = (3a;^ + c\x~^)dx so that y = x^ — Cix~^ + C 2 . (86) 

Type II. Letter x Absent. Suppose that x is missing. If 


dy _ 


d^y _ dp _ dp ^ 
dx^ dx dy dx 


Thus we may replace dy/dx by p, and d^yfdx^ by p dp/dy in 


The solution of this first-order equation in the variables y and p 
may be written 

p = G{y,ci) or ^ = ( 2 /,Ci). (89) 


(2/, Cl). 


This is a separable differential equation whose solution is 


J G(y,ci) 

For example, consider the equation 


+ C 2 . 


^ = 1 

dx^ y^ 


or p 


dp 1 


dx^ y^ ^ dy y^ ^ ' 

This is a separable equation, so that we may solve it by writing 

2p dp = 2y~hly, p^ — —y~^ + Ci, or 

p = ± \/ci — y-‘\ (92) 

Replace p by dy/dx, separate, and integrate. With the plus 


ciydy 

V ciy^ — 1 


CiX + C2 = 


{cix + = ciy^ — 1. (93) 


The last equation includes the result of taking the minus sign. 

If initial conditions are given, it may be convenient to find ci 
before integrating a second time. Thus, if we wished the 
solution of (91) for which p = 0 and y = I when a; = 0, we would 
find Cl = 1 in (92), and hence throughout (93). Then we would 
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take C 2 = 0 to make y = 1 when x = 0. Consequently, the 
particular solution required is — 1. 

137. Linear Equations of Higher Order. The general linear 
differential equation of order n is 

^ + ■ • • + Oi{a:) ^ + aai^)y = ^(x). 

(94) 

The right member ^(x) and the coefficients ao(x), ai{x), • • • , 
a„(x) are given functions of x. Since the order is n, an(x) is not 
identically zero. If ^(x) = 0, the equation is homogeneous. 
Thus the general homogeneous linear equation of the nth order is 

L{y) = Unix) ^ + a„_i(x) ^ ^ + • • • + ai(x) ^ + ao{x)y. 

= 0. (95) 

We use L{y) to denote the result of substituting any function y in 
the loft member of Eq. (94) or (95). Since multiplying y by 
a constant multiplies each term by a constant, 

L{cyi) = cL(yi), and L{cyi) = 0, if L{yi) = 0. (96) 

Again, replacing y by + y 2 replaces each term in y by the sum 
of two similar terms, one in and one in y^. Hence 

Mvi + yt) = L(y,) + L(yt), and L(ai + t/,) = 0, 

if L(y{) = 0, L{y,) = 0. (97) 

Consequently the sum of two solutions, or the product of one 
solution by a constant, is again a solution of the homogeneous 
equation (95). 

Now suppose that Wi, , Un are n functions of x each 

of which is a solution of (95). Then • 

y — CiUi + C 2 W 2 + * * ■ + CnUn (98) 

is also a solution, by the properties just mentioned. This 
solution may be made to take on any given values of y, and its 
first n — 1 derivatives for any value Xq if we can solve the 
equations 

yo = CiUi + C2W2 + • • • + CnUn 

yo = CiUi + C2W2' -f • • • + CnUn 

(99) 

4- C2M2^”“^^ + • ’ • 4- 
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for the coefficients c. Here primes denote differentiation with 
respect to x, the subscripts o on y, y', etc., denote that we use 
the values given for Xo, and the functions Uj as well as their 
derivatives are to be evaluated at a^o. By Sec. 27, Eqs. (99) have 
a unique solution if the determinant of the coefficients of the 
c,- is not zero. 

This leads us to consider the function W (x) defined by 



Ml 

Ui 

Un 

Wix) = 

Ui 

Ui' 

Un 






called the Wronskian of the n functions Uj. If for all values of 
X, the Wronskian W{x) is different from zero, the n functions 
u; are linearly independent. In this case Eqs. (99) can always 
be solved since W{xo) ^ 0, and Eq. (98) is the general solution 
of (95). 

But it may be proved that the Wronskian of a set of n solu- 
tions of a homogeneous linear differential equation of order n 
is either never zero or always zero. And when W(x) is always 
zero, some one of the solutions, say Un, may be expressed in 
terms of the rest by a relation of the form 

Un = klUl k^Uz + ‘ + kn-\Un—\. (101) 

In this case the functions Uj are linearly dependent, and the 
expression (98) is equivalent to 

y — {c\ Cnki)ui d- (c2 + Cnk^Ui -j- ’ * * 

-f- (Cn — 1 Cnkn — T^Ufi — 1. (102) 

Hence it really involves at most n — 1 independent constants, 
namely the n — I parentheses, and at most n — 1 independent 
functions. Thus when W{x) =0 for all values, (98) is not the 
general solution. 

We call any n linearly independent solutions of (95) a funda- 
mental system of solutions Uj. The expression (98) provides the 
general solution of any linear homogeneous equation of order n 
for which a fundamental system of solutions is known. 

Consider next the nonhomogeneous equation (94) or 

Liy) = ^{x), with j8(x) 5 ^ 0. (103) 

Suppose that w is a solution of this equation, and is a solution 
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L{u) = /3(x) and L(mi) = 0. (104) 

It follows from this and the first equation in (97) that 

L(w + til) = Liu) + I/(wi) = (3(x), (105) 

so that ti + wi is a solution of (103). Hence the sum of the 
general solution of the homogeneous equation and any par- 
ticular solution of the nonhomogeneous equation, 

y = u -\- Citii + C 2 t /2 + • • • + c„ti„ (106) 


is a solution of (103). There are no other solutions. For, if y 
is any solution of (103) and u is the particular solution just 
used, it follows from Eqs. (96) and (97) that 

L{y - u) = L{y) - L{u) = fi{x) - ^{x) = 0. 

Thus y = u (y — u) equals u plus a solution of the homoge- 
neous equation. To recapitulate, the expression (106) provides 
the general solution of any linear equation of order n in terms of a 
particular solution of the nonhomogeneous equation and a 
fundamental system of solutions of the corresponding homoge- 
neous equation. The particular solution is called the 'particular 
integral. The remaining terms in (106) make up the com- 
plementary function. 

138. Linear Equations with Constant Coefficients. The 

general homogeneous linear differential e(iuation of order n, 
with constant coefficients, is 


dny 


. dy , 

+ «. S + a.!/ 


(107) 


The coefficients ao, ai, • • • , Un are here constants, with a„ 7 ^ 0. 
In discussing such equations it is convenient to represent d/dx 
by a single letter D. Thus 

t = g = O'*'. (10*) 


And Eq. (107) may be written 

(a„H” + + • • • + aiD -b af)y = 0. (109) 

Let us seek solutions of the form e". Since 

/)2(e’'*) = rV^, etc., (110) 
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the result of putting y = e’’-' in Eq. (109) is 

(ttnr" + +•• •+«!?' + ao)e’‘'“ = 0. (Ill) 

Thus e’’* will be a solution of Eq. (109) if 

a„r’* + + • • • + ciiv + ao = 0. (112) 

This equation, which is easily written down by replacing D by 
r in the parenthesis of Eq. (109) or directly from the original 
form (107), is called the auxiliary equation. 

If the auxiliary equation has n real and distinct roots, ri, r-i, 
• • • , Tn, then the corresponding exponentials form a funda- 
mental system of solutions, and the general solution of (107) is 

y + • * • + (113) 

When the o,- are all real, complex roots will occur in conjugate 
pairs. Suppose that a ± hi are a pair of conjugate roots, where 
i — -s/ —1. To get the terms of the solution for them to add 
up to a real quantity, we use conjugate complex constants 
p ± qi as coefficients. Then by Sec. 2, 

ip "b “f" (p ~ 

( ^ibx I 0—ibx ^ibx ^~ibx \ 

P 2--’ 2i ) 

_ 2pe‘‘^ cos bx — 2ge“® sin bx. (114) 

Calling 2p and —2g new constants ci and C 2 , we see that a pair 
of conjugate complex roots of the auxiliary equation 

a + bi lead to cos bx + C 2 e“^ sin bx (115) 

in the general solution, where Ci and C 2 are real constants. 

If the auxiliary equation (112) has repeated roots, the addi- 
tional terms are obtained by multiplying in powers of x. Spe- 
cifically, two equal real roots of the auxiliary equation 

s, s lead to Cic** + C 2 xe^^ or e®^(ci + C 2 x). (116) 

Three equal real roots of the auxiliary equation 

s, s, s lead to cie** + C 2 xc*® -f C 3 xV% (117) 

and so on if there are more than three equal real roots. 

Equal complex roots are treated similarly. Thus two equal 
pairs, 

a 4; hi, a + hi lead to 

(ci 4- C 2 x)e“® cos bx + {c$ -j- C 4 x)e“® sin bx. (118) 
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We shall verify (117). Here the auxiliary equation may be 
written in the form P(r)(r — s)* = 0, where P(r) is a polynomial 
in r. The same calculation that shows this proves that the 
differential equation may be written 

P{D){D - sYy = 0. • (119) 


But if we replace D by d/dx and expand we find that 

ip — s)a;"‘e®® = so that (Z) — .s-)e*® = 0. (120) 

And by repeated use of the first relation, 

P — sYxe^^ = P — s)e*® = 0, 

P — s)®a:V* = P — sY2xe^^ — 0. (121) 

These relations show that xe^^ and as well as e*® are par- 
ticular solutions of the differential equation (119) with three 
equal roots s. The verification of (116), (118), and other cases 
of equal roots is similar. 

Consider next the general nonhomogeneous linear differential 
equation of order n, with constant coefficients, or 

, d^~^y , , dy , 

^ ‘ ‘ ^ ( 122 ) 

with ^{x) not identically zero. By Sec. 137 we may write the 
general solution of this equation by adding any 'particular integral 
to the complementary function. Methods of finding a particular 
integral will be given in Secs. 139 and 140. The complementary 
function of Eq. (122) is the general solution of Eq. (107), obtained 
by replacing the right member j8(x) by zero. Hence the com- 
plementary function is the sum on the right of Eq. (113), modified 
when necessary as indicated in Eqs. (115) to (118). 

To illustrate our remarks we shall solve 


d^y A 
dx^ dx^ 


-h 13 = \2e^\ 

dx^ 


(123) 


The auxiliary equation is 

r® - 4r4 -h 13r® = 0 or r^r"^ - 4r + 13) = 0. (124) 

This h as t hree roots equal to 0 and a pair of complex roots 
2 ± V^— 3 or 2 ± 3^. Hence, since = 1, the complementary 
function is found from Eqs. (117) and (115) to be 

Cl -f- C 2 X -}- czx^ -f C 4 C^® cos Zx -}- cbc^* sin 3x. (125) 
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We may find a particular integral by substituting y = in 
Eq. (123). The result is 

(2® - 4 X 2^ + 13 X 2«)Ae^^ = 72^6^* = 12e2*. (126) 

This equation w^ll hold if 

72^ = 12 or A = i. (127) 

Hence is a particular integral. And 

y = + Cl + C 2 X + Cax^ + C4C^® cos 3x + CbC^* sin 3a: (128) 

is the general solution of Eq. (123). 

139. Method of Undetermined Coefficients. In many practi- 
cal cases the right member of Eq. (122), ^(x), is a sum of terms 
each of which is of the type 

kx*^€A^, gQg Qj. sin hx. (129) 

Here m is zero or a positive integer, and a and 6 are any real 
numbers. For example, as particular cases we have 

3, 2a:®, 3e®*, 5a;e®®, 4 cos 3a:, 5a: sin 3a:, 7e* sin x, 5xe^ cos x. (130) 

In such cases a particular integral may be found by the method 
of undetermined coefficients, used to integrate functions of this 
type in Sec. 70. We consider separately the cases where ^(x) 
has a single term and where fi(x) is a sum of terms. 

Case I. A Single Term. With any one term T of the type 
under consideration we associate the simplest polynomial in Z>, 
Q(D) such that the differential relation Q{D)T = 0 holds. This 
is easily done by using in reverse the rules for forming the com- 
plementary function typified by Eqs. (113), (115) to (118). The 
polynomials associated with the terms of (130) are 

D, D\ (D - 2), (D - 2)\ (£>2 -f 9), (P® -f 9)^ {D^ - 2D -f 2), 

(D2 - 2D A- 2)2. (131) 

As these illustrate, Q{D) will always be some power of a first- or 
second-degree factor. And we may write 

Q{D) = F« where F = D — a or 

F = - 2aD A- A- hK (132) 

Now consider any particular integral I of Eq. (122), which we 
rewrite in the form P(D)y — T{x). Since / is a solution of 

P{D)y = T, P{D)I = T. But Q{D)T = 0. (133) 
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It follows that / is a solution of 

Q{D)P{D)y = 0, since Q{D)P(D)I = Q{D)T = 0. (134) 

This enables us to predict the form of 7. Since any term that is 
in the solution of P{D)y = 0 is of no help in making P(7))y = T, 
we may assume I a linear combination with unknown coefficients 
of those terms in the solution of Q{D)P{D)y = 0 and not in the 
solution of P{D)y = 0. This leads to the following rule: 

Let the right member of (122) consist of a single term asso- 
ciated with the polynomial Q{D) = P®. If F is not a factor of 
P{D), try 

/ = (Aa:^~^ -I- 4* ‘ ‘ + 7/)c“® 

when F — D — a, (135) 

and try 

I = {Ax‘'~^ -t- Bx^~^ + * • • + L)e^^ cos bx 

-b {Mx^~^ 4- Nx^~‘^ + • • • + P)e“* sin hx 

when P = 7)2 _ 2ai) -f a2 4- h\ (136) 

If P is a factor of P(7>) and the highest power of F which is a 
divisor of P{D) is F^, try the 

I of (135) or (136) multiplied by x'^. (137) 

Case 11. A Sum of Terms. With each term in ^{x) associate 
a polynomial Q(7>) = as before. Arrange in one group all 
terms that have the same P. The particular integral of the 
given equation will be the sum of solutions of equations each of 
which has one group on the right. For any one such equation, 
the form of the particular integral is given by PIqs. (135) to 
(137) where q is the highest power of P associated with any term 
of the group on the right. 

For example, suppose that ^(x) consists of the sum of all 
the terms in (130). From (131) we see that these fall into four 
separate groups, each made up of two consecutive terms. And if 
P{D) is not divisible by 7), (7) — 2), (D^ 9), or — 2D -b 2) 

we try 

Ax» -b Px2 -b Cx -b 7) for 3 + 2x\ (138) 

(Ax -b B)e^^ for -b 5x6^®, (139) 

(Ax -b B) cos 3x -b (Cx + D) sin 3x for 4 cos 3x -b 5x sin 3x, 

(140) 

(Ax -b P)e® cos X -b (Cx -f 7))e® sin x 

for 7e® sin x -b 5xc® cos x. (141) 
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On the other hand, if P(D) were D^{D — 2)(D — 5) we would use 

Ax^ + + Cx^ + Dx^ for 3 + 2x^, (142) 

(Ax^ + Bx)e^^ for 3e~^ 4- (143) 

and (140) and (141) as before. 

To illustrate a tabular form that minimizes the amount of 
writing, we work out two examples in detail. 

Example 1. ™ + 4?/ = 8 cos 2x. (144) 

Here Q = P = + 4, and P(D) — + 4. Here p = 1 in 

(137), and g = 1, a = 0, 6 = 2 in (136) so that we try x times 
A cos 2x B sin 2x. Thus, 


4 


y = 

A 

'X cos 2x B 

X sin 2x 



0 


11 

2B 

-2A 


+ A 

COS 2a: + ^ 

sin 2x 

1 



-44 

1 


+4B 

-44 


Totals 



0 

0 


4B 

-44 


Should be 



0 

1 

0 


8 

0 

1 


The coefficients of the given equation are written on the left, and 
these are multiplied into each column and the results added. 
Under these totals we write the coefficients in the right member, 
to which the totals should be equal if the equation is to hold. 
Hence 

4J? = 8, — 4A = 0, so that J5 = 2, A = 0, and 

y — 2x sin 2x ( 145) 

is a particular solution. The roots of the auxiliary equation, 

+ 4 = 0, r ■■= ±2i lead to Ci cos 2x -f Ca sin 2x. (146) 

Consequently the general solution of (144) is 

y = 2x sin 2x + ci cos 2x + Ca sin 2x. (147) 

Example 2. + 6^2 + 12a:. (148) 

Here there are two groups. For 6e**, Q = F = D — 3, which is 
not a factor of P{D) = D® + D^. Hence by (135) with g = 1, 
a = 3, we try 

y = Ae^^, (Z)3 4 D^)Ae^‘ = (3* 4 3^)Ae^^ = 3QAe^^ = 

( 149 ) 
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It follows that 

36A =4, A = i, (150) 

and is a part of the particular integral. 

For Qx^, Q — Z)®, and for 12a:, Q = These form one group, 
for which (135) with q = S, a = 0 suggests Ax^ Bx C. 
However, F = D and is a factor of P{D) = D® + D^. Hence, 
we multiply by x"^, and try Aa:^ + Bx^ + Cx^. The tabular 
arrangement is 


0 

y = A 

+ B 




0 

dx 

4A 

+ 35 

+ 2C 

X 

1 

11 

^ 1 ^ 


12A 

+ 65 

+2C 


1 

1 ! 



244 

+65 


Totals 

0 

0 

124 

65 + 244 

2C + 65 


Should be 

0 

0 

6 

12 

0 



The totals will be as desired if 

12A = 6, 65 + 24A = 12, 2C + 65 = 0, or 

A = l 5 = 0, C = 0. (151) 

It follows that 3^a:^ is a part of the particular integral. 

The complementary function is found from 

r* 4- r® = 0, r = 0, 0, —1, to be ci + c^x + cze-'. (152) 

Adding our results, we find that the general solution of (148) is 

y = + Cl + C2.r + cze-^. (153) 

140. Method of Variation of Parameters. We may determine 
a particular integral of any linear differential equation (94), 
provided that we already know a fundamental system of solutions 
of the corresponding homogeneous equation (95). The process, 
due to Lagrange, is known as the method of variation of parameters 
because it depends on replacing the constants Cj in the comple- 
mentary function by variables Vj. We first describe the process 
as applied to a particular case, namely, the equation 


( 154 ) 


360 DIFFERENTIAL EQUATIONS §140 

Suppose we already know that the complementary function is 

Cix + C2(l + x^). (155) 

Then we replace c,- by Vj and assume as the form of y 

y = Vix + ^ 2(1 + x^). (156) 

We shall use primes to mean x derivatives. Then 

y' = Vix + Vi{l + x^) + + ‘IxVi. (157) 

We equate the part of this containing V\ and to zero, 

xvx' + (1 + x^)Vi' = 0, (158) 

so that 

y' = + 2 xv 2 and y” — Vi + 2xv2 + 2i;2. (159) 


On substituting from (156) and (159) in Eq. (154), we find 

(1 — x'^){vi 4- 2 .XV 2 ') = 6(1 — a:2)2, or 

vx' + 2xv2' = 6(1 - x^). (160) 

We now solve this and (158) as a pair of simultaneous equations 
of the first degree in y/ and v^'. The solution is 

y/ = 6 4 Gx^, V 2 = —6a;. (161) 

Integration of these expressions gives 

yi = 6a; 4 2a;® 4 Ci, V 2 = —3a:® 4 C 2 . (162) 

These values, inserted in (156), lead to the general solution 

y = 3a:® — a:* 4 CxX 4 C 2 (l 4 a:®). (163) 

Now consider the general equation (94), or as in (103), 

L{y) = (164) 

where L(y) is defined by (95). Suppose we already know the 
complementary function, 

n 

^ c{Uj, where L{u,) — 0. (165) 

We replace the q by variables y,- and impose the condition that 
the terms involving y/ which appear in each of the first n — 1 
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n n n 

y = y VjU], y' — ^ Vju/, since ^ v/uj — 0, (166) 


^* =* 1 J = 1 

y" = t mi", 

j = l 

and so on down to 

n 

y{n-l) — ^ 

i = l 

And for the nth derivative 


n 

since ^ v/u/ = 0, (167), 


n 

since ^ = 0. (168) 

3 = 1 


y{n) — ^ 


(169) 


On substituting from Eqs. (166) to (169) in Eq. (164), we find 


f, „M«i) + “.(a:) t = ^(*)' (170) 

3=1 i=l 

In view of the second equation in (165) the terms in vj drop out 
and 

«n(a:) ^ = ^{x). (171) 

y=i 

The n — 1 imposed conditions with right member zero [Eqs. (166) 
to (168)] together with this relation may be regarded as a set of n 
simultaneous equations of the first degree in the v/. The 
determinant of the system is a„(x)lT(a:). Since the Wronskian 
W{x) of (100) is never zero for a fundamental system Uj, and 
Unix) is not zero in any interval where Eq. (94) remains of the 
nth order, by Sec. 27 the simultaneous equations may be solved 
for the v/. We may then integrate to get the Vj. The first 
equation in (166) then provides a solution of our original equa- 
tion. It will be the general solution if we keep the constants of 
integration in the v,-. If we omit these constants, we find a 
particular integral, which is all we needed to add to the known 
complementary function. 

Suppose that we select the constants of integration in such a 
way that each Vj = 0 for x = 0. Then Eqs. (166) to (168) show 
that y, y', y", • • • , y^^-^'> will each equal zero when x = 0. And 
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the solution found from (166) will satisfy these conditions. Thus, 
for example, the Vi and of (162) are each zero when a: = 0 if 
Cl = 0 and C 2 = 0. Hence the result of putting these values in 
(163), y = — x'^ is the particular solution of (154) which is 

zero together with its first derivative when a; = 0. 

The method of variation of parameters could be used to find a 
particular integral of any linear equation with constant coeffi- 
cients (122) after we have obtained the complementary function 
by the rules of Sec. 138. This procedure is useful in a few cases 
where ^(x) is not a sum of terms each of type (129). But the 
method of undetermined coefficients is preferable whenever it is 
applicable. 

141. Simultaneous Differential Equations. We sometimes 
have to solve a system of linear differential equations with 
constant coefficients containing one independent variable, but 
more than one dependent variable. We illustrate a method of 
reducing the problem to an equation of type (122) by solving the 
system 




(172) 


Replace d/di by D, and rewrite the equations as 

(2D -b 5)x -h(D + l)y = 

(3D -b 9)x -b (2D -b l)y = -2e^K 


(173) 


If D were a number, we could eliminate y by multiplying the first 
equation by (2D + 1) and the second by (D -b 1) and then 
subtracting. This suggests that we form the new equations : 

(2D -b 1)(2D -b 5)a; -f (2D -b 1)(D -b l)y = .(2D -b l)e®' = 

(D -b 1)(3D + ^)x + (D -b 1)(2D -b l)y = (D -b l)(-2e^^) 

= -8e^ (174) 

where the simplified right members are obtained by recalling that 
D is d/dt. The terms in y are the same, so that on multiplying 
out the operators atfecting x and subtracting, we find 

(D2 - 4)x = 15e8‘. (175) 

The complementary function is found from 

— 4 = 0, r = 2, —2 to be Cie^*’ + C 2 e~^K (176) 
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And on trying in Eq. (175) we find 

(D2 - 4)Ae»‘ = 5Ae»‘ = 15e®‘. (177) 

Hence 5A = 15, A = 3, and 3e*‘ is a particular integral. Conse- 
quently, 

X = 3e3' d- d- C2e-2^ (178) 


If y were found by a similar process, it would seem to involve two 
new constants. If we substituted the value of x in either equa- 
tion of (172) and solved for y, one apparently new constant would 
appear. But these additional constants are expressible in 
terms of ci and C 2 by relations that could be found by substituting 
the values of x and y in both equations of (172). It is simpler 
to eliminate dy/dt from the equations by multiplying the first 
equation by 2 and subtracting the second. The result is 

^ d- X d" ^ = de"', or y = ^ ~ (179) 

By substituting the value (178) in the right member, we find 

y = -f (180) 

To illustrate an alternative procedure, we outline the solution 
of the system (172) by the use of undetermined coefficients. 
Try X = y = in the original equations. There results 

(11 A d- 4B)e3‘ = (18A d- 7B)e^^ = -2e^‘. (181) 

These Avill hold if 

llA d- 4B = 1, 18A d- 7B = -2, 

from which A = 3, B = — 8. (182) 

This shows that x = 3e®‘, y — — 8e®‘ is a particular solution. 
The complementary part of the solution may be found by trying 

X = ae’’*, y = he’'‘ (183) 

in the homogeneous system, that is, Eqs. (172), or (173), with 
right members replaced by zero. This leads to 

[(2r d- 5)a d- (r + l)6]e’-‘ = 0 1 
[(3r d- 9)a d- (2r d- l)h]e^' = 0 j 


or 


(2r -b 5)a -j- (j' + 1)& = 0 
(3r d- 9)n + (2r + 1)& = 0 


( 184 ) 
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By Sec. 27, for any r such that the determinant 


2r + 5 r + 1 
3r + 9 2r + 1 


= (2r + 5)(2r + 1) - (3r + 9)(r + 1) 

= r2 _ 4 


(185) 


was not equal to zero, these would have a unique solution for 
a and b, namely a = 0, 6 = 0. Since we seek a solution not 
identically zero, we must use a value of r for which 

7*2 — 4 = 0, that is, r = 2 or r = —2. (186) 

For either of these values, Eqs. (184) are equivalent to a single 
equation which determines the ratio of 5 to a as 


^ + 5 ^ _ 3r + 9 

a r + 1 2r + 1 

Let us write a = ci when r = 2. 


= — 3, if r = 2 and 
= 1 when r = — 2. 
Then b = — 3ci, and 


(187) 


X = y = — 3cie2‘ (188) 


is one solution of the homogeneous system. And we write 
a = C 2 when r = — 2. Then b = Cz and a second solution is 

X = C 2 e~^‘, y — (189) 

Adding the particular solution found from (182) to the com- 
plementary parts found in (188) and (189) gives 

X = 3e®‘ + Cie2« -f C2e“^ 
y = -8e3« - 3cie2« + cze-^*. 

This agrees with (178) and (180). 

When the determinant in r equated to zero has multiple roots, 
or roots corresponding to exponentials that appear in one or 
more right members, the functions to be tried are no longer 
simple exponentials and it is better to fall back on the method of 
elimination. But such cases are rarely met. Systems with the 
right member zero, or sums of terms like Eq sin {cot + a), con- 
taining more than two equations occur in discussions of mechan- 
ical vibrations or of currents in electrical networks. It is 
customary here to replace Eo sin {at + a) by Eoe^“e^‘, use 
undetermined coefficients to find the solution in complex form, 
and then take the imaginary part of the result as the solution of 
the original real problem. 
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142. References. For information on numerical methods we 
refer the reader to Bennett, Milne, Bateman, Ford, Numerical 
Integration of Differential Equations. Of the many texts on the 
formal solution of solvable types, A. R. Forsyth’s Treatise on 
Differential Equations is still one of the most exhaustive. 

An introduction to the theory of differential equations, includ- 
ing proofs of the existence of general solutions, is given in Chap. 
XV of the author’s Treatise on Advanced Calculus. For a com- 
prehensive theoretical treatment, the reader may consult 
Ordinary Differential Equations, by E. L. Ince. 

EXERCISES DC 

1 . Plot the isoclines of dy/dx = x‘^ + with slopes equal to 
I, 1.2, 1.4, • • • , 2.8, 3 and use them to sketch a portion of the integral 
curve that passes through (1,1). 

Find the differential equation whose general solution is 

2 . 2x‘^ A- 3 . y = ex'*. 4 . y^ — 4cx. 

6. cy = c^x + 1. 6. y^ = ex** + c**. 7. x = cy A- c^xy. 

6. y = cie* + C'je-*. 9. t/ = ci sin x + C 2 cos x. 

10 . y = CiX^ 4- CiX*. 11 . y = Cl A- c >x + esx*. 

Solve the separable differential equations: 

12 . y^dx + xHy = 0. 13 . sec x cos^ y dx = cos x sin y dy. 

14 . xdx A- ydy = xy{xdy — ydx). 16 . e^-^dx = ev~^dy. 

16 . Letp = dy/dx. Show that the solutions of /(x,(/,l/p) = 0 cut the 
solutions of f{x,y,p) = 0 at right angles. 

Use Prob. 16 to find the orthogonal trajectories, or curves that cut at 
right angles, the curves of each of the systems: 

17 . y - cx^. 18 . y = ex. 19 . x** -f 'iy^ = c^. 

The following equations are linear in y. Solve them. 

20. a? ^ = 2(x + y). 21. ^A- V tan x = sec x. 

22 . X ^ = 3?/ -H 6x. 23 . a: ^ + 2/ = Sx**. 

The following equations are linear in x. Solve them. 

24 . y dx = (x + ’6y*)dy. 26 . y dx ^ (3x -|- \2y)dy. 

Solve the following Bernoulli equations: 

26 . x^ ^ + 2xhj = yK 27 . x^dy = yix - y)dx. 
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If f(x,y) takes the form 0/0 when x = 0, y — 0, the origin 0 = (0,0) 
is a singular 'point of the differential equation dy/dx — f{x,y). The 
expansion of the numerator and denominator of f{x,y) in power series 
will in general start with first-order terms. We may sketch the form 
of the integral curves near 0 by dropping the higher order terms, and 

solving the resulting equation ^ 


which is homogeneous. 


Cx -H Dy 

Solve, and sketch the curves near 0 for each of the following reduced 
equations : 


28. f 

dx 
dy 


y 

x‘ 


31. 


dx 


X 

y 


29. 


32. 


dy 

dx 

% 

dx 


X 


2x 

y‘ 


30. f = 

dx 

33 .^ = 

dx 


_ y^ 
x' 

-X -f y 

X + y ' 


Solve the following exact equations: 


34. (3x^y — y^)dx — (3y^a: — x^)dy = 0. 

36. cos 2y dx — 2x sin 2y dy = 0. 

Find the envelope of each given family of curves; 

36. X cos c 4- y sin c = 1. 37. (1 — c)x cy = c — c^. 

38. a: sin c 4- y cos c = sin c cos c. 39. x^ 4- = c. 

40. y = cx — (1 4" c^)x^. 41. cx'^ 4" (1 — c)?/^ = c — c^. 

In each case solve the equivalent first-degree equations obtained by 
solving for p = dy/dx: 

42. -f- x{y 4- l)p 4- x^y = 0. 43. p^ = 2px 4- 3x‘^ 

44. p2y2 = 1 4- t/^. 46. p^ 4- xy = (x 4- y)p. 

46. xy{p'^ 4- 1) = {x^ 4" y^)P- 47. x^p^ -f pxy = 2y^. 

Solve the following Clairaut equations: 

48. y = px 4- 1 •+■ p^. 49. p^ 4* y = px, 

60. (y — px)^ = p®. 61. y 4- log p = px. 

Reduce to Clairaut form by putting y^ = u, and solve; 


62. p2y 4“ 2px = y. 63. y = 2px — 4p^. 

Reduce to Clairaut form by putting x® = t, and solve: 
64. X 4- 2py = p^x. 66. xp® 4- 4x = 2py/ 

The following equations have x absent. Solve them. 
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60. 


s = 0 + (i)T- 

dhj 




dhj /^y ^ 


0 . 




61. 


d‘^y 


1 


dx^ \dx) ' ' dx^ y* 

The following equations have y absent. Solve them. 

d'‘y , _ /rfn’ * n + -n 4- 

ax 


* A? + ® (lb) 


e3.(.+.,^ + x + (|y 

Use the procedure of Sec. 138 to solve: 


= 0 . 


1 = 

70. + 16y = 0. 


65. 


d^y , ^(^2/ 




+ 2 s + 2 !/ = 0. 


67. ^ + 3i/ - 4 


69. g + .5,, - 2 


dx 

dy 


dx'^ 

d^y 

dx'* 

dhy 


72. ^ = 8y. 


d-'y 

dx'* 

d.x’ 


d'^y 

dx^ 

A 

dx''^ 


71. ^ + 85:;:^, + 16y = 0. 


73. ^ + 3 = 4y. 




7K ^ ^ 

dx® “ dx* 


Use the method of Sec. 139 to solve: 


76. ^ + 2x = 2y + 1. 


78. 


d'hj 


+ .? = 4x + ie‘. 


82. 


dh/ 

dx^ 


9 ^ + 20y = 4xV**. 


77. I = „+... 

dHj 

79. -7-5 = 4y + 4c'^®. 


80. — 2 ^ + •'iy = 10 cos X. 81. 


dx* 

d^y 

dx^ 

dx^ 


4 + '^^- 


d^u 

83. -r^ = y + X* + 3x. 


Solve as simultaneous each pair of equations: 
dx . . dy . . dhi „ d'-'x 


dt^ 


— > 4 dy , ^ dhj 

di ~ d + 1, - X + 1. 86. 

d'^v 

= 3x + 4y, ^ + X + y = 0. 




86. 


d'^^x 


dV^ 


87. 3 ^ + 3x + 2y = eS 4x - 3 ^ + 3y = 62. 

^ _L 

d2 "^^di 


d^y dx 
dP dt 


88. 2 ^ ^ - 4y - 122, 4 + 2 ^ = 3x. 
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Use the method of Sec. 140 to solve: 


d^y 

89. ^ + 2/ = 


90. ^ + y = sec X. 


91. Show that the substitution x = e* transforms 

S + ■ ■ ’ kiX^A- hy = K{x) into a linear 

equation with constant coefficients. The original equation is known as 
Elder’s, or Cauchy’s differential equation. 

Use Prob. 91 to solve the following equations; 




4x| + 6!, 


12a:. 


95 + - 

^ dx^^^ dx 


96. The compound interest equation is dy/dx = ky, where A: is a positive 
or negative constant. Show that y = ce**. And if Xi,yx and X 2 , 2/2 are 


corresponding values, y = yie and k 


lo g Vi - log y\ 

X-i — X\ 


For 


applications, see Probs. 98 to 103. 

97. If dy/dx = Ay B, A 0, show that y - —B/A + 
For applications, see Probs. 104 to 107. 


In each case, find the solution with the given initial value: 


98. dA = Adt, A = Ao for < = 0. Here A is the amount of 


money after t years, with interest at P per cent per annum continuously 
compounded. 

99. ds = — y dw, s = So for w = 0. ^ Here s is the amount of salt in a 


solution of volume V after an amount w of water has run through. 

100. dT = pT dd, T — To for 0 = 0. Here T is the tension at angle 6 
in a rope wound around a snubbing post, with p the coefficient of friction 
between the rope and the post. 

101. dp = —pdh = —kpdh,p— po for h = 0. Here p is the pressui'e 
in the atmosphere at height h, with p = kp the density. 


102 . + 


= 0, / = /o for < = 0. 


Here I is the current t sec. 


after discharge of a condenser of capacity C through a circuit of resist- 
ance R. 

103. du = —kudt,u— Uo for t = 0. Here u is the amount of decom- 
posing radium at time t, or untransformed substance in any first-order 
chemical reaction. 
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104. dA = A dt ± F dt, A — Ao for t = 0. Here A is the amount 

in a fund, with interest as in Prob. 98, and continuous payments of F 
dollars per annum into or from the fund. 

106. dT = k{T a — T)dt, T = To ior t = 0. Here T is the temperature 
of a small object cooling in air at temperature Ta. 
dl 

106. L ^ + i27 = E 0,1 = Jo for < = 0. Here 1 is the current at time t 

in a circuit with inductance L and resistance R in series. 
dir 

107. ^ = k{A — a;), a; = 0 for t 


dx ... 
dt ~ 


0. Here x is the amount of sub- 
stance tranformed at time tin a, first-order chemical reaction. 

x){B — x), A 9^ B, X = 0 for t = 0. Here x is the 

amount of substance transformed at time t in a second-order chemical 
reaction. The equation is not linear but is separable. 

d^s 

109. If ^ = — 0) 7^ 0, show that s = Ci cos oit -j- c^ sin at. Derive 

the alternative form s = Ci sin (wf + 02), which shows that the solu- 
tion is a simple harmonic motion. Also deduce from the first form that 

ii s = So, V = ^ = Vo at t = 0, s = So cos at ~ sin at. 
dx^ dx 

find the solution with y = 0, dy/dx = 0 when x 


110. Given -h 2A ^ + (A" + B^)y = K sin ax, A 9^ 0, B 9^ 0, 

0. This equation is 
met in the study of electric circuits, where if 7 = for the charge q 


d\ 


dq 


^ ^ df C ~ study of forced mechan- 

d^s ds 

ical vibrations where ^ ^ ^ = T^o sin at. 

d^y 

111. The equation ^ = ±n^y + Ax^ Bx C is a type encoun- 
tered in studying small deflections of beams (n »= 0), columns under 
compression (minus sign), or members under tension (plus sign). Find 
the general solution for each of the three cases. 

112. The equations for the catenary, or curve of equilibrium of 
a hanging chain or heavy flexible cable, take the form d{T cos t) = 0, 


d{ T sin t) = w ds, where tan r = 


dx' 


Hence T cos t = 77, a constant. 


, 77 dhj 

and if a — o j-i 
w dx^ 

deduce a sinh~^ p — x • 




dy 

• If P = ^ = 0 at xo,yo, 


. X — Xq 

xo, and hence 1/ = j/o + fl cosh — a. 


a 
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d^s ds 

113. In the equation of motion with t absent, m ^ — F(s), put 


and deduce that — m ~ 


r 


F (s) ds. This is the energy relation . 


Compare Probs. 55 and 56 of Exercises VI (page 269) and Eq. (33) of 
Sec. 106. 


d^s f ds^\ 

114. The equation of motion m ^ / \^) ® ^ both absent. 

0, then 

fv 

t = rn I 

Jva 


Put V = ds/dt and deduce that if «/ = Vo and s = 0 when t 

dv , r® V dv 

and s = m I ttt* 

>0 f(V) 


f(v) 


Complete the solutions in Prob. 114, and in the case of Probs. 115 to 
117 check by using Sec. 139, if f(p) is • 


116. —a. 116. — jSr. 117. —a—^v. 

118. -^v\ 119. - V^),vo < V. 120. -^{v^ + V^). 
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LEGENDRE POLYNOMIALS AND BESSEL FUNCTIONS 


Many problems of mathematical physics lead to linear dif- 
ferential equations of the second order. It is sometimes useful 
to obtain special solutions of such equations in the form of series 
of powers. The general solution may then be expressed in 
terms of the special solutions. We first present this as a general 
method. We apply the process to Legendre’s differential equa- 
tion and study some of the properties of the special solutions 
known as Legendre 'polynomials. We apply a modification of the 
process to Bessel’s differential equation and discuss the par- 
ticular solutions which are known as Bessel functions. Finally 
we describe certain general classes of differential equations whose 
solutions may be expressed simply in terms of Bessel’s functions. 

143. Second-order Linear Differential Equations. The linear 
differential equation of the second order is 

^ «o(a:)y = ^{x). (1) 

The corresponding homogeneous equation is 

L{y) = a^ix) -b ax{x) ^ -b a,fx)y = 0. (2) 

Here, as in Sec. 137, L{y) denotes the left member of Eq. (1). 

Whenever a single solution of (2) is known, the general solu- 
tion of (2) may be found as follows. Let u{x) be the known 
solution. Then, using primes to denote differentiation with 
respect to x, 

L{u) = ai{x)u" -b ax{x)u' -b a(t(x)u = 0. (3) 

Put y = uv, so that 

y' = uv' -b u'v, and y" = uv" -b 2u'v' -b u"v. (4) 
It follows that 

L(y) — L{uv) = vL{u) -b a<i{x){uv" -f 2u'v') -b a\{x)uv'. (5) 
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In view of Eq. (3), L(u) = 0 and the term vL{u) drops out. 
Hence y = uv will be a solution of L{y) = 0, provided that 

a 2 (x)uv'' + [ 2 a 2 {x)u' + ai{x)u]v' = 0. (6) 

This will hold if 


^ _ _2 

v' u a 2 {x) 


log y' = — 2 log ~ j 
Let us define a function A (x) by the relation 


ai(x) 

a2(x) 


A(x) — e 


y 'x ^ 

TO 02( 


or log A (x) 


ai(x) 

a2(x) 


Then the indefinite integral in (7) differs from this definite 
integral only by a constant which we write as a logarithm. 
Thus 


log v' = —2 log u — log A(x) + log Cl 


A second integration gives 




r dx 

j., u^A{x) 


u^A (x) 

+ C 2 . Hence, 



I 


( 10 ) 


is a solution of L(y) = 0. It is the general solution that we 
were seeking. 

Given one particular solution u of Eq. (2), we need merely 
calculate A{x) from Eq. (8) and then U from 



to obtain a second particular solution. 

If we wish to solve Eq. (1) and know one solution of Eq. (2), 
we first find TJ from Eq. (11) and may then complete the solu- 
tion of (1) by the method of variation of parameters given in 
Sec. 140. To recapitulate our results, the general solution of 
any linear differential equation of the second order may be 
found whenever we know one solution of the corresponding 
homogeneous equation. 
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144. Regular Solutions. If a differential equation has a solu- 
tion that is analytic at a; = 0, the solution has an expansion in 
powers of x of the form 

y = ho + hix hiX^ + * • • + -f • • • . (12) 

Suppose that the coefficients in the differential equation are 
either polynomials or can themselves be expanded in ascending 
powers of x. Then the values of the bj in (12) may be found by 
using undetermined coefficients. That is, we substitute the 
assumed expansion (12) in the differential equation and deter- 
mine the bj so that the resulting equation holds. 

For example, consider 


X ^ ~ ^ ~ y' ^^^y ~ 

From the assumed form of solution (12) we calculate 

y' — hi 2b2X - 1 - 363 a:* + ' • * 4- mbmX”^^ -f • • • , (14) 

y" = 262 + 663a: + X2biX^ + • • • 

4- m(m — l)bmX”^~^ 4- ' • ' • (15) 

Next multiply by the coefficients of Eq. (13). 

xy" = 2 b 2 X 4- ^bzx^ 4" 1264a:® -f • • • 

4- m(m — l)bmX”'~^ 4- • * * , (16) 

— y' = —61 — 262a: — 363a:® — 464a:® — • • • 

— mbmX"^~^ — ' ' ' , (17) 

4a:®y = 46oa:® 4- ' ’ ' 

4- 46,„_4a:"*-i + ■ • • . (18) 


The series (12) will be a solution of (13) if the series obtained by 
adding the three series just written has all its coefficients zero. 
That is, 


-61 = 0, 363 = 0, 864 4" 46o = 0, 

For greater subscripts the general relation is 

(m^— • 2m)bm 4- 46„_4 = 0 or 6^ = 


(19) 


An arbitrary value given to bo determines 

b 

2 


m{m — 2) 

m > 3. (20) 


7 v^o I. 64 bo 

64 — — 


68 = - 


12 2 • 3 • 4 


*'*” “ \2m)l *'"■ 
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Similarly an arbitrary value given to 62 determines 


66 = 



610 


ba 60 

64„.+2 - -^ 2 ^ ( 22 ) 


The first two equations in (19) show that 61 = 0 and 63 = 0. 
These values and Eq. (20) determine successively 


65 — 0, ' ' ' j bim+i — 0; 67 — 0, ■ ■ ■ ) 

bim+s = 0. (23) 


The result of substituting the values found in Eqs. (21) to (23) in 
the expression for the solution (12) is 


y 


1 - 


4- _ 

2 4l 


+ 62 


.6 




X 

3l 


+ 


(-l)'"a;‘'''' 

(2m) ! 

(_])m^.4,«+2 

■ T2^-fT)T 


(24) 


This is a solution of Eq. (13). It is the general solution, and 
each of the brackets is one particular solution. Usually when we 
use the method of series, the values of the solutions must be 
calculated from the series. In this case, however, the series are 
recognizable as the expansions of simple functions and (24) is 
equivalent to 

y = bo cos X- + 62 sin x‘K (25) 

146. Legendre’s Differential Equation. Let us attempt to 
find regular solutions of Legendre’s differential equation 


in which the parameter n is a real constant. Assume a solution 
(12), deduce (14) and (15), and multiply in the coefficients of 
(26). Then 

y " — 262 + 663a: + 1264^:^ + • • • 

+ m(m — l)bmX’'‘~^ + ■ • • , (27) 

— x^y" = — 262^;^ _ . . . 

— (m — 2)(m — S)bm- 2 X'^~^ + * • • , (28) 

~-2xy' — — 2biX — 4b2X^ _ • . . 

- 2(m - 2)6^_2a:“-2 + • • • , (29) 
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n(n + 1)^ = n(n + l)^o + n{7i 4- l)bix + n(n + 1)623”“-^ 

+ • • • + n(n + l)b,n-2X'"-^ + • • • . (30) 

On summing these series and equating each of the coefficients of 
the resulting series to zero we find 

262 4“ 7i{7i 4~ l)(>o ~ 0, 663 4~ {71^ 71 — 2)61 = 0, 

12hi + (n‘^ + 71 - 6)/;2 = 0 , • • ■ . ( 31 ) 


For greater subscripts the general relation is 

7n(m — \)bm 4- [ 71 ^ 4" w — (m — 2)(m — 1)]6 to_ 2 = 0, m > 1. 

This may be written 

, (n — m 4- 2)(ri 4- w — 1). 

= T) 

An arbitrary value given to 60 determines 


_ ri(n+l) 

02 — ^ Oo, 


, _ (n — 2) (a 4" 3) 

hi - -^2 

71(71 — 2)(n 4- 1)(^ 4- 3) , 
' 1 • 2 ~^i 


And an arbitrary value given to bi determines 


[71 — l)(w 4" 2) 


[n — 3)(w 4" 4) 


6 20 
(n — l)(n — 3) (a 4- 2) (a 4- 4) . 

2 • 3 • 4 • 5 ^ 


With these values, the assumed solution (12) becomes 

, = [1 - '*(’* +.il _ . . . ] 

+ i, - (' * - ')('» + J .3 + (» - -!)('» - 3 )( « + 2 )( n + 4 ) 

I 3 ! 5 ! 


. (3 


Each of the series in brackets is a particular solution. The 
coefficient of y" in Legendre’s equation is (1 — rr^). Because 
this is not zero in the interval — 1 < x < 1, each of the particular 
series just found converges in this interval. And for la-| < 1, 
Eq. (36) gives the general solution of (26). 
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When n is a positive integer, or zero, one of the series in 
brackets reduces to a polynomial. For the factor n — w 4- 2 in 
Eq. (33) is zero if m = n + 2. This makes b „+2 = 0. Hence 
6»+4, 6n+6, • • • , all vanish. Thus, if n is an odd integer, the 
bracket multiplying hi in (36) is a polynomial of degree n. 
Similarly, if n is an even integer (or zero), the bracket multiply- 
ing bo in (36) is a polynomial of degree n (or a constant). In 



Legendre polynomials. 
Fig. 140. 


either case the other bracket is not a polynomial but an infinite 
series. 

The bracket that gives the polynomial solution, multiplied by 
such a constant that its value is 1 when x = 1, is called the nth 
Legendre 'polynomial and is denoted by Pn{x). The first few 
polynomials are 

Po{x) = 1, Pl{x) - x, Piix) = fx* - 

Pz{x) = fx* - |x. (37) 


An expression for P„(x) in descending powers is 

P - (2n - l)(2n - 3) • • • 3 • 1 r _ n(n - 1) 

^X 2(2n - 1) 


4_ n(n - l)(n - 2)(n - 3) 
2 • 4(2n - l)(2n - 3) 




(38) 


Rodrigues's formula for Pn(x), 


p M - D- 

’ 2“>i! 


is proved in Prob. 21. 


(39) 



§146 


ZONAL HARMONICS 


377 


146. Zonal Harmonics. Any solution of Laplace’s equation 


is called a harmonic function. Several properties of such func- 
tions were discussed in Probs. 58 to 65 of Exercises VIII (page 
332). In spherical polar coordinates, Laplace’s equation is 


i A 

dr \ dr J 


, 1 d ( . dV^ 

sin <l) d<f> \ d<f> y 


+ ^ = 0 ’ ( 41 ) 

sin^ <l> dd^ 


by Eq. (110) of Sec. 124. U = 1/r = 1/10P| is a solution of this 
equation. Since changing the origin does not 
affect the form of Eq. (40), 1/1 AP| is a harmonic 
function where jAPj is the distance from any 
fixed point A to the variable point P = {x,y,z). 
Let A be the point at which r = 1, <^ = 0. 

, / Then the distance AP is, by the law of cosines, 

AP = -v/l -f — 2r cos <i>. (42) 

/ It follows that the reciprocal of this is a solution 

^ Fig 141 ^ result is 

that 


U = 


\/l + 


= (1 — 2rx -h r^)”!^ 


is a solution of 


dr V drj^ r^ dx^ ^ 


= 0 . 


Suppose that this equation has a solution of the special form 
U = r^y(x). Then 


_ nr'^~^y 


= r«i/'. 


And since Eq. (44) is satisfied, 


n(n 4- V)r'^~^y + ^ [(1 — x^)y'] = 0. 


(46) 
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If we carry out the differentiation and divide by we find 

(1 — x'^)y" — 2xy' + n{n + l)y = 0, (47) 

which is Legendre’s equation. 

Next expand the U of Eq. (43) in ascending powers of r, 

U = yo(x) + yi(x)r + y 2 {x)r^ + • • • + yn{x)r^ + • • • . (48) 

This series converges for jr] < 1 if — 1 ^ a; ^ 1. IMit for a; = 1, 

i/ = (1 - 2r + = (1 - r)-i = i + -p ^2 + . . . 

+ + • • ■ . (49) 

Hence y„(l) = 1. Substituting Eq. (48) in (44) gives a true 
equation. Since the different powers of r cannot combine, each 
term separately is a solution of (44), and yn{x) is a solution of 
Eq. (47). Finally we note that the expansion (48) could be 
found from the binomial theorem, with — 2ra; + as the second 
term of the binomial. Hence the coefficients yn{x) will be 
polynomials in x. Since they are the polynomial solutions of 
(47) which equal 1 when a: = 1, they are the Legendre poly- 
nomials, and 

(1 - 2ra; + r^)-y^ = Po{x) + Pi{x)r -f P<i.{x)r^ t ' ’ • 

4- Pn(x)U^ 4- • • • . (50) 

The Legendre polynomials are sometimes called Legendre coeffi- 
cients, that is, the coefficients of powers of r in (50). They are 
also called zonal harmonics, because they are helpful in the 
problem of finding a harmonic function with values given on a 
spherical zone. 

147. Bessel Functions of the First Kind. BesseVs differential 
equation is 

The parameter p is either zero or a positive constant. We refer 
to (51) as Bessel’s equation of order p. When p is an integer, 
Eq. (51) has one particular solution of the form (12). We 
may obtain solutions that hold for fractional as well as integral 
values of p by using the more general form 

y = x^{ho 4- hix 4- biX^ 4- * ' ‘ ) 

= 4" bix'^y^ 4- 4- ■ ■ ■ . 


( 52 ) 
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y' = chox*^~^ + (c + l)hix^ + (c + 2)b2X‘'+^ + • * • , (53) 

y" = c{c — l)hoX"~^ + (c + l)chix‘^~'^ 4- (c + 2)(c + 1)623:'' 

+ • • • . (54) 


On multiplying by the coefiicients of (51), we find that the 
lowest power of x present is a;*. And the sum of the terms in 
a:® is 

c(c — l)6oa:‘' + cbox'^ — p^bax/^ = (c^ — p‘^)baX'^. (55) 

This must be zero, and for a solution of the form (52) with 
60 9 ^ 0, we must have 

c 2 — p 2 ^ c = p or c = —p. (56) 


We recall that p ^ 0, and consider first the case c = p. 
Then on replacing c by p in Eqs. (52) to (54), and multiplying 
by the coefficients of (51), we find 


11 

1 

0 

4~ 

(p 4- l)p6ia:"+* 

+ ( 

[p 4- 2){p 4- 

])62a-''+2 







■ , (57) 

xy' = 

ph,)X>^ 

4- 

(p 4“ l)6ia;^^^ 

+ 

ip + 

2)62.r^2 






4. . . , 

• , (58) 

x^y = 






6oa-^’+2 







■ , (59) 

-p^y = 

— p'^bnX'' 

— 

p%ixx+^ 

— 


p-boX»+-^ 


m 





• • (60) 

On adding these seri 

es 

and equating 

the 

coefficient 

of each 

power of 

X in the sum 

to 

zero, we find 




1 (P+ 1 )’ 

1 

11 

p 


[{p + 2)2 - p 

462 

+ 

0 

11 

p 

• • • . 


(61) 


The general relation for higher powers, obtained from the term 
in a’»’+"' is 

[ip + m.y - p^]brn 4- 6,„_2 = 0, m > 1. (62) 


This mav be written 


bin 


bin— 2 


m{2p 4- w) 

An assumed value of 60 determines in succession 

60 , 62 60 


( 6 . 3 ) 


62 — 


2(2p + 2) 


64 = 


4(2p + 4) 2-4(2p + 2)(2p + 4) 

(64) 
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and 

/ 

, (-1)% 

- 2 -“4 • 6 • • ■ (2A:)(2p + 2)(2?> + 4) • • • (2p + 2k) 

{-m, _ (-l)W(p+ 1) 

2‘^^k\{v + l)(p + 2) •••(?) + k) 2'^>^k\V{v + A: + iT 

(65) 

by Eq. (13) of Sec. 97 with p, n replaced by p + 1, A: 4- 1- 
The first equation in (61) is 

[{p + 1)2 - p^]bt = 0, or (2p + l)5i = 0. (66) 

Since p ^ 0, 2p + 1 > 0, and this relation can hold only if 
bi = 0. It then follows from the relation (63) that 

6i = 0, bs = 0, bs = 0, • • • b2k+i — 0, • • • . 

(67) 

With c replaced by p and the terms with zero coefficients omitted, 
the solution (52) reduces to 

y = box^ + biX^^ + biX^'^* b^kX^^'^ + • • • . (68) 

This is a solution of Eq. (51) if 62* is determined in terms of bo 
by Eq. (65). The Bessel function Jp(x) is obtained by choosing 


2PTip + 1 )’ 


so that b^k 


(-1)^- ' 

2p+'^'‘k\T{p + + 1 ) 


Consequently, we may write 


00 

(-0^ 

^ 2'’+^>‘k\r{p+k-^l) 

<•=0 




(-l) '‘{x/2 )p+^\ 

k\T{p-j-k^l) 


(70) 


The simplification of the last form written was the reason for 
the choice of 60 made in Eq. (69). We note that 0! = 1. 

When p = n, a positive integer or zero, we may replace 
r(n + A; + 1) by (n + A;) !. For example, 


Jo(x) 1 22 + 2'‘(2!)2 2®(3!)2 28(41)2 

/y» /v«3 /y»5 /y*7 /y*9 

~ L ^ L 

•'■W 2 2>2! 2‘2!3! 2’3!4! ^ 2*'t!5! 


(71) 

(72) 
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A solution of Eq. (51) which is finite for a; = 0 is called a 
Bessel function of the first kind of order p. It can differ by a 
constant factor only from Jp(x). The function Jp(x) of Eq. (70) 
is referred to as the Bessel function of order p of the first kind. 



Bessel functions of the first kind. 

Fig. 142. 

148. Bessel Functions of the Second Kind. When p is not 
zero or an integer, the function 




^ 

'' ^ 2-^+2fc^!r(-p -I- fc + 1) 


(73) 


obtained from (70) by replacing p by — p, is a second solution of 
(51). Hence for nonintegral values of p, 

y = CiJpix) + C‘iJ^p(x), p 7 ^ 0 or an integer, (74) 

is the general solution of Eq. (51). 

To see why we excepted integral values of p, let us study a 
particular case, p = 3. For p == 3, Eq. (70) becomes 


= Z |_ ... 

2*r(4) 2n!r(5) ^ 2^2!r(6) 

And, formally, for p = --3 we have 

7y»—8 'V* /y*3 

•'-’W “ 2-T(-2) “ 2-n!r(-l) 2 2!r(0) - 2"3lr(l) 

+ • • • . 


(75) 


( 76 ) 
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By Sec. 97, Eq. (9), 


r(l) = 1, r(2) = 1, r(3) = 2!, r(4) = 3!, etc. (77) 


And we deduced from Eq. (13) or Fig. 117 of Sec. 97 that r(p) 
becomes infinite when p approaches 0 or a negative integer. 
This suggests that we set 


r(0) 


= 0 , 


1 


r(-i) 


0 , 


r(-2) 


0 , 


(78) 


and omit the first three terms of (77). Thus Eqs. (75) and (70) 
become 


and 


Jz(x) 


J-s(x) = 


_ .r» ^ 

2-^3! 2H! 2^215! 2^3 !G! 


>•3 




X' 


+ 


x-’ 


233! ' 2H\ 2’5!2! ' 2»6!3! 


(79) 


. (80) 


Thus J- 3 {x) = —Jsix), and similar reckoning leads us to write 

J-n(x) = ( — l)'‘./„(x), n = 0 or an integer. (81) 

This relation is the definition of J-„(x) when n is a positive 
integer. It then holds when is a negative integer and is an 
identity for w = 0. It may be . proved that (81) and (73) 
together make J-p(x) a continuous function of p for any fixed 
po.sitive value of x. We note that for integral or zero values 
of the subscript, J-p{x) is a function of the first kind. 

When the parameter p is an integer n, or zero, a second solution 
of the differential equation (51) can be found in terms of Jn{x) 
by using Eqs. (8) and (11). Here ai{x) = x, a^ix) = x'^. Hence 
with xo = 1, 

log A{x) = dx = ^ = log X, A (x) = X. (82) 

And a second solution is given by 

dx 

By Eq. (70) the leading term in the power series expansion 
of Jn(x) is a;". Hence xJJ has a power series expansion starting 
with And the integrand of (83) may be expanded in 
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ascending integral powers starting with That is, 

^ + Cia:-2” + • • • + + • • • . (84) 

The integral of this series will start with a term in And 

the term in x~'- will give rise to a logarithm. Thus there is a 
second solution of the form 

y = aJn{x) log X 4- a:~”(ao + a\x 4- a 2 x‘^ +•••)• (85) 

It is possible to find a second solution by substituting this in 
the differential equation and proceeding as in Sec. 147. The 
equations determine the later coefficients in terms of a and 
Uo. We omit the lengthy calculations and merely mention that 
one choice of a and ao gives 


7* ( 1\A;^n4-2fc 

.Y,(x) = ZUx) log 5 - ^ + ") + 




(n — r — l)b“’*+ 2 r 

2-n+277j ’ 


where for the integral values of the argument used here 


i^(k) = 0.5772157 


+1+5+5+ 


+ r 


This choice of the constants is such that if 


Yp(^) = PTrJpix) - J-p{x)], (88) 

bill piT 

for nonintegral p, Yp(x) is a continuous function of p for any 
fixed positive value of x. 

A solution of Eq. (51) Avhich is infinite for a; = 0 is called a 
Bessel function of the second kind of order p. Any combination 

y = CiJp(x) + C 2 Fp(rc) (89) 

with C 2 0 is an example of such a solution. As the standard 
function of the second kind of order p, we take Yp{x) when p is 
zero or an integer and J-p(x) when p is nonintegral. This is the 
usual choice and notation. Other functions have been taken as 
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standard by some writers and the notation is not uniform. For 
example Jahnke-Emde uses Np{x) to denote our Yp(x). Each 
standard function of the second kind arises from a choice of the 
constants a and ao in (85) and can be obtained from (89) by a 
suitable choice of Ci and c^. 


Ynix) 


0.6 - 

/ 



/ 

Tc 



0 

■OK- 

h 




/ 10 


12 ■ 

v.O 

-1 J 

1 

1 1 



1 1 ..j 



Bessel functions of the second kind. 

Fig. 143. 

149. Bessel’s Differential Equation. The general solution 
of Bessel’s differential equation of order p, 

+ a: ^ + (2:=^ - p^)y = 0, (90) 

is a linear combination of two Bessel functions of order p, one 
of the first kind and one of the second kind. Following Jahnke- 
Emde, we let Zp{x) denote any solution of (90). Then we may 
write 

Zp{x) = CiJp(x) -f- CiJ-pix), p nonintegral, (91) 

and 

Zp{x) = ciJp{x) -1- CiYpix), p an integer or zero. (92) 

With a proper choice of Ci and c^, these expressions may be made 
to represent any given or desired particular solution. And with 
arbitrary constants Ci and they represent the general solution. 

If the conditions of the problem make the solution finite 
for x = 0, then Cz must be zero, and we need determine only the 
constant Ci. 
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We shall find Zp{x) a convenient abbreviation in the following 
sections where our discussion applies to integral and nonintegral 
values of p. In specific applications, p is known and Zp{x) 
may be replaced by the expansion (91) if p is nonintegral and 
by the expansion (92) if p is integral. 

150. Differential Equations That Lead to Bessel Functions. 
Some differential equations reduce to that of Bessel after a 
simple transformation of variables. A general equation of this 
kind is 

^ ~ 2BCx^+^] ^ + [(A2 - 

+ BC(2A - C)x^ + B‘^C^x^^ + = 0. (93) 

This becomes Bessel’s equation of order p, 

+ X ^ + (X= - p=)Z = 0, (94) 

if we make thq^ substitution 

y = x^e^-^Z, X = Dx^. (95) 

The verification is easily made by the method of Sec. 24, if we 
start with Bessel’s equation (94). It follows that the solution of 
Eq. (93) is 

y = x*e^^^Zp{Dx’^), (96) 

where Zp{X) is to be interpreted by Eqs. (91) and (92). 

We consider some important special cases. Equation 

^2 + (1 - 2A)a: ^ 4- [(^2 - E^p^) + EW^x^^]y = 0 (97) 

has as its solution 

y = x^Zp{Dx^). (98) 

And the solution of the equation 

^ + X ^ + (DV - p^)y = 0 (99) 

is 

y - Zp{Dx), 

As an application of these results, consider the equation 
^ + kx^y ~ 0 or ^2 — 4- kx^+^y = 0, k >0. (100) 
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This may be obtained from (97) by putting 
1 - 2A = 0, = 0, = k, 

One solution of these equations is 


A ^ 


E = 


n + 2 


2 ' ^ n + 2' 

ft 

Thus the solution (98) becomes 
y = 


D 


2iE — 11 4 “ 2 . 


2 

n + 2' 


( 101 ) 


n 9 ^— 2 . 


( 102 ) 


When n = —2, Eq. (100) is an Euler-Cauchy equation which 
may be solved in terms of elementary functions by the method 
described in Prob. 91 of Exercises IX (page 368). This procedure 
is sometimes effective in other cases where the attempt to reduce 
a given equation by the formulas of this section fails because of 
zero denominators. 

If k were negative in the differential equation (100), the solu- 
tion (102) would involve Bessel functions of imaginary arguments. 
It could be expressed in real form in terms of the modified Be.ssel 
functions described in Sec. 155. 

161. Cylindrical Harmonics. The form of Laplace’s equation 
(40) in cylindrical coordinates is 


r dr 


B?) 


+ 


1 d^U . SHI 




+ 


dz^ 


0 


(103) 


by Prob. 48 of Exercises VIII (page 331). Let us attempt to 
find solutions of this equation, or harmonic functions, of the form 


U — y{r){ci cos md -j- C 2 ' sin m0)(ci"e®* C 2 "e~"*). (104) 

Here a, m, and the coefficients Ci, etc., are constants. We may 
take a > 0, m > 0. The assumed form oi U leads to the rela- 
tions 


dr^ y ’ dr y 


d-^U 

dd^ 


— —m^U, 


dHJ 

dz^ 


a^U. (105) 
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Hence the U of (104) will be a solution of Eq. (103) if 

yl u ^ u - u a^U = 0 or 

y ^ V ^ 

^ + + = (106) 
y ry 

This is equivalent to 

^ ^ ^ ~ w^)?/ = 0. (107) 

But this is Eq. (99) with r, a, m in place of x, D, p. Hence the 
solution of the differential equation (107) is 

y(r) = Zm{ar) = CiJ^iar) + c^Ymiar). (108) 

And the most general harmonic function of the form sought is 
obtained by inserting this in (104). The coefficients of the 
expanded product involve the six quantities Ci, etc., but could 
be expressed in terms of four independent constants, e.g., the 
ratios C 2 A 1 , cY Ici, c,%' jcx' ■, and one factor of proportionality. 

If the solution is finite at infinity, c/' = 0. If the solution is 
finite for r = 0, C 2 = 0. And, if the solution is single-valued, it 
must not change when 0 is increased by 2t, so that m must be an 
integer. Thus with these restrictions we may write 

U —J^{ar){A cos rnd -f- B sin 

7n = 0, 1, 2, • • • . (109) 

Bessel functions are sometimes called ajUndrical harmonics 
because they are helpful in the problem of finding a harmonic 
function with values given on the surface of a right circular 
cylinder. 

162. Asymptotic Expansions. In Eq. (93) let us put 

.4=1 B = \, C = l, -E=.l, 

where f = \/— 1, (HO) 

and replace x by i. Then we obtain the eipiation 



d}y dy 1 — 4 ^^ 

di^ It 


y = 0. (Ill) 
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By Eq. (96) the solution of this is 


y = (112) 

The second form of Eq. (Ill) shows that for large t, one solution 
is approximated by a constant. This leads us to attempt to find 
a solution in the form 

y = + ••• + ^+ •••• (113) 


A procedure similar to that used in Sec. 144 shows that 


_4p2_ (2n- 1)^ 
^ &n-l. 


(114) 


Hence if 6o = 1, we have the expansion of one solution 


Sp(t) = 1 + 


4p2 - 1 (4p2 _ i)(4p2 _ 9) 

l!4f 21(402 

(4p2 — l)(4p2 — 9)(4p2 — 25) 

^ 3!W 


+ 


(115) 


For a suitable choice of constants Ci and C 2 in Zp, 

Sp(i) = V(<!«Z„(-|), or 

Zp(x) — { — 2ix)~^e~^^Sp(2ix). (116) 

By a lengthy analysis involving integrals in the complex plane, 
the proper choice of the constants is determined. We omit the 
proof but state the result which is equivalent to 

Jp{x) - iYp(x) = i‘>+^'^2yi7rx)-^'k-^-Sp{2ix). (117) 

Define the abbreviation <t>p by 

<t>p = X- TT. (118) 


Then we have 

— Q-i<j>p — gQQ ^ gjjj (119) 

Also let Pp and Qp be real series such that 
Sp{2ix) = Pp{x) — iQp{x). 


( 120 ) 
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Then from (115) the series for Pp and Qp are found to be 
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Pp{x) = 1 
+ 

and 


(4p^ — l)(4p^ — 9) 

2 !( 8 a :)2 

(4p2 - I)(4p2 _ 9)(4p2 _ 25)(4p2 - 49) 
4!(8x)4 


( 121 ) 


n (F\ - ~ ^ _ (4p^ - l)(4p^ - 9)(4p^ - 25) 

^ 8x 3!(8x)® 


( 122 ) 


From Eqs. (117) to (120) we may deduce that 


*J p(^) xY p(^x^ — 

2^''‘(irx)~^'^ (cos <t>p — i sin ^p){Pp — ^Qp). (123) 

For real values of x, Jp, Yp, <f>p, Pp, and Qp are all real. By 
expanding the right member of (123) and equating the real and 
imaginary parts, we find 

Jp(x) = 2^^(xx)-54(Pp cos (f>p — Qp sin 4>p), (124) 

and 

Yp{x) = 2'^‘^{Trx)-^^{Pp sin <l>p 4- Qp cos <^p). (125) 

The series for Sp{t), Pp{x), and Qp(x) given above are usually 
divergent, but asymptotic as defined in Sec. 76. Hence, like 
the series of Sec. 103, they may be used for numerical computa- 
tion whenever the arguments are large enough to make one of the 
early terms small. 

163. Order Half an Odd Integer. Suppose that p has the 
form 

2n -Y 1 ,1 . , 

p = — n — = w w an integer or zero. (126) 


Then the Bessel functions of order p reduce to elementary func- 
tions. This may be seen from the expansions of Sec. 152. For 
Eqs. (126) and (114) have as a consequence 


4p^ = (2n -f 1)^ 


and 


bn+l 


4p^- (2n-j-l)^ _ 

4(n 4-1) ^ 


(127) 


Hence all the 6m with subscripts greater than n are zero in the 
expansion (115), and similarly in the expansions (121) and (122). 
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These expansions accordingly break off. For example, from 
Eqs. (121) and (122) we find 

Pli(x) = 1 , P^(x) = 1 ; Qyiix) = 0 , 

e„(a:) = i- (128) 

And from Eq. (118), 

<i>^ = X — = X — TT, = X, 

<!>-% ~ ^ 2’ 


It then follows from Eqs. (124) and (125) that 


Jyi{x) = 2^^{‘7rx)~^ sin X, 


J^(x) = 2^(7rx)-!^ ^ 


J-\^{x) — —Yi^(x) = 2^^(xa:)~^^ cos a;, 


— cos x + 


dn x\ 


J-yi{x) — Y^{x) = 2^(7ra:)~5'- sin x — ^ 


(130) 


We note that when (126) holds, cos p-ir = 0, sin pr = ( — 1)”. 
Hence, from Eq. (88), 


YM = ( - ir+^J-r,{x), if p = n + i. 


(131) 


This is illustrated for n = 0 and 1 in (130). 

164. Identities. Roots of Jpix) — 0. The Bessel functions 
satisfy a number of identities. For example. 


[x^Jpix)] = xPjp-x{x) and 


[x-^Jp{x)] 

= -x-pJp+i{x). (132) 


We may verify these by using the series expansions (70) and (73). 
By differentiating the products, we may deduce that 


dJp 'P T \ T 

dx ~ 




If we add these and then divide by 2, we find 


dJp 1 / r r \ 

dx ~ 2 


( 134 ) 
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And, if we subtract the two equations, we may deduce th,at 


I 4- T — I 

fj 2>— 1 " 7 " ^ 

00 


(135) 


The relations (132) to (135) continue to hold if we replace J p 
by Yp or by Zp with the same constants Ci and used throughout. 
For Yp this follows from Eq. (88) directly when p is not zero or 
an integer and by taking limits for these special values. It then 
follows for Zp from p]qs. (91) and (92). 

The asymptotic formula (124) suggests that for each p Eq. 
Jpix) = 0 has an infinite number of real roots, and that the 
larger roots approximate those of cos [x — (2p + l)/4] = 0, or 

' — ^ — - IT + kx, k a positive integer. This is the case, so that 


the numerically large roots of Jp(x) = 0 separate those of 
Jp+i{x) = 0. In fact the relation of separation holds for all 
the roots. We give the argument for positive roots. Lot a and 
h be two positive roots of Jp(x) = 0. Then the function x~^J p{x) 
is zero for a: = a and x = h. Hence, by Rolle’s theorem of Sec. 
10, the derivative of the function is zero for some value ^ between 
a and h. It then follows from the second equation in (132) that 
Jp+iiO — 0. Next replace p in the first equation of (132) by 
p + 1 to obtain 


A 

dx 


[x*'+‘J',,4-i(.c)] = a-'*+‘J;,(a:). 


(130) 


Similar reasoning applied to this equation shows that there is a 
root of Jp{x) = 0 between any two positive roots of Jp+i{x) = 0. 

The same argument shows that the positive roots of I i,(ar) = 0 
separate those of Yp+i{x) — 0, and conversely. And similarly 
for Zp{x) = 0 and Zp+i(x) = 0, if Zp and Zp+i are formed with 
the same constants Ci and C 2 . The separation also holds for the 
negative roots. Thus the arrangement of the roots in Figs. 142 
and 143 is typical of those of any two similar Bessel functions 
whose orders differ by unity. 

166. Modified Bessel Functions. As noted at the end of 
Sec. 150, the method of that section may lead us to Bessel func- 
tions of imaginary arguments. As the simplest case of this kind, 
let us consider 




( 137 ) 
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in which p is real. By Eq. (99), this has as its solution 

y = Zp{ix), where i — \/— 1, (138) 

The standard solution of the first kind of Eq. (137) is taken as 

Ip{x) = i~pjp(ix), where _ cos^ — i sin^- (139)* 

The added factor i~^ makes the solution real for real x. It also 
makes lp{x) satisfy the relations 

^ = xol^iix), g [x-’I^ix)] = i-»7p+i(x), (140) 

^ = i (/p-i + /„.) and ^ (141) 

These may be obtained from the identities (132) to (135) by 
using the relation (139). They hold for negative values of p if 
we extend the defining relation (139) to negative values. 

The standard solution of the second kind for Eq. (137) may 
be taken as I-p(x) or 

Kp(x) = 2 ^ U-p{x) - Ip{x)], p nonintegral. (142) 

For p = n, zero, or an integer, I-n(x) = I nix) is a function 
of the first kind. But when p n, Kpix) approaches a limiting 
function 

X„(x) = (-l)"+*/.(x) log I + ^ 

r = 0 

00 

1 /y»n-f2A; 

+ (-1)" 2 X 2=T-4(¥T^t^<*= + 

A = 0 

where ^(fc) is defined by Eq. (87). 

The asymptotic expansions of the modified Bessel functions 
analogous to Eqs. (124) and (125) are 

lp{x) S {2wx)-H^Sj,{-2x), Kpix) ^ T^i2x)-^eSpi2x), 

(144) 
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where Sp(t) is defined by Eq. (115). Here = means “equal 
with small percentage error when x is large and positive. ” 

The graph of Io{x) and Ko{x) 
for positive values of x is given 
in Fig. 144. For positive values 
of X, the graphs of the modified 
functions of any order have the 
same character. 

In electrical problems we often 
treat Eo sin (coi + a) as the im- 
aginary part of Compare 

the remark at the end of Sec. 

141. This sometimes leads to 
imaginary coefficients and, in par- 
ticular, to an equation of the form 



Modified Bessel functions. 
Fig. 144 . 


4 - ^ 

dx^ ^ dx 


— ia^xy = 0, 


i = a > 0. (145) 


This is equivalent to Eq. (99) with 

p = 0, and i)2 = or D = (146) 

To specify a particular square root, we interpret by 




^3xi/4 ^ 


Stt . . Sir 
cos 1“ + sin -p- 
4 4 


(147) 


Then by Eq. (99), the solution of (145) is 

y = Zo(i^^ax). (148) 


In many applications the solution sought is finite at a: = 0, so 
that only the solution of the first kind is required. The standard 
form for this, with a = 1, is taken as 


Jo(i^x) = ber a: + ^ bei a: = M (149) 

For a: real, the function is complex with real component “ber” 
(Bessel-real) and imaginary component “bei” (Bessel-imaginary). 
From the series (71), with i^^x in place of x, we find 


ber ic = 1 -f- ^ ( — I)*' 
* = 1 


X 


4k 


2HW • • • (4A;)^ 


( 150 ) 
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/v4fc+2 

bei a: = ^ (-1)*^ 224^62 • • • {^k + 2y 
*=0 

Analogous to Eq. (149) we may write 

/i(z%) = bci’i X -{- i beii x = M i(x)e^^^^^\ (152) 

The functions defined by this equation are useful when the 
derivatives of ber x and bei x are required. For from the second 
equation in (132) with p = 0, Jo'{x) = —Ji{x). Hence 

= -Wo(f^a;). (153) 

It follows that 

ber' X + f bei' x = — = M (154) 

For X between 0 and 20 the values of ber x, bei x, Mo{x), do(x) 
of (149), as well as the values of ber' x, bei' x, Mi{x), di(x) — 7r/4 
are tabulated in H. B. Dwight’s Mathematical Tables. 

Similar functions may be defined for any order, 

bei'p x + f beip x = Jp(f''^x) = i''Ip{T'^x). (155) 

And there are similar functions of the second kind 

kerp X i keip x = i-pKp(T^x). (156) 

For X between 0 and 10 and p between 0 and 5 the functions 
defined by Eqs. (155) and (156), together with their derivatives 
are tabulated in H. B. Dwight’s Tables of Integrals and Other 
Mathematical Data. 

166. References. Jahnke-Emde’s Tables of Functions includes 
many data on Legendre polynomials and Bessel functions in 
numerical and graphical form. An introduction to the theory 
of the functions as well as applications to problems of mathe- 
matical physics will be found in A. G. Webster’s Partial Differen- 
tial Equations of Mathematical Physics, edited by S. J. Plimpton. 
N. W. McLachlan’s Bessel Functions for Engineers includes many 
applications to practical problems. 

For the theory of Legendre polynomials and related functions 
the reader may consult E. W. Hobson’s Theory of Spherical and 
Ellipsoidal Harmonics. Among the treatises on Bessel functions 
we may mention the Theory of Bessel Functions by G. N. Watson 
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and the Treatise on Bessel Functions, by Gray, Mathews, and 
MacRobert. 

EXERCISES X 

Verify that the given function is one solution and, using this fact, 
find the complete solution of the given equation: 


d‘^y 


dy 


2. (1 + = 

3 . «-■, xg + ( 2 i + 2 ) ^ + (X + 2 )v = 0 . 

- -lx ^ + (i» = 0 . 


dx'^ 
dhj 


K 1 " ,x , • (ly n 

6. 1, cos ^-^2 ' ^ ^ ~ 

d^y 


dy 


6. X + 1, (1 + xy - 2(1 + X) + 2y = 0, 


dx 


Find series solutions of the equations: 


7. 


dhj 


= xy. 


ft ^ 

dx2 




dx 


-H xy. 9. 


d^y 

dx^ 


xhj. 


Find series solutions of the following equations and identify them with 
elementary functions: 


*r. dhj 

10. = 4», 


n _ 

dx^ ~ 


12 . I - 2xy. 


Prove that U of Eq, (43) satisfies the relations: 


13. (I + - 2rx) 


du 


(x — r) U. 14. r 


dU 


(x — r) 


dU 


dr • ' dr ^ dx 

From Eq. (50), and Probs. 13 and 14 above, deduce that 
16. nPn - (2n - l)xP„_i + (n - 1)P„_.. = 0. 


16. (a) X 


dP „ — 1 dP n — 2 


dx 


dx 


= {n — l)P„_i, or 


dP n dPn~l 

(*’) ^ 

17. By differentiating the result of Prob. 15 and using Prob. 16(a), 

11 il- i dP n dP n—1 JJ 

deduce that x = nPn-u 

18. From Probs. 16(6) and 17 deduce that 

dP„ 
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and 


(1 - x^) = n(xP„_i - Pn). 


19. If u and v are each functions of x, Leibniz’s rule for the nth 

d^(%LV^ 

derivative of a product states that ~ PvYv'V, where the 

power is to be expanded by the binomial theorem arid the terms inter- 

d^Vf d^v 

preted similarly to l5Du*Dv"^uv = 15 Verify that the rule holds 

for n = 2 and n = 3. 

20. Use the rule of Leibniz given in Prob. 19 to show that, if / is a 

d”>{xf) 

function of x, = 


X -T~z + m 


d”(x^f) 

dx^ 


d”'f 


= + 2mx 


dx” 


dx 
dx" 


and also derive the relation 
d’"'~^f 


-1 + - 1) 


du 


Use Prob. 20 to show 


21. If n = (x* — 1)«,. (x^ — 1) ^ = 2nxu. 

that the result of differentiating this equation (n -}- 1) times reduces to 
d»+2tt . dm 

1 1 <V 1 I -M _ 1 — 1 1 

dx" 


- 1) + 1) ~dVn = 0- 


Hence the derivative 


dx"+* ' dx"'*'^ 

dm/dx"" is a solution of Legendre’s equation (26). Since it is a poly- 
nomial, it must equal cP„(x). And to make the coefficient of x" agree 
with that in Eq. (38), c = 2”n!. This proves Rodrigues’s formula, 
Eq. (39). 

22. Use Prob. 20 to show that the result of differentiating Ijegendre’s 
equation (26) m times is 


(1 - x*) 




- 2x(m + 1) 4- (n 


d^^ij 

m)(n + + 1) ^ 


0 . 


Also show that, if we put d’"y/dx" 


(1 - x^) 


d'^w 


dw 


dx* dx 


4 - _ 


== Mj(l — x*)””''* in this, it becomes 

. , , . m* I 

n(n 4- 1) - w = 0. 


This is the associated Legendre equation. If m ^ w, it admits as one 
solution the associated Legendre polynomial defined by 


P„« = (1 - X*)”*/* 


r. / X (1 “ X*)"*/* d»»+» , , 

dx™ “ 2’*n! dx™+»^^ 


Use the series (71) and (72) to verify the tabulated values: 

23. /o(O.l) = 0.9975. 24. /o(l) = 0.7652. 

26. Jo(2) = 0.2239. 26. d'i(O.l) = 0.0499. 

27. /!(!) = 0.4401. 28. /i(2) = 0.5767. 
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29. Show that Jp(— a;) = { — iyjp{x). Hence, in particular, we have 
Jo{—x) — Joix) but/i(— x) = — Ji(x). 

Find series of the form (52) which are solutions of 


30. (x-*=)g-3| + 2!,-0. 


Find series of the form (52) which are solutions of each of the follow- 
ing equations, and identify them with elementary functions: 


32. 


2x^4-^ = 2y 
^ dx^ ^ dx 


33. 




dx 


+ 1/ = 0. 


34. Let n be zero or a positive integer. Then by Eq. (70), we have 


Jn{x) 


Z (-i)‘ 


k^O 


2n+2fc^!(^ _j_ ^){’ 


From Eq. (81) deduce the relation 


J.n{x) = 2 2«+2*=fc!(n +Jk)!‘ 

tC \J 

36. Use the series of Prob. 34 to verify that J_6(4) = —0.1321. 

36. From the Maclaurin’s series for e‘, deduce that the exponential 
X x^ 1 x^ 1 

(,xi/2 _ j ^ ^ ^2 ^ _j_ . . . j^nd also show that 


3^ ^ /V /y2 

2t— 1 /-I J - l~2 \ 

^ 2 ^ ^ 2 '^ 2 ! ^ 


1 


■■ +(-!)• |V!'- + 


37. From the expansions of Probs. 34 and 36 deduce the relation 

,lO~r) = £ ./„(a:)K 

M = ~ w 

38. Multiply the expansion of Prob. 37 by that obtained from it when 
X is replaced by y. Hence show that 


00 

Jn{X + t/) = ^ Jk(x)Jn-kiy). 

^ ~ 00 


39. From Prob. 38, with n = 0 and y = —x, deduce the identity 
[JoixW + 2[Jxix)]^ + 2[J,{x)]^ + . . . = 1 . 

Use Probs. 23 and 26 and Eq. (86) to verify that 

40. yo(O.l) - -1.534. 41. yi(O.l) = -6.46. 

Express the general solution of each of the following equations in 
terms of Bessel functions: 


42. 4 


dx^ 


4- 9xy = 0. 
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4e..g + n|^...= o. 

48. 4x2^ + (4x2 - 15)2/ = 0. 


dhi 


Express the general solution of each of the following equations in terms 
of modified Bessel functions: 


62 . ^’g + ojg-Cx + l)!/. 

M. 4a;* 4^ + 4x> ^ + !/ = 0. 


63.ag + 5| = :6.... 


66 . 4 


= 9x2/. 


66. A vertical column of uniform cross section A ft.^ has specific 
weight %D lb. /ft.® and flexural rigidity El Ib./ft.^ If it supports its own 
weight, the (small) angle of deflection 6 at distance x ft. from the top 




satisfies the differential equation El 


—Awxd. Show that 


d = 




67 . Given 6 = x^ZyAkxTi). From Eqs. (91), (70), and (73) deduce 
that 6 = Ci(AiX 4- BiX* 4- • • • ) 4- 02(^2 + Box^ 4- • • • )> where 
Ai 7^ 0. Hence if dd/dx — 0 for x = 0, Ci = 0 and 6 = C 2 X^J-y{kx^'^). 
And if 0 = 0 for X = L, J^y{kL^'^) = 0. 

68. If L ft. is a critical length of the column of Prob. 56, the boundary 
conditions are as given in Prob. 57. From tables, the smallest root of 
J-Yiiz) == 0 is 00 = 1.8663. Deduce that the first critical length is 
U = 1.986 {El /wA)^. 

69 . For a circular cross section, of radius r, I — 7rrV4, and the ratio 
1/ A — r2/4. Use this fact and Prob. 58 to compute the critical length 
for a steel wire of diameter 0.02 in. if its density is 480 Ib./ft.® and 
F = 3 X 10' lb./in.2 

60 . The problem of a linearly tapered or conical column, supporting 
its own weight, leads to a differential equation which assumes the form 
dP'V V 

4" ^ = 0. Express the general solution in terms of Bessel func- 

tions of the type considered in Sec. 153. Hence express the solution in 
terms of elementary functions. 

61 . If a cooling fin has a triangular cross section, with suitable choice 
of variables, the equation governing temperature distribution reduces to 
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i. 

dx 



k'^u, where ^ = 0 for x = 0. 


M = CiIo{2k -s/x). 


Show that the solution is 


Use the asymptotic formulas (124) and (125) to verify that 


62. y«(10) = -0.2459. 63. ./i(10) = 0.0435. 

64. Fo(lO) = 0.0557. 66. yi(lO) = 0.2490. 

Show that 

66 . J^ix) = 2^^{Tx)~y^ ~ ^ 

67. .1 ^.y,(x) — —Yry,{x) = 2''''^(tx)~^- sin x + (‘os x^. 


68. Usinj^ the values given in Eq. (130), verify by direct substitution 
that Eq. (132) hold when 'p — )i. 

69. Check the value for Jy^ix) given in Eq. (130) by comparing its 
Maclaurin’s series with the series (70) for p = JF 

70. Assuming the value of Jyz{x) and J -y^ix) given in Eq. (130), check 
the value of Jyz{x) by putting p = bi in Eq. (135). 

From Eq. (134) deduce that 


d'lj 

71. T- = Jp_., - 2J, + Jp+2. 

fU j 

72. 2=' = ./,_3 - 3/,_i + 3./,,, 




73. Check Prob. 7 1 for the special case when p is an integer n by using 
the expansions of Prob. 34. 

From Eqs. (139) and (130) deduce that 

74. lyzix) — 2 bb’rx)“l 2 ginh x — (2Tx)~^{e=^ — e~^). 

76. I-Yzix) — 2bj(7rx)“l^ cosh x = {2irx)~Y(c=^ + f"*). 

76. From Eq. (142) and Probs. 74 and 75 deduce the similar result 
Ki/iix) = 7r'''K2a:)“l^e“®. 

77. Show that Prob. 76 agrees exactly with Eq. (144), but that Prob. 
74 differs from Eq. (144) by the term in e~*, which for x large and posi- 
tive is negligibly small compared to c*. 

Use the series (150) and (151) to verify that 

78. ber 1 = 0.9844. 79. bei 1 = 0.2496. 

Differentiate the series (150) and (151) and verify that 


80. ber' 1 = -0.0624. 


81. bei' 1 = 0.4974. 
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From Eq. (149) and Probs. 78 and 79 deduce that 
82. Mo(l) = 1.016. 83. Boil) = 14.23°. 

From Eq. (154) and Probs. 80 and 81 deduce that 
84. Mi(l) = 0.5013. 86. 0i(l) = 142.16°. 

df 

86. If a = 1, Eq. (145) may be written ^ {xy') = ixy. From 

Eq. (149) deduce that y = ber x i bei x satisfies this relation. 

If y = ber x + i bei x, dy/dx = y' = ber' x i bei' x. By sub- 
stituting these values in the relation of Prob. 86 and equating real and 
imaginary parts, deduce that 

87. ^ (x ber' x) = — x bei x. 

88. ^ (x bei' x) = x ber x. 


89. If u is any function of x, from Prob. 86 deduce the relations 

d d 

^ {uxy’) = u'xy' + w ^ i^v') = ^'^v' + 


xuy 


k fk 

Q = Jq x{u'y' + iuy)dx. 


Let u = ber x — i bei x. Substitute this value and its conjugate 
^ = ber X -f t bei x in the last relation of Prob. 89. And by equating 
real and imaginary parts, deduce that 


90. x[(ber' x)* -H (bei' x)^]dx = A:(ber k ber' k + bei k bei' k). 

91. x[(ber x)* -f (bei xy]dx = A;(ber k bei' k — hei k ber' k). 

The expression for the power loss in a solenoid due to eddy currents 
involves an integral of the type evaluated in Prob. 90. 
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FOURIER SERIES AND 
PARTIAL DIFFERENTIAL EQUATIONS 

Equations that involve partial derivatives of the unknown 
functions are called partial differential equations. Poisson’s 
equation for the potential, the equation governing heat flow, and 
the equations governing fluid flow, derived in Secs. 126 to 128, 
are illustrations. 

In most practical applications of differential equations, the 
required particular solution must satisfy certain initial or 
boundary conditions as well as the differential equation. For 
ordinary differential equations, as we saw in Chap. IX, the 
natural procedure is first to find the general solutions involving 
arbitrary constants and then to use the boundary conditions to 
determine these constants. But the general solution of a partial 
differential equation contains one or more arbitrary functions. 
And it is not easy to find the particular values of these functions 
from the boundary conditions even when the general solution is 
known. 

It is often possible to solve a specific partial differential 
equation problem in the form of a series of terms, each of which 
satisfies some of the boundary conditions. In the cases dis- 
cussed, the sum of the series satisfies these same boundary con- 
ditions for arbitrary values of certain coefficients. And the 
problem is solved by determining these coefficients so that the 
remaining boundary conditions are satisfied. This chapter is 
devoted to such series methods. Since these methods frequently 
depend on the Fourier expansion of a function in a series of sine 
and cosine terms, we begin with a brief discussion of Fourier 
series. 

167. Fourier’s Theorem for Periodic Functions. A function 
/(x) is said to be periodic, of period p, if 

f{x + p) = f{x). (1) 

For example, sin {2vx/p) and cos (2tx/p) are each periodic of 

401 
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period p, since 


and 


sin — {x + v) 

p 

cos — (x + p) 

p 


. { 2'KX 

+ 27r j 

. 2xx 

sin 1 

= Sin , 

\ p 

p 

( 2kx 

4" 

2xx 

COS 1 

= cos . 

\ p 

p 


( 2 ) 

(3) 


More generally, sin (2nirx/p) and cos {2mrx/p) are each periodic 
of period p if n is any positive integer. Hence, if the infinite 
series 


, 27rx 

a + ai cos 

V 


2'kx 

, 2-wnx 

-4- cos 


• 2x0; 

hi sin h 

V 


4x.r , 

do COS ~T 0*2 ^ 

V 


. 4x.r , 
sin — ■ + 




V 


(4) 


or 


ao 



2irkx 

cos 

p 


4- hk sin 



(5) 


is convergent, it represents a function of period p. 

If a function f{x) is single-valued and continuous on a finite | 
interval and its graph on this interval has finite arc length, we 
call the function or its graph regular. We call a single-valued 
function f{x) piecewise regular if its graph on any finite interval 
is made up of a finite number of pieces, each of which is a regular 
arc or an isolated point. 

For example, on the interval 0 ^ o; < 4, the relations 

/(O) = 2, Six) =3 if 0 < a; < 2, /(2) = 2, 

Six) = 1 if 2 < x < 4, (6) 

define a piecewise regular function. And, if we add the condition 

Six 4- 4) = /(x), (7) 

the function is defined for all values of x as a piecewise regular 
function of period 4. Its graph is shown in Fig. 145. We use 
the notation /(x — ) to mean the value at x approached from the 
left and/(x-|-) to mean the value at x approached from the right. 
Thus at X = 2the8e values are /(2 — ) = 3and/(2-4-) = 1. 

Suppose that /(x) is any piecewise regular periodic function of 
period p. Then it may be proved that there are coefficients for 
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which the series (5) converges to f(x) at all points of continuity, 
and to /^[/(a:4-) — )] at the points of discontinuity. Fur- 

thermore, correct relations will be obtained from the equation 

00 

' f(x) = a -f- ^ cos + bk sin (8) 

by termwise integration after multiplication by any function of x. 

If we use as multipliers 1, cos {2Trnx/p), sin {2Tnx/p), respec- 
tively, where n is any positive integer, and integrate from c to 



A piecewise regular periodic function. 

Fig. 145 . 

c -b p, where c is any constant, the results, as shown in Probs. 
1 to 8 are 


" . 2mrx , 

f{x) cos ax 

= V 


" f/ \ . 2mrx j 
f{x) sm — — ax 

e P 


rc+p 

pa, or a = - f(x)dx. 

P Jc 


pan, or 

O f<^+V 9>7irr 

ttn = - / /(^) COS dx, 

Pjc P 

pbn, or 


, 2 . . 2n-KX , 

bn = - fix) sm dx. 

Pjc p 


(9) 

( 10 ) 

( 11 ) 


To recapitulate, if fix) is any piecewise regular periodic func- 
tion of period p, and a, the an and the bn are found from Eqs. 
(9) to (11), the series (5) will converge to fix) at all points of 
continuity, and to }4[fi^+) +/(^-)] at all points of discon- 
tinuity. This is known as Fourier's theorem for periodic functions. 

Let us illustrate the procedure for the function defined by the 
relations (6) and (7). Here p = 4. We take c = 0 and, since 
the expression for the function changes at 2, calculate the inte- 
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grals from 0 to 4 as the sum of those from 0 to 2 and from 2 to 4. 
Thus we find 


h -I 

&n — 4 


-(/: 

•-!(/. 

2 r . 

7 / 3 sm 

4 h 


3 dx 4- 


/:-) 


4(6 + 2 ) = 2 , 


„ j , I t ri'Ti-*' j 

3 cos ax + I 1 cos ax 


6 . riTX 

— sm -TT- 


, 2 . nirx 

H sm 


2 0 nir 




^ . n^ro: , , 

3 sm ax + 




. mrx J 
sm ax 


(_± 

nrx 

2 

2 

nirx 


cos 


cos 

-o“ I 

\ rnr 

2 

0 

nir 

2 2/ 


= — (3 — 2 cos nv — cos 2n7r) = { 4 . 


0, if n is even, 


•J if n is odd. 


Hence the Fourier series for the function /(x) of (6) and (7) is 

The defining relations (6) and (7) happen to make the value of the 
function equal to 3^[/(x4-) +/(a^ — )] at the points of discon- 
tinuity. For example, /(4) = H[/(44-) +/(4 — )], since 

2 = 4(3 + 1). 

Hence Fig. 145 is the graph of the sum of the series (15) for all 
values of x. Had we taken other values for /(x) as the definition 
at the points of discontinuity, we would still have found the same 
Fourier series since the values /(O) and /(2) were not used in 
Eqs. (12) to (14). We may always obtain the graph of the 
Fourier series which represents any piecewise regular function 
by plotting the regular arcs, together with the midpoints of the 
vertical segments determined by consecutive arcs. In Fourier 
series problems, we shall frequently define the regular arcs only 
and give no values at the discontinuities, since these last do not 
affect the Fourier series. 

If the function /(x) is known only graphically or is expressed in 
terms of complicated functions, the coefficients can be found 
by methods like those described in Secs. 77 and 78. There are 
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instruments known as harmonic analysers, somewhat similar 
to planimeters, by which the coefficients and can be obtained 
from a plot, to suitable scale, of f{x) itself. Several efficient 
arrangements of the application of a modified trapezoidal 
rule to the integrals in question, known as schedules for harmonic 
analysis, will be found in Scarborough’s Numerical Analysis and 
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An even function. 

Fig. 146. 

Lipka’s Graphical and Mechanical Computation, Vol. II. 

158. Fourier Cosine Series and Fourier Sine Series. Let us 

put p = 2L and c = — L in Eqs. (9) to (11). They then become 



An odd function. 
Fig. 147. 


An even function of x is one for which f{—x) = f(x). An 
inspection of the graph of an. even function (Fig. 146) shows that 
the integral of an even function from —L to L is twice the integral 
of the same function from 0 to L, 

An odd function of x is one for which f{ — x) = —f{x). An 
inspection of the graph of an odd function (Fig. 147) shows that 
the integral of an odd function from —L to L is zero. 

We note that cos {nrx/L) is an even function, while sin (nxx/L) 
is an odd function. For 
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Again, the product of two even functions or of two odd functions 
is even, while the product of an odd and an even function is odd. 

From the facts stated, we may conclude from Eq. (16) that 
if f(x) is an even function, &« = 0 and 



Hence with these values 



(18) 


f{x) = a + ^ ttfc cos ^ 

ifc = i 


(19) 


For any given function f{x) in 0 < x < L, Eqs. (18) and (191 
may be used to find a Fourier cosine series of period 2L which 
represents f{x) in 0 <. x <. L. For, from f{x) in 0 < a: < L, we 
may form an even function of period 2L equal to the given func- 
tion for 0 < x < L. The series (19), with coefficients calculated 
by (18) will then represent the even periodic function for all x. 
Hence in particular it will represent the given /(a;) for 0 < a: < L, 
assumed to be piecewise regular. 

We illustrate the procedure by finding the Fourier cosine 
series of period 2ir which represents x in the interval 0 < a: < t. 
On putting /(a:) = x and L — tt in (18), we find 


, 1 a:^ ' 

xdx = 

TT Z 


TT Jo 

2 2(x si 

- I X cos nx dx = - I 

T Jo 


0 

sm nx 


ir 

2 

+ 


( 20 ) 


COS nx\ 

) 


Trn^ 


(cos riT — 1) 


0, if n is even, 
4 


( 21 ) 




if n is odd. 


It follows that, for 0 < a: < ir. 



K' 


cos ^ ^ cos 3a: ^ cos 5x + 


} 


( 22 ) 


The graph of the right member of (22) is as shown in Fig. 146. 
Hence Eq. (22) holds for a: = 0, or a: = tt but not for a: < 0 or 

X > T. 
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Next suppose that f{x) is an odd function. Then, from the 
facts mentioned above, combined with Eqs. (16), we may con- 
clude that a = a„ = 0 and 


hn = ~ fix) sin ~ dx. (23) 

Hence with these values 

fix) = '^b„ sin ~ (24) 

fc = l 


For any given function f(x) in 0 < x < L, Eqs. (23) and (24) 
may be used to find a Fourier sine series of period 2L which 
represents fix) in 0 < x < L. For, from fix) in 0 < a: < L, we 
may form an odd function of period 2L equal to the given func- 
tion for 0 < X < L. The series (24), with coefficients calculated 
by (23) will then represent the odd periodic function for all x. 
Hence in particular it will represent the given fix) for 0 < x < L, 
assumed to be piecewise regular. 

We illustrate the procedure by finding the Fourier sine series 
of period 40 which represents 10 in the interval 0 < x < 20. 
On putting fix) = 10 and L = 20 in (23) we find 


bn 


10 J« 


“ . mrx j 20 mrx 

^ ^ , 10 sm dx cos 

10 /n 20 mr 20 


20 

0 


20 M X 

— ( 1 — cos nr) 
nr 


0, if n is even, 

40 .. . 

— 7 if n IS odd. 
nr 


(25) 


It follows that, for 0 < x < 20, 


10 


40 / . TTX , 1 . 37rx , 1 . brx 
V V ^ 3 5 20 



(26) 


The graph of the right member of (26) is as shown in Fig. 147. 
Hence Eq. (26) does not hold for x = 0 or x = 20. 

169. Laplace’s Equation. It was shown in Sec. 126 that in 
space free of charges the electrical potential satisfies Laplace’s 
equation, 

d^U d^U d^U 

dx^ dy^ dz^ 


( 27 ) 
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This equation is also satisfied by the temperature in a steady- 
state distribution (Sec. 127) and the velocity potential for the 
irrotational motion of an incompressible fluid (Sec. 128). Since 
the temperatures on the surface of a body determine the steady- 
state distribution inside, physical considerations suggest that 
there is a unique solution of Eq. (27) taking on given boundary 
values if these are sufficiently regular. That there is at most 
one solution when the body is finite is in accord with Prob. 63 of 
Chap. VIII. 

In temperature distribution or potential problems in a plane, 
taken as the xy plane, Laplace’s equation becomes 


d^U , _ 

I •v O 


(28) 


Y 

D 


U=0 


0 


f /=0 


u=o 


dx^ ' dy^ 

It was shown in Sec. 87 that the real or imaginary part of any 
analytic function of (x iy) satisfies this equation. And this 
fact was used in Secs. 94 and 95 to find the velocity potential for 

certain types of fluid flow in a plane. 

We shall now present a method of solving 
Laplace’s equation by combining particular 
solutions. For definiteness, we shall use the 
language of heat flow. 

160. Temperatures in a Rectangular Plate. 
If a homogeneous plane plate has its faces insu- 
lated and its edges kept at prescribed tempera- 
tures, its steady-state temperatures will be 
determined. In particular let us consider a 
rectangle A BCD, with sides AD and BC so 
long compared with AB and CD that we may 
treat them as infinite. Let the prescribed 
boundary temperatures be 0° for AD, DC, and BC and 10° along 
AB, and assume 

AB = 20 cm. 


B 


Fig. 148. 


Take the origin at A, and the axes of x and y along AB and AD, 
respectively. Then the boundary conditions are 

U{0,y)^0, [7(20,1/) -0, [7(rc,oo) = 0, 

U{x,0) = 10. (29) 

Our problem is to find the solution of Eq (28) which satisfies the 
conditions (29). 
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We begin by seeking solutions of (28) in the form 

U = X{x) • Y{y), or [/ = XY, (30) 


where X (x) or more briefly Z is a function of x alone and Y (y) or 
more briefly F is a function of y alone. By differentiating Eq. 
(30) partially we find 


dx dx' dx^ dx*’ dy dy’ 

' W ^ y d^F 

dy^ dy^ 

Thus, if Eq. (28) is satisfied, we must have 

dx^ dy^ dx* dy* 

We may rewrite the last equation in the form 

1 d*Z _ 1 d*F 
X dx* F dy*' 


(31) 


(32) 

(33) 


Since the left member of this equation does not involve y, it 
does not change when y changes. Similarly, the right member 
does not involve x and so does not change when x changes. As 
the two members are equal, their common value cannot change 
when either variable changes and so must be a constant. This 
constant may be positive, negative or zero. As the case useful 
for our problem, we assume the constant positive and write it 
as K\ Then 


1 d*Z _ 1 d*F 
X dx* F dy^ 


= K\ 


or 


d*Z 

dx* 


+ K*Z = 0 


and 


d*F 

-- KW = 0 . ( 34 ) 


dy* 


By the method of Sec. 138 the solutions of these equations are 
found to be 

X = Cl cos Kx + C 2 sin Kx and F = + 046 “^". (35) 


Thus for any value of K and Ci, C 2 , cs, C 4 , 

U — (ci cos Kx 4- C 2 sin 2 Cx)(c 3 C^'" -f (36) 

will be a particular solution of Eq. (28). 

By specializing the constants in (36) we may satisfy the fimt 
three conditions (29). In fact, if Cs = 0, the second factor will 
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be zero for y = 'x> . And if ci = 0 the first factor will reduce 

to C2 sin Kx and so be zero for a: = 0. It will also be zero for 
a: = 20 if 

sin 20K = 0, 20i: = nir or ^ (37) 

where n is any positive integer. If we write for the product 
C2C4 which goes with a particular n, we have 

sin n = 1, 2, 3 • • • (38) 

Z\) 

as a set of terms each of which satisfies Eq. (28) and the first 
three boundary conditions of (29). 

The same Avill be true of a sum, or infinite series of such terms, 
and to solve our problem it merely remains to determine the 
coefficients of a series 

00 

V(x,y) = ^ BnC — sin (39) 

n = 1 

so that the fourth conditions of (29) will be satisfied. That is, 


10 = U{x,0) = ^B„sin-^V 

n = 1 


for 0 < a; < 20. (40) 


Accordingly the Bn are the coefficients bn of the expansion of 10 
in a Fourier sine series of period 40. These were found in Eq. 
(25). Replacing the in (39) by these values, we have as the 
solution of our problem 


U (x,y) 


. ^ra. I 1 n /on • ^5?ra/ 

sjn — -f - e-STrv/20 sjn __ 

-L- i o—bxy/iO sin _|_ 

^5 ® 20 ^ 


The series may be used for practical computation when y is not 
too small compared with 20, since the first few terms will then 
give a good approximation. For example, when a: = 10, y = 10, 
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161. Temperatures in a Circular Plate. Let us next find the 
steady-state temperature distribution of a circular plate whose 
faces are insulated and whose circumference is kept at prescribed 
temperatures. In particular, let one diameter of the circle be 
AB, and let the radius OA — 10 cm. Let the temperature be 
0° at A and 100° at B, and increase linearly along the circum- 
ference between these points. Thus in Fig. 149 at C on the 



I'lO. 149. 


upper semicircle U = IOO^/tt, and at C on the lower semicircle 
U = \00d'/Tr. If we use polar coordinates, 6' = —6, and the 
boundary conditions are 


lJ{U\d) 


10^ 

IT 

_1OO0 

T 


if 0 < 0 < TT, 
if — TT < 0 < 0. 


(43) 


Since If must satisfy Laplace’s ecpiation, U{r,d) is a solution of 


dH[ 


(44) 


by Eq. (85) of Sec. 25. 

We begin by seeking solutions of Eq. (44) in the form 

U = R{r) • 0(0), or U ±= RQ, (45) 


where R{r) or is a function of r alone and 0(0) or 0 is a function 
of 0 alone. It follows from Eq. (45) that 


Br dr ’ dr^ 




and 


dW 

002 


R 


d^Q 

d¥' 


(46) 
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On inserting these values in Eq. (44) we find 


dr^ dd^ r dr 


0 . 


(47) 


This may be rewritten in the form 

^d'^R , dR 

-I- 7* 

dr^^ dr 
0 R 


(48) 


Since the left member does not involve r and the right member 
does not involve 6, the common value cannot involve either 
variable and hence must be a constant. In the case useful for 
our problem the constant is positive or zero, and we write it as K~. 
Then from Eq. (48), 

^ + = Q and ^ ^ ^ - ^"72 = 0. (49) 

dd^ dr^ dr 


We may solve these equations, using the method of Sec. 138 for 
the first and the method of Prob. 91 of Chap. IX for the second. 
The solutions are 


0 = Cl cos Kd + C2 sin Kd and R — c^r^ + 

when K 9 ^ 0. (50) 

Hence for any value of K and Ci, C2, Cs, C4 

U = (ci cos Kd + C 2 sin Kd){czr^ + Cir~^) (51) 

will be a solution of Eq. (44). Although (50) is no longer the 
general solution when X = 0, it does include the solution we 
need in that case. 

From the nature of polar coordinates, U{r,d) will be periodic 
of period 2ir. Hence we make the particular solutions (51) of 
period 27r by putting K = n, where n is zero or a positive integer. 
And since r~^ is infinite for r = 0, we take C4 = 0. Also we 
write An for the CiCg and Bn for the C2C3 which goes with a particu- 
lar n. Then 


Ao and A„r” cos nd Bnr”^ sin nd, n = 1,2,3, • • • (52) 

is a set of particular solutions of period 27r, and we write 


U{r,d) = Ao + ^ (A^r" cos nd -f- Bnr’* sin nd). 

n =« 1 


This win satisfy the boundary condition (43) if 


( 53 ) 
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C/(1O,0) = i4o + ^ (^nlO™ cos nd + BnlO” sin nd). (54) 

n « 1 

Thus Ao = a, yl„10'* = o„, SnlO” = 6„, the coefficients in the 
Fourier series of period 2ir which represents C/(10,^). Since 
f7(10,a) is an even function, the K and hence the Bn will all be 
zero. Also a and the a„ may be found from (18) with L = ir. In 
fact, since the graph of U{\Q,d) against 9 differs from Fig. 146 
only by a change in the vertical scale, the coefficients may be 
obtained from those of Eq. (22) by multiplication by 100/ir. 
Hence 

Ao = a = 50, An = 10-rt„ = - ^2 lO-’S if n is odd. (55) 
Thus the solution of our problem in series form is 
U(r,e) e + cos 36 

52 ^ 6 * 59 + ■ (56) 

162. Temperatures in a Solid Sphere. We shall next find the 
steady-state temperature distribu- 
tion inside a solid sphere when its 
surface is kept at prescribed tempera- 
tures, symmetrical about a diameter. 

In particular, let AB be the diam- 
eter and let the radius OA be 20 cm. 

Take the z axis along OA, as shown 
in Fig. 150. Let the prescribed 
temperatures at the surface of the 
sphere he U = 100° on the upper Fiq. 150 . 

hemisphere, z > 0, and U = 0° on the lower hemisphere, z < 0. 

It Avill be convenient to use the spherical polar coordinates 
r, 4>, 0 of Sec. 59. Since the boundary values are symmetrical 
about AB or OZ, the temperatures inside the sphere will also be 
symmetrical about OZ and so will not depend on 6. Thus our 
solution may be written U(r,<l>) and the boundary conditions are 

1 100, if 0 < 

^ (57) 

if ^ < </> < TT, 
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When d^U/dd^ = 0, Laplace’s equation in spherical coordinates 


is 


I d f ,dU\, 1 d ( . ^dU\ 

r^‘dr\ dr) r^sm<j)d<p\^ d<j)) 


= 0 , 


(58) 


by Eq. (110) of Sec. 124. Thus our problem is to find the solu- 
tion of Eq. (58) which assumes the boundary values (57). 

The discussion of Sec. 146 shows that if a; = cos <f>, r^Pn(x), 
where Pn(x) is the nth Legendre polynomial of Sec. 145, is a 
solution of Eq. (58). Hence 


.4nr”P„(cos 0), n = 0, 1, 2, • • • (59) 

is a set of particular solutions of Eq. (58) and we write 

00 

U{r,<f>) = ^ (cos 0). (60) 

n — 0 

This will satisfy the boundary conditions (57) if 

00 

P(1O,0) = ^ A„(20)"P„(cos 0). (61) 

n = 0 

The method of developing a function in a series of Legendre 
polynomials is outlined in Probs. 56 to 62. In particular by 
equating the nth coefficient found in Prob. 62 to ^„(20)”, we 
may solve for the A„. By substituting the values thus found in 
Eq. (60), we find as the solution of our problem 

l/(r,0) = 100 1 ^Pi(cos 0) -^~P3(cos 0) -}- • • • j- 

(62) 

163. Temperatures in a Solid Cylinder. We shall next find the 

steady-state temperature distribution in- 
side a solid right cylinder whose surfaces 
are kept at prescribed temperatures, sym- 
metrical about the axis of the cylinder. 
We take the axis of the cylinder as OZ, 
one face of the cylinder as the xy plane, 
and assume that the cylinder is so long 
compared with its radius OA = 20 cm. 
that we may treat the other end as at in- 
finity. Let the prescribed temperatures 
be U = 0° on the lateral surface and the 
at infinity, and let U = 100° on the end in the xy plane. 
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It will be convenient to use cylindrical coordinates r, d, z. 
Since the boundary values are symmetrical about OZ, the tem- 
peratures inside will also be symmetrical about OZ and so will 
not depend on 6. Thus our solution may be written U(r,z), and 
the boundary conditions are 

l/(r,0) = 100, 17(r,oo)=0, I/(20,z) = 0. (63) 

When d^U/dO^ = 0, Laplace’s equation in cylindrical coordinates 
is 



by Prob. 48 of Exercises VIII (page 331). Thus our problem is 
to find the solution of (64) which assumes the boundary values 
(63). 

In Sec. 151 we found a particular solution (109) of Laplace’s 
equation in cylindrical coordinates (103). It will be independent 
of 0 if m = 0, so that 

AJo(ar)e-^^ (65) 

is a particular solution of (64). It already satisfies the second 
condition (03) and will satisfy the third if 

Jo{20a) = 0, or 20a = a„, (66) 

where a„ is one of the infinitely many real roots of Joix) = 0 
mentioned in Sec. 154. Hence 



is a set of particular solutions of Eq. (64) and we write 

CO 

U{r,z) = ^ /In/o (68) 

n =» 1 

This will satisfy the remaining boundary condition if 

00 

100 = I7(r,0) = ^ »■)• 

n = 1 

The method of developing a function in a series of Bessel’s 
functions of this kind is outlined in Probs. 63 to 68. In particu- 
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lar, the of (69) are 100 times the coefficients found in Prob. 68. 
Using these values in (68), we find as the solution of our problem 

00 

UM = 200 ^ Jo (g r) (70) 

n =* 1 

164. Cooling of a Rod. If a thin uniform rod AB has its sides 
insulated, the temperature at any cross section C will depend 
only on the distance AC = x and the time t. Thus we may put 



Fig. 152 . 


d^U/dy^ = 0 and d^U/dz'^ = 0 in Eq. (135) of Sec. 127 to obtain 
the equation governing the flow of heat in the rod. The result is 


dU 

dt 


a2 




(71) 


as the equation satisfied by the temperature U{x,t). 

Consider in particular a rod ylB 10 cm. long, of material for 
which = 2 cm.^/sec. Suppose that originally all points of 
the rod were at 100° but that at times t = 0 the ends of the rod 
A and B had their temperatures suddenly changed to 0° and kept 
at this temperature. We wish to find U{x,t). The initial and 
boimdary conditions are 

Uix,0) = 100, [7(0,0 = 0, [7(10,0 = 0. (72) 

We begin by seeking solutions of Eq. (71) in the form 

U X(x)’ Tit) or [7 = XT. (73) 

From Eqs. (73) and (71), by a procedure similar to that used to 
derive Eqs. (34), we find that 

d^X/dx^ _ dT/dt _ 

X a^T ~ ^ 

^A-K‘^X = 0 and ^ = 0. (74) 

We have written the constant as —K^, since it is negative in the 
case useful for our problem. The solution of Eqs. (74) by the 
method of Sec. 138 leads to 

[7 = (ci cos Kx + C 2 sin Kx)c 3 e~^^^*‘ (75) 

as a particular solution of Eq. (71). 
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The second condition (72) will be satisfied if ci = 0. And the 
third condition will be satisfied if 

sin lOK = 0, or ^ ^ and = 0.02nV2, (7(i) 

where n is any positive integer. We write Bn for the product 
C2C3 which goes with a particular n, and have 

Bn sin ^ ^ = 1^2,3, • • • (77) 

as a set of terms each of which satisfies Eq. (71) and the last two 
conditions of (72). Hence we put 

00 

U(x,t) =^Bn sin ~ (78) 

n = 1 

The remaining initial condition will be satisfied if 

00 

100 = Uix,0) = ^Bn sin (79) 

n = l 

This shows that the Bn are the coefficients of the Fourier sine 
series of period 20 which represents 100. They may be calculated 
as the bn of Eq. (23) with f{x) = 100, L = 10. On computing 
them and substituting the values in Eq. (78), we obtain as the 
solution of our problem 

U{x,t) = ^ ^sin ^ | sin ^ + • • • ^ (80) 

The process used above requires modification if the ends of the 
rod are suddenly changed to fixed temperatures different from 
zero. We illustrate the revised procedure by solving the follow- 
ing problem. 

Suppose that the rod of Fig. 152 has end A kept at 30® and 
end B kept at 100® until temperatures indistinguishable from the 
steady state are reached. At some time thereafter, let us sud- 
denly lower the temperature of A to 20® and that of B to 40®, 
and from then on maintain these temperatures. We wish to 
find U{x,t), where t is measured from the sudden change. 
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We must make use of the steady-state solution of Eq. (71). 
Since this is independent of t, it will be a solution of 

dm 

-^=0, or U = Cix + C 2 . (81) 

We first determine the constants Ci and Ca so that this takes on 
the original end values, 30 a,t A, x — 0 and 100 at B, x = 10. 
Hence 


30 = C 2 , 100 = lOci -1- C 2 and Ca = 30, Ci = 7. (82) 

This shows that 7x + 30 was the temperature before the sudden 
change and, for our problem, the initial condition is 

U(x,0) = 7x + 30. (83) 

The temperatures for our problem will approach the steady- 
state solution for the changed end values, 20 at A, a; = 0 and 
40 at J5, a: = 10. The values of ci and C 2 which make (81) take 
on these values are found from 

20 = C 2 , 40 = lOci -f Ci to be C 2 = 20, Ci = 2. (84) 

This shows that the steady-state solution 

Us = 2x + 20 (85) 

satisfies the changed boundary conditions for our problem 

t/(0,0 = 20, 17(10,0 = 40. (86) 

Mathematically considered, our problem is to find a solution 
of Eq. (71) that satisfies the initial condition (83) and the bound- 
ary conditions (86). We transform this to a problem with end 
values zero by putting 

U ~ Us ”4" Ut — 2x -j- 20 -j- Ut’ (87) 

This makes the new function Ut satisfy the relation 

Ut = U - Us U - 2x - 20. (88) 

Since U and Us are each solutions of Eq. (71), their difference Ut 

is also a solution. It follows from the way in which Us was 
determined, and may be verified from Eqs. (86) and (88) that 

UT(0,t) = 0, UtW) = 0. (89) 
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Also from Eqs. (83) and (88) we may deduce that 

Ut(x,0) = U{x,0) - 2a; - 20 = 5a: + 10. (90) 

The problem of finding UriXyt), a solution of Eq. (71) which 
satisfies the initial conditions (90) and boundary condition (89), 
is similar in type to the first problem solved in this section. To 
solve it, we begin with the relation similar to (78), 

00 

Vr(x,t) = V B,. sin ( 91 ) 

7# ~ I 

This satisfies the differential ecpiation (71) and the end condi- 
tions (89). The initial condition (90) will be satisfied if 


5* + 10 = Vr(x,0) = V sin (92) 

n — 1 


The coefficients of this expansion in a sine series of period 20 
may be found from Eq. (23) or from Prob. 32. On substituting 
their values in (91) and making use of (87), we find as the solution 
of our problem 

r- (a:,0 = 2x -f 20 -t- - ( 140 sin ~ r-o.oi!r^< _ 50 .sin 

IT \ 10 10 

, 140 . 3r.r ,1 \ 

+ sin _ ... \ (93) 

166. The Vibrating String. In Example 1 of Sec. 175 the 
equation govcu-ning the small transverse displacements of a taut, 
vibrating string is found to be 


^ = i 

dx- ~dt- ' 


(94) 


Here x is distance along the string, a is transverse displacement, 
and = Tg/D, where T is tension, D weight per unit length, and 
g the acceleration of gravity. Thus s has the units of velocity, 
or of x/t. 

In particular consider the string AB of length 100 units, and 
measure x from A. Denote the displacement by u{x,t) and the 
velocity by Ut{x,t) = du/dt. Then, if the ends are fixed, 

y(0,t) = 0, y(100,0 = 0. 


(95) 



420 PARTIAL DIFFERENTIAL EQUATIONS §166 

Suppose that we wish to determine the motion when the initial 
displacement and velocity were 

u{x,0) = 2 sin = 3 sin (96) 

We begin by seeking solutions of Eq. (94) of the form 

u - X(x) • T{t) or w = XT. (97) 


u 



A 




0 

X 

100 


Fig. 153. 

From Eqs. (97) and (94), by a procedure similar to that used 
to derive Eqs. (34), we find that 

d^X/dx^ __ d^T/dt^ _ 

X s^T ’ 

d^Y d^T 

^ + K^X = 0 and ^ + s^K^T = 0. (98) 

We have written the constant as —K"^, since it is negative in the 
case useful for our problem. The solution of Eqs. (98) by the 
method of Sec. 138 leads to 

u — (ci cos Kx + C2 sin Kx){cz cos Kst + C4 sin Kst). (99) 

The first condition of (95) will be satisfied if Ci = 0, and the 
second will be satisfied if 


sin lOOX = riTT, or K — (100) 

where n is any positive integer. In place of the products 
and C2C4 which go with a particular n, we write Cn and Z)„, respec- 
tively. Thus 

sin 1 C„ cos ^ 4- D„ sm h n = 1,2,3, • • • (101) 

are a set of terms each of which satisfies Eq. (94) and the bound- 
ary conditions (95). Hence, we put 
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00 

UiXyt) = 2/ 

n *s 1 


nvst , „ . nnst 

cos + £>. sm jgg 


) 


( 102 ) 


The initial conditions (96) will be satisfied if 


u(x,0) — 2 sin 


TTX 

50 




Cn sin 


mrx 

TO’ 


(103) 


n = 1 


and 


. / A\ n • T^x O mrs ^ . mrx 

ii,(x,0) = 3 sin 25 = 2^ jgg D, sin jgg- (104) 


w = 1 


Ordinarily at this point we would expand the given values of 
^(2^,0) and M((x,0) in Fourier sine series of period 2L, where L 
is the length of the string, by using Eq. (23). But here this is 
unnecessary, since the values are already Fourier sine series of 
period 200, of one term. Thus 


2 = C 


2» 


3 = jT) 

25 ’ 


or , C2 = 2, 


D, = (105) 

TTS 


and the other Cn and Dn are zero. On putting these values in 
Eq. (102), we find as the solution of our problem 


. . n . irX TTSt , 75 . TTX irst 

u(x,t) = 2 sm gg cos + - sm 25 cos ■ ( 106) 


166. Flow of Electricity in a Cable. When an electric current 
flows in a long cable, of series resistance /^(ohms per mile) and 
inductance L(henrys per mile), the loss of current due to the 

R Ax and L Ax 
in series 

X x+ Ax 

Q mmm i 

^ CAa; and GAx 

to grround 

Fiu. 154. 

imperfection of the insulation depends on the capacitance to 
ground C (farads per mile) and conductance to ground (r(mhos per 
mile). Note that each of the four quantities /?, L, (7, C is here 
taken per unit of length. If x (miles) is the distance along the 



422 PARTIAL DIFFERENTIAL EQUATIONS §166 

cable, the e.m.f. e (volts), and the current i (amperes)* will 
depend on x as well as on the time t (seconds). That is, 

e — e(x,t), i = (107) 

The e.m.f. decreases with distance in accord with the relation 


while the current decreases with distance in accord with 

These relations are consequences of the definition of the quanti- 
ties R, L, G, and C. 

If we make certain simplifying assumptions, the equations 
may be solved by methods previously discussed. Let us first put 
G = L = 0. In this case the equations become 

- = Ri and - = C (110) 

dx dx dt 


These are known as the telegraph equations, because they are 
approximately satisfied in telegraph signaling, where the leakage 
and inductance are negligible. By differentiating the first 
equation in ( 1 10) with respect to x, we may deduce that 


dV 


de 




( 111 ) 


Since the equation just written has the same form as the equation* 
for one dimensional heat flow [Eq. (71)], it may be solved by the 
methods for that equation discussed in Sec. 1G4. After e has 
been found, i may be found from the first equation in (110). 

We next put G = R = Q. In this case Eqs. (108) and (109) 
become 


de _ j. di 

^di 


and 


di _ n de 
dx di 


( 112 ) 


These are known as the radio equations, because they roughly 
approximate the situation when the frequencies are high, and the 

Electrical engineers habitually use i for current intensity and e for 
electromotive force and avoid confusion with the mathematical meaning 
of these syihbols by writing j for \/ — 1 and e for 2.71828 • • • . 
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terms in the time derivative are large compared with the undif- 
ferentiated terms. By differentiating the first equation in (112) 
with respect to x and the second with respect to t, we may deduce 
that 


= LC 
dx' 


(113) 


This has the same form as the equation for the vibrating string 
[Eq. (94)] and may be solved by the methods used for that equa- 
tion in Sec. 165. After e has been found, we may find the partial 
derivatives of i from Eqs. (112) and hence determine i by the 
procedure illustrated by Eqs. (34) to (38) of Sec. 82. 

167. References. Additional illustrations of the methods 
of this chapter will be found in Byerly’s Fourier Series and 
Spherical Harmonics, Carslaw’s Theory of the Conduction of Heat, 
and the author’s Differential Equations for Electrical Engineers. 

An introduction to the theory of Fourier series will be found in 
Chap. XIV of the author’s Treatise on Advanced Calculus. 

The simplest justification of the validity of the series solutions 
of partial differential equations rests on the theory of integral 
equations and will be found in such comprehensive works as 
Frank and Von Mises, Differential- und Integralgleichungen der 
Mechanik und Physik or Courant-IIilbert, Methoden der mathe- 
matischen Physik. 

EXERCISES XI 

Verify that, for any positive integer n, 


-I 

f c 1-p 

2 - L * 


2nxx , V . 2mrx 

cos (lx — X — sin — — 
p 2mr p 

2mrx , p 2mrx 

sm — — (lx = — TT— cos 


c + p 

C 


0 . 


c + p 


= 0. 


p 2nT p 

From Probs. 1 and 2 and the appropriate one of the relations: 


cos A cos B — ^[cos (A — B) -1- cos (A -|- 7^)], 

sin A sm B =‘ 2 [cos {A — B) — cos (A -f B)], 

sin A cos B = li^in (A -p 5) sin (A — jB)], 


deduce that for any positive integers k and n, 
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4 . 



. 2mrx . 

sin sm 

V 


2kirx 


dx — \i k 9 ^ n and 


6 . 



=.^» if k = n. 

. 2kTX 2mrx , ^ 

sin cos da: = 0. 

V V 


6. Using Probs. 1 and 2, deduce that the result of integrating Eq. (8) 
termwise from c to c + P is Eq. (9). 

7 . Using Probs. 1, 3, and 5, deduce that the result of multiplying 
Eq. (8) by cos {2mrx/p) and then integrating termwise from c to 
c + p is Eq. (10). 

8 . Using Probs. 2, 4, and 5 with k and n interchanged, deduce that 
the result of multiplying Eq. (8) by sin {2nTx/p) and then integrating 
termwise from c to c + p is Eq. (11). 


Find the Fourier series of period 27r which in the interval —ir<x<T 
represents 

9 . X. 10 . x^. 11 . X®. 12 . e*. 13 . x sin x. 14 . x cos x. 

16 . /(x) = IT if — TT < X < 0 and /(x) = 0if0<x<ir. 

16 . fix) = X if — TT < X < 0 and fix) = 0 if 0 < x < tt. 

Find the Fourier series of period 27r which in the interval 0 < x < 27r 
represents 

17 . X. 18 . x‘\ 19 . X®. 20 . e^. 21 . x sin x. 22 . x cos x. 

23 . fix) = TifO<x<x and fix) = 0, if tt < x < 2-7r. 

24 . fix) = xif0<x<x and fix) = 0, if ir < x < 2v. 

Find the Fourier series of period x which represents the periodic 
function 

26 . Isin x\. 26. Icos xl. 27 . sin"'^ x. 28 . cos* x. 

Verify that for 0 < x < L, 

29 . 1 = - 6 


5xx 


XX I 1 . 3xx , 1 . 1^/1 I 


) 


30 


XX 1 . 2xx , 1 . 3xx 


)■ 


XX , 1 3xx , 1 5xx , 

C 08 ^ + 35 C 0 S^+pC 08 -^ + 


2L / . 

I. X = I SI 

32 . From Probs. 29 and 30, deduce that for 0 < x < L, 

m 

Ax + B = - [(45 + 2LA) sin ^ 


)• 


2LA . 2xx 
2 L 


, 45 + 2LA . 3xx 

+ ^ “"TT 


2LA . 4xx , 
— sin -y- 4- 
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33 . Check the terms of Prob. 31, other than the constant term, by 
integrating the series of Prob. 29 termwise. 

By the method used in Probs. 3 and 4, verify that 

34 . cos cos dx = 0, if A; 7 «^ n and 

Jo L L 

= if A: = n. 

36 . f sin sin dx — 0, if k n and 

Jo L L 

= if A; = n. 

36 . Square both sides of Eq. (19) and integrate from 0 to L. Using 
Prob. 34 to evaluate the terms on the right, deduce that 

// U{x)]Hx = + I (a," + + • • • ). 

37 . Square both sides of Eq. (24) and integrate from 0 to L. Using 
Prob. 35 to evaluate the terms on the right, deduce that 

[m]Mx = I + 62^ + 53'^ + • • • ). 


38 , From Probs. 29 and 37 deduce the validity of the equation 

2 11 1 

— = — 4-— 4 + ■ ■ ■ and check this by putting X = 0 in Prob. 31. 

8 U 3^^ 52 

39 . From Probs. 30 and 37 deduce that 


6 


i+i+i+i+ 

p ^ 22 32 ^ 42 


40 . From Probs. 31 and 36 deduce that 


96 I* ' S* ' 5* ' 

A long rectangular plate has its surfaces insulated and the two long 
sides, as well as one of the short sides, maintained at 0°. Find an 
expression for the steady-state temperature U {x,y) if 

41 . The other short side, y = 0, is kept at 40° and is 30 cm. long. 

42 . t/(x,0) = 8x, and the short side is 6 cm. long. 

43 . U{x,0) = 2x — 4, and the short side is 4 cm. long. 

44. U(x,0) = 2 sin and the short side is 10 cm. long. 

46 . C/(x,0) = 5 sin ^ -b 3 sin and the short side is 12 cm. long. 
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46 . Uix,0) = c, and the short side is L cm, long. 

47 . U(x,0) = px, and the short side is L cm. long. 


48 . A rectangular plate is bounded by the lines x = 0, x = a, y = 0, 
y = b. Its surfaces are insulated, and the temperatures along the edges 
are 11(0, y) = 0, U{a,y) = 0, U{x,b) = 0, U{x,0) = f{x). By restrict- 
ing the constants in the expression (3G), deduce the particular solution 

that satisfies the first three conditions, Cn sin sinh 


a 


a 


where sinh means the hyperbolic sine of Sec. 4. 

49 . Using a series of the particular solutions of Prob. 48, find U{x,y) 
when/(x) = 100. 


Find U{r,0), the steady-state temperature distribution of a circular 
plate of radius a whose faces are insulated, if 

60 . a = 20 and U(20,d) = 1, if 0 < 0 < tt, and = 0, if — x < 0 < 0. 

61 . a = 15 and U(15,0) = 45 sin d + 450 sin 26. 

62 . a = 1 and U(l,d) =26, 0 < 6 < 2x. 


63 . A plate in the form of a circular sector is bounded by the lines 
6 = 0, 6 = a, r = a. Its surfaces are insulated, and the temperatures 
along the boundary are U{r,0) = 0, U{r,a) = 0, U{a,6) — f{6). By 
restricting the constants in the solution (51), deduce the particular solu- 
tion that satisfies the first two conditions, C,, sin r^n/a^ 

64 . Using a series of the particular solutions of Prob. 53, find U(r,6) 
if a = x/3 and/(0) = 100. 

66. A plate in the form of a ring is bounded by the lines r = 2, 
r = 4. Its surfaces are insulated, and the temperatures along the 
boundary are U{2,6) = 10 sin 0 + 0 cos 6, U{4:,6) = 17 sin 0+15 cos 0. 
Using a series of particular solutions of the following appropriate form, 
(Unr" + D„r~”) cos n6 + + F„r~”) sin n6, find the steady-state 

temperature in the ring, U(r,6). 

66 . Use Leibniz’s rule for the derivative of a product as stated in 
Prob. 19 of Exercises X (page 396) to show that each of the first a — 1 
derivatives of (x^ — 1)" = {x — l)”(x + 1)" is zero when x = 1 or —1. 

/ I 

-1 dx'* ~ dx”* ~ l)’'*dx 

/ I 

(x2 - I)" (x* - l)dx"‘, by integrating by parts n 

times and noting that each time the integrated part is zero at the limits 
by Prob, 56. 

68. Show that Pn(x)Pm(x)dx = 0, if m n. Hint: Use 
Rodrigues’s formula, P„(x) = (x^ — 1)«, Eq. (39) of Sec. 145, 
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to reduce the integral to a constant times the integral of Prob. 57. I^et 
n > m. Then m + w > 2m and since the term of highest degree in 
(3.2 _ i)m is its 2mth derivative is (2m) !, and its {m + n)th derivative 
is zero. 

2 

69. Show that J_^ [P„{z)]'^dx = 2n 1 

Prob. 58 and Prob. 57 with 7n = n leads to the simplified expression 
(-l)"(2n)! 71 

J-i ~ And by Eq. (55) of Sec. 

1 


100, we deduce 


+1 . 


(niy 


(x + 1)'‘(1 - x)»dx = - 22" 

J_^[x-ti)[l X) ax ^ r(2n + 2) “ ^ (2n + 1)! 

60. If /(x) is piecewise regular for —1 <x < 1, it may be represented 
l)y a series whose terms are (ionstants times the Legendre polynomials, 
fix) = A(Po(x) + AiP)(x) + A-iPAx) + • • • . With regard to con- 
vergence inside the interval and possibility of termwdse integration, the 
behavior is analogous to that for Fourier series described in Sec. 157. 
Following the procedure of that section, and using Probs. 58 and 59, 
show that 

j_^fix)Pnix)dx = and .i,. = j _J(x)Pn{x)dx. 

61 . Using Eq. (37) of Sec;. 145, verify that the value of P„ix)dx 

for n = 0, 1, 2, 3 is 1, 0, -H- 

62 . Use Probs. 60 and 61 to deduce that the development of a func- 
tion /(x) = 0for— l<a:<0 and 100 for 0 < j < 1 is 

100[i + IP Ax) - -.yPAx) -!-•••]. 

63 . By Eq. (99) of Sec. 150, y = ./o(«x) is a solution of the equation 

^ ^ ^ ^ ^ ^ We also note that 

z = Joibx) is a solution of ^ = —h'^xz. By multiplying the 

first equation by z and the second by —y and adding, deduce that 
^ ~ ~ ~ o‘^)a:f/2 and, by integrating this, show that 

[2^ — 1/ ^ = (62 _ a2) xyz dx. From Eq. (132) of Sec. 154, 

^ 1/0(3:)] = —Jiix), so that ^ = —aJi{ax) and similarly we deduce 
dz 

— = — 6./i(6x). From the relation between y and z found above, 


dx 

deduce tb 


/o 


xJ(,{ax)J oibx)dx = 


6/o(a)/i(6) — a/o(6)/i(a) 

62 - o2 
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64 . Show that if a» and are any two distinct roots of J oix) = 0> 

xJ o{otnX)J oiamX)dx = 0. Hint: Use the result of Prob. 63. 

66 . When 6 — > a, the limit of the fraction in the right member of the 
result of Prob. 63 may be found by differentiating numerator and 
denominator with respect to b and by putting h = a, hy I’Hospital’s rule 
of Sec. 16. Apply this process to the case when a = «„ is one root of 

Jo{x) = 0, and b —* a„, and so deduce that xJ o{anxYdx = }i[J i(an)]^. 

d 

66 . From Eq. (132) of Sec. 154, ^ [xJi{x)] = xJo{x). Deduce from 
this that ^ [x/i(ax)] = axJ^iax) and 


/« 


1 1 
xJo{ax)dx = - xJi(ax) 

(X 


-JM). 
a ' ' 


67 . If fix) is piecewise regular for 0 < a: < 1, it may be represented 
by a series whose terms are multiples of J o(ocn)x, where the a„ are the 
roots of Jo(x) = 0. Thus 

f(x) = AiJo(Q!ia^) + AifJ aioiix) + As/oCofsa:) + • • • . 

With regard to convergence inside the interval and possibility of term- 
wise integration the behavior is analogous to that for Fourier series 
described in Sec. 157. Following the procedure of that section, but 
multipljdng in an extra factor x and using Probs. 64 and 65, show that 

fix)xJ oia,^)dx = 

and 

2 

An = jo xfix)JoianX)dx. 

68. Use Prob. 66 to evaluate the integrals of Prob. 67 when/(x) = 1 , 
and so deduce that for 0 < x < 1 

2 Jojaix) _2 J oja^x) _2 J ojaix) , , . . 

~ CKi Jiiai) a2 J i(aj) ott J ifas) 

The ends A and J5 of a rod 50 cm. long have their temperatures kept 
at 0° and 100°, respectively, until the temperatures are indistinguishable 
from those for the steady state. At some time after this, there is a sud- 
den charge. Find the temperature of any point in the rod, Uix,t), as a 
function of x cm., the distance from A, and t sec., the time elapsed after 
the sudden change, if the new temperatures maintained at A and B are 

69 . 0° at A, 0° at B. 70 . 100° at A, 100° at B. 

71 . 0° at A, 50° at B. 72 . 50° at A, 0° at 5. 

73 . 25° at A, 76° at B. 74 . 50° at A, 150° at B. 
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Find the temperature of a point 12.5 cm. from A of the rod of Prob. 73, 
5 min. after the sudden change if 

75 . The rod is of silver, for which a® = 1.74. 

76 . The rod is of wrought iron, for which a* = 0.173. 

77 . The rod is of glass, for which o* = 0.00571. 

78 . The ends of a rod 60 cm. long are insulated so that dUjdx = 0 
at a: = 0 and dU/dx = 0 at a; = 60. Show that for any zero or integral 

tlTTX 

value of n, An cos e-o*n2»*</3.»oo jg ^ particular solution of Eq. (71) 
satisfying the end conditions. 

79 . Suppose that the rod of Prob. 78 had its temperatures kept at 0® 
and 180° until the steady state was approximated, and the ends were 
then suddenly insulated at < = 0. Derive the proper initial condition 
U (a;,0) = 3a; and, using a series of particular solutions of the type found 
in Prob. 78, find U{x,t). 

Find the displacement u{x,t) of a tightly stretched string of length a 
vibrating between fixed end points if the initial velocity was zero and the 
initial displacement w(x,0) was 

* . 5a X » . . TCX o 

80. p sm 81. p snr — • 82. apx — pa;*. 

2pa; „ a , ^ 2px a 

83 . if 0 < a; < and 2p — > if „ < a; < a. 

a 1 a z 


Find the displacement u{x,t) of a tightly stretched string of length a 
vibrating between fixed end points if the string was initially in the 
equilibrium position, u(x,0) = 0, and the initial velocity du/dt at 
< = 0 or Ut{x,0) was 

• 3ira: n.- • «« 

84 . q sin 86 . q sin’ — • 86 . aqx — qx^. 


87 . A cable is a miles long and has negligible L and G. Find e(x,t) 
and i{x,t) t sec. after the ends are grounded, if initially e(a;,0) = Ex/a, 
the steady-state condition due to one end being grounded and the other 
at the constant e.m.f. E. 

88. A cable is a miles long and has negligible L and G. Both ends 
are grounded, so that e(a;,0) = 0. But, at < = 0, the end a; = a is sud- 
denly connected to a constant e.m.f. E. Find e{x,t) and i{x,t). In par- 
ticular show that at the receiving end 


tX0,0 = 





)]. 
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89 . If, for the cable in Prob. 88, we take a = 3,142 = l,0007r miles, 
R = Z ohms/mile, and C = H microfarad/mile or H • 10“® farad/mile, 
show that after 2 sec. i(0,t) is about 73 per cent of its maximum value. 

90 . Neglecting R and G, find the current i{x,t) and the e.m.f. e{x,t) in 
a line a miles long, t sec. after the ends were suddenly grounded if 
initially f(a;,0) = /o, so that de/dt = 0 at ^ = 0, and e(x,0) = Ex/a, the 
steady-state condition due to one end’s being grounded and the other at 
potential E. 

91 . The equation for the flow of heat in a rod with radiating surfaces 


IS 


du 


a 




h\U — Uo). Show that if f/o = 0, for any value of 


dt ^ dx^ 

K, cos Kx -f D sin Kx) is a particular solution. 

92 . Find the temperature U{x,t) of the rod of Prob. 91 if f/o = 0, 
U{0,t) = U(l0,t) = 0, U{x,0) = X . Hint: Use a sum of particular 
solutions with C = 0, K = mr/\Q. 

93 . The differential equation of a vibrating string with viscous 

damping is — h Show that this has particular solu- 
tions of the form sin Kx + B cos Kx)(C sin -f- 7) cos Mt) if 

M = - (6V4). 


94 . The differential equation for the transverse vibrations of an 
S S 

elastic beam is El -1- m = 0. Show that this has particular 
solutions of the form 


(A sin Kx -f B cos Kx C sinh Kx -p D cosh Kx) 

X {E sin Mt -p F cos Mt), il M = 's/EI/m. 

96 . The differential equation for the vibrations of a membrane is 

I d'‘u d'^u Id/ du\ 1 d‘‘u , .i , , 

F' aT' = + a? “ ; dr P afj + ? ae>- following the method of 

Sec. 151, deduce as particular solutions of this equation the expression 
Jm(ar)(A cos rnd -p B sin md){C sin asl + Z) cos ast). 

96 . For the symmetrical vibrations of a circular membrane, the 
displacement depends on r and t only. If the membrane is fixed on the 
edge and has radius L, u{L,t) = 0. Show that the particular solutions 
of Prob. 95 which apply here are 


/( 


( oir,r\ f . anSt . anSt 

-jj j ( (7 sin -j p D cos 


where Jo(a„) = 0. 


L ' L 

97 . Suppose that the membrane of Prob. 96 was initially at rest, and 
its displacement was u{r,Qi) = f{r/L), where f{x) is the function of 
Prob. 67. Show that the displacement at any time is 

anSt 


u{r,t) = 2 cos ^ Jo (x)- 
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98 . In quantum mechanics, the energy levels are the values of E for 

which Schrodinger’s equation VV H — (E — T)^ = 0 has regular 

solutions. Let F = 0, and use the cylindrical coordinates of Prob. 
48 of Exercises VIII (page 331), For ^ dependent on 0 only, and r = a. 

show that the equation takes the form ^ E^. 

99 . Show that the last equation of Prob. 98 has solutions of period 
27r and, hence single-valued, of the form 

A cos 110 B sin n0 if E = n%^/8Thna^. 


100 . Suppose that F = 0 and we use the spherical coordinates of 
Eq. (110) of Sec. 124. Show that for ^ dependent on <f> only and r = a, 
the Schrodinger equation of Prob. 98 takes the form 


1 d 
aP- sin 0 d(f> 



Hirhn 


= 0 . 


101. Show that the equation of Prob. 97 has regular solutions 


\p — AF„ (cos 4>) if E 


n(n -f- l)h‘^ 
Sir'^ma- 



CHAPTER XII 


THE CALCULUS OF VARIATIONS AND 
LAGRANGE’S EQUATIONS 

In the simplest typical problem of the calculus of variations, 
we seek an unknown function y{x) for which the integral of a 
known function of x, y(x), and one or more derivatives of y{x), 
is a minimum. A necessary condition is given by Euler’s differ- 
ential equation, which we derive for this case. We indicate the 
nature of the condition when we are dealing with several func- 
tions or with multiple integrals. 



In many branches of physics variational methods may be used 
to give a succinct statement of general laws in a form readily 
applicable to any system of coordinates. To illustrate this we 
discuss Lagrange’s equations for the motion of a system of 
particles and their relation to Hamilton’s integral. 'We also 
describe the generalization to continuous mass distributions and 
use it to set up the partial differential equations that govern the 
elastic vibrations of strings, beams, and membranes. 

^168. The Least Value of an Integral. JuetF(x,y,y') be a given 
twice differentiable function of three variables. And let 

A = (a, a) 

and B = {h)$) be two fixed points in the xy plane. Then, if 

432 


$168 THE LEAST VALUE OF AN INTEGRAL 433 

A and B are joined by any curve C,y = f(x), we shall have 

a = /(a), = fib). (1) 

At each point Q of C, 

»' = I = fix). (2) 

Thus the curve C determines a value of 

/= F(x,y,y')dx = /V[x,/W,/'(x)]<ix. (3) 


Since I depends on C, its value \vill usually change when we 
replace C by a new curve joining A 
and B. We wish to study this var- 
iation of I with C, in particular as a 
means of finding for what curve C 
the integral / is a minimum (or a 
maximum). 

We tnay form a restricted set of 
varied curves, Cu, as follows. First select any curve 

y = <i>ix) such that <^(a) = 0 and * 4>{h) = 0. (4) 

Then for any value of the parameter u, the curve C„, 

Y = Yix) = fix) + u^ix), will have Y{a) =■ a and 

Yih) = (5) 

by Eqs. (1) and (4). Hence it will pass through A and B. On 
the curve C« of Eq. (5) 

r = ^ = f’{x) + U4.'{x). (6) 

For any value of u, we have a curve C« and may form the value of 
I along this curve by substituting the values from (5) and (6) in 

/(«) = j^F(.x,Y,Y')dx. (7) 

We shall next differentiate this function with respect to u. 
By Eq. (44) of Sec. 65 we may differentiate under the integral 
sign. As X does not contain u, we may consider Fix,Y,Y') as a 
composite function of the two variables Y and Y', each of which 
is a function of u, and apply the total derivative rule of Sec. 21. 
This gives 

dF dY' 

du dY du dY' du 



( 8 ) 
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But from Eqs. (5) and (6) we find 


dY BY' 

— = <,(x) and — = 


SO that 


BF BF BF 

s; = If + If'- 


Ft follows that 


=r[ 


^1 dx. 


Let us transform the second term by integrating by parts. 
AVe have 


i if' if[- I ■'■w s {if) 

The integrated part is zero because of the condition that 

0(a) = 0(6) = 0. 

Thus the new form of Eq. (11) is 


( 12 ) 


= i [if “ ^ (^')] 

Let us next suppose that there is a twice differentiable curve 
for which the value of 7 is least and that we take this as the 
curve C. Then the value of I on C, or 7(0), will be less than the 
value of 7 («) for any other curve C„. Hence 7 {u) will assume a 
minimum value for a = 0. As our continuity assumptions 
assure the continuity of dl/da, this will be zero at the minimum, 
or when w = 0. But when u = 0, from Eqs. (5) and {(Y),Y = y 
and F' = y'. Thus on putting u = 0 in (13), and 7'(0) = 0, we 
find 

■ »> 

Because the function 0(a:) is arbitrary, except for the end 
conditions, and the factor in brackets is continuous, we may 
conclude that the bracket is zero for every x such that a ^ x ^ b. 
For, if the bracket were positive at any point, there would be some 
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small interval including this point, say p < x < q, in which it 
remained positive. And, by taking the function of Fig. 157 
as the integrand of (14) would be zero except for p < a; < g, 
and positive for these values. Hence the integral would be 
positive and not zero as required. 

And, if the bracket were negative 
at any point, a similar contradic- 
tion would follow. Thus we 
have proved the theorem: 

If the integral I of (3) has a 
minimum (or a maximum) along 
any sufficientlif regular curve C joining A and B, with equation 
y — f(^)) Ihen y = f(x) will he a solution of the differential equation 



Fio. 157. 


dy 



(15) 


This is called Euler^s equation^ The partial derivatives are 
taken on the assumption that x, y, and y' are three independent 
variables. But in computing the derivative indicated by d/dx, 
we must recall that y — f(x) and y' = dy/dx = f'(x) are func- 
tions of x. If we carry out the x differentiation, we obtain the 
expanded form 


dF _ dW _ dW dy _ d^F d^y _ - . 

dy dx dy' dy dy' dx dy'^ dx^ ‘ ^ ^ 

This is a second-order differential equation. Hence its 
solution contains two arbitrary constants. These are to be 
determined by the requirement that the curve pass through the 
points A and B. 

Any curve corresponding to a solution of Euler’s equation, 
(15) or (16) is called an extremal. 

Even in simple problems, it may be impossible to pass an 
extremal through A and B for all possible positions. However, in 
many cases it is physically evident that there can be no maximum. 
In such cases if two points A and B are taken as the end of a 
sufficiently short arc of an extremal, this will be a minimizing arc. 

As an example, let us find the arc C that minimizes S, the area 
of the surface of revolution generated by the rotation of C about 
OX. This surface area is 


S = 2t y ds = 2 t y + y'^ dx. 


(17) 
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Since 8 will be least when <S/2 t is least, we take 

/ = a/I + 2/'^ dx, F{x,y,y') = y \/l + (18) 

It follows that 

yy 


dF _ /7~T' — 72 _ 

9v~ ^ ' »y' ~ Vl + 


(19) 


SO that Euler’s equation (15) is 


By the method of Sec. 136, Type II , we find successively 
Y = T^p 2 ’ log 2 / = i log (1 + p 2 ) log Co 


(lx 


= dy 

\/y^ 


Cl' 


( 21 ) 


From this the solution is found as 


X = Cl cosh“i — + C2 

Cl 


or y = Cl cosh - - - (22) 


Thus the extremals are catenaries, with base the axis of x. 

If a and j8 are not too small compared with 
h — a, the constants ci and C 2 can be found 
^ which make (22) pass through A and B and 
provide the minimizing arc. 

169. Higher Derivatives, Several Vari- 
ables. The Euler equation which gives a 
2 ~X necessary condition for 



Fig. 158. 

to be a minimum is 


I = F{^,y,y',y")dx (23) 


^ (^\ - 
7 dx^ \dy"} 


dy dx \dy'/ dx^ \dy 


0 . 


(24) 


This is obtained by applying two integrations by parts to the 
additional term 
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and applying the additional restriction to 4>{x) that <^'(a) = 0 
and <^'(6) = 0, so that both integrated parts vanish. 

If the integral depends on two functions, as 


I = F{x,y,z,y' ,z')dx, 

there are two Euler equations, 


(2B) 


d { dF 


- 




0 and 


^ _ d (d^ 


0. (27) 


^ _ 

dy dx \dy'J '' dz dx \dz' 

To derive these, introduce two functions <f>(x) and ^(x) and two 
parameters u and v, and put 


Y = y + u<i>{x), Z = z + v^{x). (28) 

Substitution of these in Eq. (26) makes I{u,v) a function of 
the two parameters u and v. A necessary condition for a mini- 
mum is that dl/du — 0 and dl/dv = 0, and on treating each of 
these as we did du/dl = 0 in Sec. 168, Eqs. (27) are obtained. 

The Euler equations for an integral containing any number 
of dependent variables, and higher derivatives of any order, may 
be found by similar methods or written down by analogy. 

170. Variational Notation. Since y = f(x), Eq. (5) may be 
written 

Y — y u(f){x) or Y — y — ii<j>{x). (29) 

'rhe difference Y — y or QQu in Fig. 155 is the change in Y, 
starting from y, the value for u = 0. Hence u<f){x) = Y — y is 
called the variation of y and is denoted by hy. It may also be 
defined as the differential of F, for differentiation with respect 
to w at M = 0. For, at w = 0, dw = — 0 = w and 


du 


= <t>{x), so that 




(f>(x)u = by. 


Again, since y' = f'(x), Eq. (6) may be written 

Y' = y' -Y u<f>'(x) or Y' — y' = u<t>'(x). 


(30) 

(31) 
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The term u^'(x) = Y' — y' is the variation of y' and is denoted 
by by'. It is the differential of Y', for u differentiation, at 
w = 0. For, at w = 0, dw = w and 

dY' /dV'\ 

= <f>'{x), so that { "^] du = ^'{x)u = by'. (32) 

It follows from the definitions that 


d{^y) 

dx 



or 


m = 5(;v'). 


(33) 


That is, the operators b and d/dx are commutative. 

Jbe variations of y" and the higher derivatives of y are 
defined similarly. 

For any function of x,y and its derivatives the variation is 
defined as the total differential for differentiation with respect 
to w at w = 0. Hence from Sec. 21, for F{x,y,y'), 


bF = 


dF . , dF . , 


(34) 


From Eq. (13) we find as the value of 8I = {dl /du)u^(4u, 


81 


=f 


Idy 


±(lF 

dx \dy 


0 ] 


8y dx, 


(36) 


when the variations at the end points are zero. 

For the I of Eq. (23), whose integrand is F(x,y,y',y"), 

ia [ay dx\dy') da;'“\ay"/J ^ ^ ^ 


when the variations are restricted as indicated after Eq. (25). 

Let us next consider the / of Eq. (26), whose integrand is 
F{x,y,z,y',z'), containing the two independent variables y and z. 
We recall Eqs. (28) and define the variations as total differ- 
entials, formed for differentiation with respect to the inde- 
pendent variables u and i;, at w = 0, r = 0 where du — u and 
dv = V. Hence 


by — Uipix), by' = u<t>'{x), 8z = v\p{x), 
And for the function F{x,y,z,y' ,z') we have 


8z' = v^'{x). 

(37) 


dF ^ . dF 


dF ^ , dF 
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For I, the integral of such a function, 

when 8y and 8z are zero at the end points. 

It is sometimes convenient to introduce a new parameter t as 
the independent variable and to regard x and y (or x, y, and z) 
as the dependent variables. Thus consider the integrand 
F{x,y,y'). If we use dots for the t derivatives, we may write 

y' = i and F(x,y,y')dx = F (^,y, x dt. (40) 

Let X — a when t = ti, x = b when t = and put 


Then 


H{x,y,x,y) = F [x,y, x. 
F{x,y,y')dx = H{x,y 


H{x,y,x,y)dt. 


(41) 

(42) 


And by Eq. (39), with x,y,z replaced by t,x,y,'Mve have 


for 8x and 8y zero at h and ti. 

171. Constraints. We sometimes desire to minimize the 
integral 

I = F(x,y,y')dx, (44) 

taken between fixed end points, while keeping a second integral 
constant, 

G{x,y,y')dx ^ K. (45) 

In such a case, as shown in Prob. 51, the desired curves satisfy 
the Euler equation for minimizing 

j[' W(x,y,y') - >CI{x,y,y')\ix, 


(46) 
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where X is a constant. From Eq. (15) the condition is 

dF .dG d (dF\ , ^ d (dG\ ^ 

By ^dy dx\dy')'^^dx\dy') 

In this case the values of the two constants of integration and 

the constant X are determined by the 
three conditions that the curve pass 
through the fixed end points and that 
the second integral J have the given con- 
stant value K. 

As an example, let us find the arc C 
of given length L which minimizes S, the 
area of the surface of revolution gen- 
erated by the rotation of C about OX. 
From Eqs. (17) and (18) we see that we 
are to make 

/ = ^ = / y \/l + y'^ dx 

fb 

a minimum for / \/l y'^ dx — L. (48) 

The extremals satisfy Euler’s equation for 



(y - X) \/i + y'^dx, 


or 

vr+T^ - 


A. r (y ~ '^)y' ~ 

dx [y’l -f. 


= 0 or 

!+»'*- 


(v - = 0. 


(49) 


(50) 


By steps analogous to (21) and (22), with 2 / — X in place of y, 
we find 


2 / = X -b Cl co.sh 


X — C2 
Cl 


(51) 


Thus the extremals are catenaries, with base lines parallel to the 
axis of X. Minimizing catenaries may be found if L is greater 
than the distance between the end points and is not too large. 

Only slight modifications are necessary if there are more 
constraints, or more independent variables. For example, to 
minimize 

F{x,y,z,y',z')dx 


(52) 
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taken between fixed end points, while keeping constant 

j^G(x,y,z,y',z')dx = K and H{x,y,z,y',z')dx = L, (53) 

we use the two Euler equations (27) formed for the integral 

[F(x,y,z,y',z') - \G{x,y,z,y',z') - nH{x,y,z,y',z')]dx. (54) 

When there are two independent variables, the constraint may 
not involve an integral. Thus we may desire to minimize 

I = F{x,y,z,y',z')dx '(55) 

taken between fixed end points, while x,y,z satisfy the relation 

G{x,y,z) = 0. (56) 

In this case, as shown in Prob. 54, the desired curves satisfy the 
Piuler equations (27) formed for the integral 

[F{x,y,z,y',z') - 'K{x)G(x,y,z)]dx, (57) 

where \{x) is a function of the independent variable, here x. That 
is, 



As an example, let us find the arc C joining two points on the 
sphere x"^ + y^ z^ = a^ whose length is a minimum. Here it is 
convenient to introduce a parameter t and use dots for t deriva- 
tives, as in Eq. (40), so that we are to make 

y/ x^ y^ z^ dt a minimum while x^ y^ ^ 0. 

(59) 

The extremals satisfy the Euler equations for 


+ 2" - Ht)(x^ + 1/2 -f 22 _ (60) 



§172 


442 CALCULUS OF VARIATIONS 

The first of the three equations is 

= or 

-2M<)x-^(|) = 0. (61) 

And the other two equations may be reduced to 

^ (g) = 0. (62) 

Elimination of \{t) from the equations in x and y leads to the 
relation 

This gives the integral 

dx dy j dx dz 

ds ’ ds ds 


follows by applying the same process to the equations in x and z. 
We may deduce from Eqs. (64) that 



(65) 


and it follows by integration that 

C2^ = Cl - + C3, or csa; — C2y + Ci2 = 0. (66) 

X X 

As this has no constant term, it is a plane through the origin or 
center of the sphere x^ y^ Hence it cuts the sphere 

in a great circle to give the minimizing arc. 

172. Hamilton’s Principle. In a conservative force field, as 
defined in Sec. 122, there is a potential energy function lJ{x,y,z) 
whose partial derivatives, prefixed by a minus sign, equal the 
components of force acting on a particle at Xfy,z. Hence by 
Newton’s law, the equations of motion for a particle of mass m 
in the field are 
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For any conservative mechanical system, with kinetic energy 
T and potential energy U, the difference 

L = T - U (68) 

is called the Lagrangian function. The integral of this function 
with respect to the time t between two fixed limits is known as 
Hamilton's integral, 

I = r^Ldt = C' {T - U)dt. (69) 

Jfl Jt\ 

For the motion of one particle described above, 

r = f “ I (i* + S' + i-‘) u = U{x,y,i), (70) 

SO that 

^ ^ ft j dt. (71) 

Consider the problem of making this integral, a function of 
the independent variable t and three dependent variables x,y,z, a 
minimum, when the variations 5a;, dy, 8z are zero at the end points. 
The extremals satisfy three Euler equations similar to (27). 
The first is 



This may be rewritten as 


d^x dlJ 


(73) 


which is the first of Eqs. (67). Similarly the Euler equations 
for y and z are, essentially, the second and third equations in 
(67). For the case of one particle, this proves Hamilton's 
principle: 

The equations of motion define an extremal for the problem of 
minimizing Hamilton's integral (69). 

Suppose, next, that the particle in the force field is con- 
strained to lie on a surface whose equation is 

(74) 

by additional forces normal to the surface, with components 

^dF ^ dF .dF 

— A -r — ) — \ -^} — A 

dx dy dz 


( 76 ) 
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Then the equations of motion become 

d'^x dU ^ dF d^y dll 

^ dt^ dx dx’ ^ dt^ dy 

dH 
^dF 

Here the variable X is to be so determined that Eq. (74) is satis- 
fied. That is, the normal forces are exactly those required 
to keep the path in the surface. Since the path is in the surface, 
by Sec. 49, 

— dx + dy -h — dz = 0. (77) 

dx dy dz 

Hence, by Sec. 122, the work done by the normal forces is zero, 
and they do not affect the potential energy. Thus Hamilton’s 
integral (69) again takes the form (71). 

Now consider the problem of making this integral a minimum, 
with variations zero at the end points, subject to the constraint 
(74). By analogy with (57), the Euler equations are found as 
those for the integral 

r J (i* + t + 2’) - - X(0F(*,!/,2)] ‘H. (78) 

But these are found to be equivalent to Eqs. (76), the equations 
of motion for our problem. 

Similar calculations show that Hamilton’s principle is valid 
for systems of particles, acted on by any combination of con- 
servative forces and constraining forces that do no work. For 
rigid bodies the laws of motion and the definition of energy are 
obtained by replacing the sums that appear in the discussion of 
a set of particles by integrals in the continuous case. When 
this has been done, it is again found that Hamilton’s principle 
leads to the equations of motion. 

173. Lagrange’s Equations. Suppose that a function of 
several variables has its partial derivatives with respect to each 
of these variables equal to zero for a particular set of values, 
e.g., at Pq = (a;o,?/o,2o) for three variables x,y,z. Then this 
will be the case for the partial derivatives with respect to any 
new set of variables for the corresponding set of values, e.g., at 
jPo = (9io,(?2o,93o), for new variables qi, q^, qz and 

?to = /i(aJo,?/o,2o) obtained from qi = fi(x,y,z). 



(79) 
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BF _ ^ dF By BF Bz , , 

Bqi Bx Bqi By Bqi Bz Bqi 

obtained in Sec. 24. 

Similarly, if an integral has its variations equal to zero along 
a particular curve for one set of coordinates, these will be zero 
along that same curve for any other set of coordinates. This 
property of the variations, and Hamilton’s principle, enable us to 
set up the equations of motion for a conservative mechanical 
system in any system of coordinates. We need merely express 
the Lagrangian function T — U in the new coordinates and write 
down the Euler equations for minimizing Hamilton’s integral. 
When the system has n degrees of freedom, it is convenient to 
use n independent coordinates, often denoted by qi, qi, 

Then 


T - U = L(qi,q 2 , • - ‘ ,qn; qiAi, ' • * An) or 

And the Euler equation for the /cth coordinate is 

BL d ( BL 




L{Qk)Qk)- 

(81) 


(82) 


Bqk dt \Bqk/ 

The qk are called Lagrangian or generalized coordinates, and 
Eqs. (82) are Lagrange’s equations. 

For example, suppose a particle is moving on a sphere 

3;2 ^2 = 

under no forces. For the spherical polar coordinates r, <t>, 6, on 
the sphere r = a and 

X — a cos 6 sin <i>, y = a sin 6 sin <j>, z = a cos <(>. (83) 

Also from 

ds^ — a^(d<f>^ 4- sin^ <{> dd^), , = s- = + sin^ (84) 

Since there are no forces, 17 = 0 and 


L = T = aH<l,^ + sin^ 4,6^). 


(85) 


Hence we may take ^ and d as the two Lagrangian coordinates. 
And the equations of motion (82) for them are 

BL ^ ^ ^ , aL 


d(f> dt \d(f) 


0 


and 


BO 


d f aL\ 


0 . ( 86 ) 
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Using the value of L from (85), we may reduce these to 

sin (j) cos 6 ^ — 0, ~ ^ ~ 

From the second equation, by integration 

sin^ <j) ^ = h, or 6 = h csc^ <t). (88) 

On substituting this in the first equation of (87), it becomes 


=0, or 2<j>^- 2h:^ cot csc^ <!><}> = 0. (89) 

sm® <f> 

By integrating this with respect to t, we find 

-f /,2 cot2 <p = (90) 

From this and Eqs. (88) and (84) we may deduce that 

h'^ csc^ <f> = <l>'^ -V siii^ <1)0'^ = (91) 

(X 


This shows that .s, the velocity in the path, is constant. 

To find the path itself, we deduce from (88) and .(90) that 


d6 = h csc^ <t) (it = 


± h CSC' <j> d<f> 
— h‘^ coU 0 


(92) 


From this, by integration, with c-i = A’ + tt for tlu' plus sign, 


„ . , h cot <t> , , 

e = sm-i + A-, 


h cot 0 = c sin {d — k). (93) 


This may be written 

ha cos <l) = ca sin 6 sin 0 cos k — ca cos 9 sin 0 sin k, (94) 
or by Eq. (83) 

hz = c cos k y — c sin k x. (95) 

This is the equation of a plane through the origin, the center of 
the sphere, and shows that the paths are great circles. 

174. Multiple or Repeated Integrals. Suppose that 

F{x,y,z,p,q) 

is a twice differentiable function of five variables. The depend- 
ent variable 2 Is a function of x and y, and p — dz/dx, q — dz/dy. 
We wish to study the variation of the integral 

j^F{x,y,z,p,q)dxdy, 


(96) 
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over a surface S restricted to pass through a fixed boundary 
curve B, and in particular as a means of finding for what surface 
8 the integral is a minimum. 

Our procedure is similar to that used for the simple integral (3) 
in Sec. 168. We first select any surface 

z — <t>{x,y) such that = 0 on the curve Bi, (97) 

the projection of the curve B in the xy plane. Then if z{x,y) 
])asses through B, for any u the surface Sn given by 

Z{x,y) = z{x,y) + u<l>{x,y) (98) 

wall also pass through B. On this surface 


P r ^ 

^ = to “ 


and Q 


dZ 

dy 


= 7 + ( 99 ) 


and our integral is 

I = UP{x,y,Z,P,Q)dx dy. 
Differentiation under the integral sign leads to 


d/ 

du 


- im 


A + * 4. 


S‘) 


dx dy. 


( 100 ) 


( 101 ) 


We next deduce from the rule for integration by parts that 


and 




When these are applied to the parts of the integral (101), with 
the repeated integration taken in the appropriate order, the 
integrated parts drop out since they are to be computed at points 
on the boundary curve in the xy plane Bi, where ^{x,y) == 0. 
Hence Eq. (101) may be reduced to 


du 



9 fdF\ d fdF\] ^ , ..... 


d 

dx 


When u = 0, Z ~ z, P = p, Q — q. And by multiplying the 
value of the derivation dl/du when w = 0 by du = u — 0 — u 
and writing 8z for u,<f>, we find 


81 


= / / [^ - £ O - 4 (I)] 
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If z{x,y) is the surface for which I is least, 81 = 0 for arbitrary 
8z. Since the bracket is continuous, it follows that the bracket 
must be zero. Hence a necessary condition for a minimum is 



This is the Euler equation for our problem, and any surface 
corresponding to a solution of this equation is an extremal. 

In Eq. (106), the derivatives with respect to z, p, and q are 
calculated with x,y,z,p,q as five independent variables and 
the other four held fast. But the differentiations with respect 
to X and y are calculated with x and y as the two independent 
variables, and z = z{x,y)^ p = dz/dx, q = dz/dy all functions of 
x and y. 

The conditions for more independent variables, or higher 
derivatives, are of a similar nature to those given in Sec. 169. 
For example, if F involved the derivatives 


_ j 

^ dx‘^’ ^ dx dy dy^’ 

the Euler equation would be 


(107) 


^ _ ±(dF\ _ ^ ^ 

dz dx\dp/ dy\dq) dx^\dr/ 



(108) 


When there are several dependent variables, there is a separate 
equation for each dependent variable. 

As an example, the condition that the Dirichlet integral 


///[(!)■ 4S)' 


+ 


da: dy dz 


be a minimum is 


ax\ dx) 9y\ ay) az\ dz ) ’ 

or 

d^u d^u _ 

dx^ dy^ dz^ 
which is Laplace’s equation. 


(109) 


( 110 ) 

( 111 ) 
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We may express the Dirichlet integral (109) in spherical polar 
coordinates by noting that 

I = JJJlVC7|2dF = JJ/lVf/lV sin dr d<i> dd, (112) 

and by inserting the value of VU given in Eq. (108) of Sec. 124. 
The result is 




+ 


r* sin^ <f> 


©'] 


sin <t> 
dr d<i> dd. (113) 


In forming the Euler equation for this integral, we must take 
into account the factor r^ sin <l>. Doing this we find 


£ 

dr 


sin sin 4- ) 


_ 

dd \sin <i> dd J 


= 0 , 


or 


sin <f> 


dr 


( ^ d ( . ^dU\ 


+ 


sin <i> dd^ 


= 0 . 


(114) 

(115) 


To see the exact relation of the left members of Eqs. (Ill) 
and (115), let us denote the former by A and the latter by B. 
Then 


81 = /JJ - 2A SU dx dy dz = /// - 2B 8U dr d<f> dd. (116) 

We may equate the two values of 5/ if 617 is formed with the same 
parameter and the same function, expressed first in x,y,z and then 
in r,<f),d coordinates, since the total derivative of a composite 
function does not depend on the intermediate variables used to 
compute it. But by changing coordinates in the triple integral, 

JJJ — 2A 8U dxdy dz = — 2A 8U r"^ sin dr d<i> dd. (117) 

Hence, from Eqs. (116) and (117), we may conclude that 

JJJ - 2(Ar2 sin <t> - B)hU dr d<t>dd = 0 (118) 

for arbitrary 817. It follows that 

Ar2 sin B = 0, and A = B. (119) 

Combined with the values of A from Eq. (Ill) and B from 
Eq. (115), this checks Eq. (110) of Sec. 124. 
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176. Vibrations of Material Systems. The deduction of 
Hamilton’s principle from Newton’s law of motion for systems of 
particles and rigid bodies was sketched in Secs. 172 and 173. 
One way of extending the laws of mechanics to nonrigid systems 
is to give a suitable interpretation to the kinetic and potential 
energies and accept Hamilton’s principle as the basic law. We 
may then apply it for any system of coordinates as in Sec. 173. 



Fig. 160. 

We proceed to give some illustrations of this point of view as 
applied to vibrating systems. 

Example 1. The Vibrating String. Consider a taut string, 
of length L ft., vibrating between fixed end points. Let u{x,t) 
be the small longitudinal displacement at time i of a point at 
x,0 in the equilibrium position. Let m = D/g be the density 
in slugs per foot and T be the tension in pounds. When a 
portion of the string of length dx is stretched to a length ds, the 
work done is T(ds — dx). We assume that the slope dufdx — Ux 
is small. Then 

~ — \/ 1 + Ux^ =1 + 2 

ds = da: + i UxHx, (120) 

if we neglect terms of higher order in Ux. Hence the work is 

T f^T 

T{ds — dx) = UxHx, so that / ^ UxHx (121) 

^ Jo ^ 

is the potential energy. 

The portion of the string over dx has a mass m dx and velocity 
du/dt = Ut. Hence the kinetic energy is the integral of }^mui^dx. 
This leads to the Hamilton’s integral of our problem as 

f'dt r u? - I dx, (122) 



§175 VIBRATIONS OF MATERIAL SYSTEMS 451 

which is equivalent to a double integral in x and t. The Euler 
equation for minimizing this is 


— — {mut) — T- ( — Twi) = 0, or —muu + Tu^x = 0. (123) 

ot OX 

Hence the equation for the vibrating string may be written 


m 


d^u 

dt^ 


T 

dx‘^ 


or 


d^u _ 1 d'^u 
dx^ dP 


(124) 


0 


u{x,t) 


if s = -s/T/m = \/Tg/D, and so has the dimensions of velocity, 
feet per second. 

Example 2. The Vibrating 
Beam. The potential energy 
of a bent beam is EI/2p‘^ per 
unit length, where p is the ra- 
dius of curvature. If the lon- 
gitudinal displacement of the 
beam is u{x,t), for small displacements the curvature is approxi- 
mately dhi/dx^ — Uxx- And, since we may approximate ds by 
dx, the potential energy is 


Fig. 161 . 


/. 


^EI 


c% ^xx dx» 
0 ^ 


(125) 


If the beam is of density m slugs/ft., and x is in feet, the kinetic 
energy is the integral of }y' 2 mut^dx. Thus, the Hamilton’s 
integral of our problem is 

jt Jo (? 

The Euler equation for minimizing the equivalent double integral 
in X and t is 


— (mui) -f ^ ( — EIuxx) = 0, or — - EIuxxxx — 0. (127) 
ot OX 

Hence the equation for the vibrating beam is 


m 


d^u 


+“S-« 


(128) 


In this equation, with m in slugs per foot, x in feet, t in seconds 
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and El in pounds per square foot times feet to the fourth power 
or in pounds times square feet, we may measure u either in feet 
or in inches. But we must convert El if given in pounds times 
square inches. 

Example 3. The Vibrating Membrane. Consider a taut 
membrane with fixed boundary B, such as a drumhead. Let the 



tension across any internal arc be T 
lb. per unit length. Then the work 
done in stretching an area A to an area 
A'isT{A' - A). 

We may make this plausible by 
considering the special case of the 
oval of Fig. 162, originally of length s 


PiQ. 162 . area A, enlarged by having each 


point moved a distance dn along the 


outer normal. The work per unit length is T the force times dn 


the distance, hence for the length s, the work is 


sT dn — T{s dn) = T dA, since dA = s dn. (129) 

Let the equilibrium position of the taut membrane be the 
xy plane and u{x,y,t) be the small transverse displacements. By 
Sec. 57, the element of stretched area is 

dS = sec T dx dy, where sec 7 = \/l + -|- Uy^ 

= 14" + • • • . (130) 

Hence to terms of the second order in Ux and Uy, 


dS — dxdy = (sec 7 — '^)dx dy = + Uy^)dx dy. (131) 


Multiplied by T, this gives the work of stretching the element of 
area dx dy. Integration then gives the total work, or potential 
energy, as 


+ Uy^)dx dy. 


(132) 


The kinetic energy is the integral of }imutHx dy. Thus Hamil- 
ton’s integral for this problem is 



T 

^ 4” Uy 


dx dy. 


(133) 


The double integral in (132) and (133) is taken over the area 



§176 


EXERCISES XII 


453 


bounded by B. The Euler equation for the triple integral in 
f,x,y equivalent to (133) is 

— mutt “b Tuxx "b Tuyy = 0. (134) 

Hence the equation for the vibrating membrane is 



176. References. For a more extensive treatment of that 
portion of the calculus of variations which is of interest in 
applied mathematics, we refer to Hilbert-Courant, Methoden der 
mathematischen Physik. 

The Rayleigh or energy method of computing characteristic 
frequencies is a useful application of variational methods and 
Hamilton’s principle. It is described in Temple and Bickley’s 
Rayleigh’s Principle and Its Applications to Engineering. 

G. A. Bliss’s Cams Monograph on the Calculus of Variations 
provides an elementary treatment of the subject as a branch of 
pure mathematics and a possible introduction to such compre- 
hensive treatises as those of Bolza, Tonelli, and Hadamard. 

EXERCISES XII 

On any surface, the line of shortest length joining two points may be 
found by minimizing / ds. The extremals for this problem are called 
geodesics. Find them 

1. On a plane, taking i ds — f \/l y'^ dx. 

2. On a plane, taking f ds = f -s / 1 + {dd/drp dr. 

3. On the cylinder A y‘‘ = <A, taking x = a cos u, y = a sin u, 
z = V so that ds = / x/a^ + {dv/duY du. 

4. On the sphere + z'^ = using spherical coordinates so that 

/ ds = / \/l + sin* 4>{d6/d^y^ d<l>. 

6. On the cone x* + y* = z* tan* A, taking x = u cos v, y = u sin v, 

z = u cot A so that / ds = / -x/ esc* A + w*(dv/dw)* du. 

6. On a surface for which / ds = f -\/'u[l -b [dv/dup] du. 

7. On the helicoid, x = tt cos r, y = w sin y, 2 = kv, so that the length 

/ ds = / \/i -b (w* + k'^){dv/duY du. Merely indicate the last in- 
tegration. 

8. On the catenoid of revolution, x = u cos v, y = u sin v, z = cosh"* u, 

so that / ds = /w \/l/w* — 1 -b (dv/dup du. Merely indicate the 
last integration. 
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9. On the surface of revolution, x u cos v, y = u sin v, z = f{u), so 

that / ds = / \/l 4- [/'(w)]^ + u\dv/duY du. Merely indicate the last 
integration. 

10. By Sec. 56, on any surface ds^ = E du^ + 2F dudb +G dv'\ 
Show that the geodesics satisfy the second order differential equation 

d / F + Gv' \ _ + 2Fy + Gy ^ 

du \^E~+Wv' + Gv^y ~ 2 + Gi/-^' 

where primes mean u derivatives and subscripts pai'tial derivatives. 

If either variable x or y does not appear explicitly in the integrand of 
Eq. (3), a first integral of Euler’s equation may be found. Specifically, 
show that the extremals for 


. dF 

11. F{x,y')dx satisfy = Ci. Problems 1 to 9 provide examples 
of this. 

dF 

12. F{y,y')dx satisfy F — y' ^ = C 2 . Hint: Verify the relation 

d(v^ ,(^P d dF\ 

dx\ ^ dy') \dy dxdy')' 


y' = C 2 . Hint: Verify the relation 


13. Check Prob. 12 by writing f F{y,y')dx = f F (v, ^ dy 

and using Prob. 11 with x and y interchanged. 

14. Show that for the integral of Prob. 1, Probs. 11 and 12 lead to. 
the same first integral. 

16. Check Prob. 2 by taking / ds = f ■\/ (dr/ddy + dd, and using 
Prob. 12. 

16. Check Prob. 4 by taking / ds = / V {dd>/ddy + sin^ d> dd, andi 
using Prob. 12. 

17. Check Eq. (21) by applying Prob. 12 to the integral of Eq. (18). 

18. A ray of light moves between two fixed points in the xy plane 
with variable velocity, v{x,y). By Fermat’s law, its travel time is a 

minimum. Verify that the travel time is f — — f — F — dx, 

J V J v{x,y) ' 

and that the paths are determined by j-^^2 “ ^ "I" ^ 

19. Suppose that, in Prob. 18, v{x,y) = f(x). Apply Prob. 11 to 


derive the first integral 


/\/l 

y - k = j 


= Cl = and the final solution 
f dx 

Vh^ -J 
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Use Prob. 19 to complete the solution of Prob. 18 if the velocity 
v{x,y) =/(x) = 


20. 1. 21. X. 22. \/x. 23. 1/x. 24. l/\/x. 

26. Suppose that, in Prob. 18, v{x,y) = g(y). Apply Prob. 12 to 
derive the first integral ^=1==^ = d = t) and the final solution 

gV^ + y^ " 


X -- k = 


I 


gdy 

V'h^ - g^' 


Use Prob. 25 to complete the solution of Prob. 18 if the velocity 
v{x,y) = g{y) = 


26. 1. 27. y. 28. •%/?/. 29. l/y. 30. Ify/y. 


31. In the brachystochrone problem it is required to find the 
curve joining 0 and B such that a body, starting from rest and sliding 
under gravity, will reach B in least time. With the y axis downward, 
v = ^/2gy. Find the extremals. Hint: The time may be expressed as 


f ^ 
J V 


/ 


\/l +J/^^ 
V2gy 


dx, and Prob. 12 is applicable. 


dP 30 f 

32. By Sec. 82, if I = j {P + Qy')dx taken between 

fixed end points is independent of the path and .so has a variation zero. 
Show that in this case the Euler equation reduces to an identity, 0 = 0. 


Verify the conclusion of Prob. 32 directly for 

33. /()/ + xy')dx. 34. /(x + yy')dx. 

36. /(y2 + 2x7/7/)dx. 36. [yHj'dx. 

31 . From Prob. 32, deduce that in setting up Euler’s equation, we 
may omit any terms from the integral which, collectively, make up an 
exact integral. 

Find the extremals when minimizing 
38. j{y'^ + y‘^)dx. 39. fiy"^ + y^)dx. 40. -f z‘^)dx, 

41. Carry out in detail the derivation of Eq. (39) from first princi- 
ples, and use it to obtain the Euler equations (27). 

42. Show that the variation of / = fF{x,y,z,y',z\y",z*')dx is the sum 
of two terms, one like the right member of Eq. (36) and another obtained 
from this by replacing y by z. Use this to obtain two Euler equations, 
similar in form to Eq. (24). 
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When the end points are not fixed, derive the relations 


+ 


/■•[g-i©]-.* 


['> dF 

13. 5 I F(x,y,v')dx Laj 

dG dG 1^^ 

44 . 8 G(,x,y,x,y)dt = ^ ^ 

46 . Suppose that the end point B in Fig. 155 is not fixed but is 
restricted to lie on a curve Kb. Noting that a minimizing curve C 
would have to be a minimizing curve when the end point B was fixed at 
the right place on Kb, show that the Euler equation (15) is still satisfied. 

46 . From Probs. 1 and 45, the curve C joining a fixed point A with a 
point on a curve Kb and having least length must be a straight line seg- 
ment, with y' = Cl. If Kb is the line x = 6, by applying Prob. 43 with 

hy' 


F = "s/l -p y'"^, deduce the further condition 


/2 


= 0, or since 


a. 


Vl + 2/ 

8y at h is now arbitrary, y' = Ci — 0. Hence the extremal is y 
the line through A parallel to the x axis, or perpendicular to Kb. 

47 . If in P rob. 4 6 the fixed curve Kb is H{x,y) = 0, from Prob. 44 
with G — '^x^ A- deduce the further condition 


3x X -p dy y 
\/x^ + y^ 


= 0. Since, at i 2 , 8x and By are now arbitrary except 


8y 




V 


8x 


for the condition 8x Hx A- Sy Hy, -^ = — jj~ and A = — so that 

at tn, or B, the straight line C is perpendicular to Kb. 

48 . If in Prob. 18 the end point B is not fixed but restricted to lie 

on a curve K b, show that the path C is perpendicular to Kjj at K. Hint : 
Reason as in Prob. 47. * 

49 . Draw conclusions similar to those of Probs. 47 and 48 for the case 
when B is fixed and A lies on a curve Ka, or when A lies on Ka and B 
lies on Kb. In the first case C is the extremal through B perpendicular 
to Ka at A, and in the second the extremal perpendicular to Ka at A 
and to Kb at B. 


50 . 


In I = F{x,y,y')dx, put 8y = u^{x) -p v^{x), and let 81 

denote the total differential of I formed at w = 0 and y = 0 wherp 
du = u and dv = v. Assuming fixed end points and with the abbrevi- 
„ dF d IdF\ 

ation Fi = ~ ~dx variation is 


dy 


SI = du Fi<i> dx A- dv Fi^ dx. 
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61. Apply Prob. 50 to the integrals I and J of Eqs. (44) and (45). 
From this and Sec. 34 deduce that if I is to be a minimum when J is 


fh fb 

constant, / (Fz — \G 2 )<f> dx = 0 and / {Fz — Gz)^ dx = 0, or since 

and \p are arbitrary, Fz — \Gz = 0, which is Eq. (47), the Euler 
equation for (46). 


fb 

62. In / = r F{x,y,z,y',z')dx, put By = u<l>{x) and Bz = v\p{x), and 

let BI denote the total differential of I formed at m = 0 and v = 0 where 
du = u and dv = v. Assuming fixed end points and with the abbrevi- 

dF 


„ dF d fdF\ ^ ^ 
ations f ^ 


dy' 


dz 


A 

dx \dz 




show that 


fb fb 

BI = du / Fz<f>dx dv / dx. 


63. With the notation of Prob. 52 applied to G{x,y,z) we have 
O 2 = dG/dy, Gz = dG/dz. Show that BG = duGz + dvGz. 

64. The condition that the integral I of Eq. (55) be a minimum 
when Eq. (56) holds is that the BI of Prob. 52 be zero for all du and dv 
making the BG of Prob. 53 equal to zero. If X(a:) is defined by the rela- 
tion Fz — 'K{x)Gz = 0, by forming BI — \(x)BG and reasoning as in 
Sec. 34, deduce that Fz — \{x)Gz = 0. This establishes Eqs. (58), the 
Euler equations for (57), as necessary conditions. 


Find the extremals for the problem of determining a curve C of given 
length L joining AB and maximizing the area bounded by 

66. C, the axis of x and two fixed ordinates, y dx. 

66. C, OA, and OB, }i{x dy — y dx). 

57. C itself, a closed curve when A and B coincide, fHixdy — ^dx), 
taken from a to a along C. 

68. Find the extremals for the problem of the curve of given length 
L, with lowest center of gravity or least Ly = jy ds. 

The geodesics, as defined in the remark preceding Prob. 1, on any 
surface G{x,y,z) — 0 may be found by minimizing / ds subject to this 
condition. Use the Euler equation for 2 to show that the geodesics 
make a constant angle with OZ on the cylinder 

69. x^ A- y^ = oA, taking J ds = / \/ V'AAAI 

60. x^ y^ — taking / ds = / dt. 

61. g{x,y) = 0, taking / ds as in Prob. 59 or 60. 

62. Using the parameter t, as in Prob. 60, for the geodesics on any 
surface G{x,y,z) = 0 deduce the relations 

d^x/ds^ d^/ds^ d^z/ds^ 

Wffx "" ^ 'Wfdz 
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63 . Referring to Secs. 49 and 54, interpret the result of Prob. 62 as 
stating that a geodesic curve on any surface has its principal normal at 
each point coincident with the normal to the surface at that point. 

64 . We may use the arc length of a curve s as the parameter, if we 
introduce the additional constraint x'^ + y'* + z’^ = 1, where primes 
denote s derivatives. Check Prob. 62 by finding the Euler equations for 
/[I — \{s)G{x,y,z) — ju(s)(x'2 + y'* + z''^ — l)]ds. As first found, the 
Euler equations contain terms in iT . But if the three equations are 
multiplied by x', y', and z' respectively and added, in view of the con- 
straints the result is equivalent to ju' = 0. This proves /x constant. 

66 . Reasoning as in Prob. 64, show that the geodesics of Prob. 10 
satisfy the Euler equations for the integral containing the parameter X, 
/[I — '\(s)(Eu'^ -f 2Fu'v' -f Gv'^ — l)]ds, or after X is proved constant 

2 ^ (Eu' + Fv') = EuU'^ 4- 2Fuu'v' G^v"^ 

and 2^ {Fu' + Gv') = E,u'^ + 2F,u'v' + Gy\ 

66. Identify the last equation in Prob. 65, where primes are s deriva- 
tives, with the equation of Prob. 10, where primes are u derivatives. 

67 . Show that the result of multiplying the first equation of Prob. 65 
by u', the second by v', and adding is equivalent to the exact equation 

^ (Eu'^ 2Fu'v' + Gv'^) = 0. Hence since the constraint equation 

Eu'^ 2Fu'v' •+• Gv'"^ = 1 holds, the equations of Prob. 65 are not 
independent. 

68. If we omit the kinetic energy from Hamilton’s integral, we 
obtain the condition for equilibrium, b^{ — U)dt = 0. Show that for a 
single particle in a force field with potential energy U{x,y,z), this is 
equivalent to dU Jdx — 0, dU/dy = 0, dU/dz — 0. 

69 . Suppose that the particle in Prob. 68 is constrained to lie on a sur- 
face (?(a:,y,3) = 0. Then the condition is 5/ ( — [/ — \G)dt = 0, where X, 
ordinarily a function of t, is a constant because U and G do not contain t. 

_ , , . dU ^dG BU ^BG BU ^ BG 

Deduce the conditions 

70 . Suppose that the particle in Prob. 68 is constrained to lie on a 
curve, the intersection of two surfaces G{x,y,z) = 0 and H{x,y,z) = 0. 
By proceeding as in Prob. 69, deduce three conditions, of which the first 

Bx ^ Bx ^ Bx 

When gravity acts and the z axis is upward, U = mgz. Show that 
the equilibrium positions of a particle 

71 . On the surface z = f{x,y) are given by Bf/Bx — 0, Bf/By = 0. See 
Prob. 69. 
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72. On the curve 2 * + = 4, y — 0, are given by 0 = 2Xx, 0 = 

— mg — 2\z, and hence x = 0, y = 0, z — ±2. See Prob. 70. 

Use Lagrange’s equations to set up the equations of motion 

7Yl 

73. For a simple pendulum, T — ^ nigL{l — cos 6). 

74. For a compound pendulum, 'P = ^ U = mgL(l — cos 9). 

76. For the pendulum of Prob. 74 when the oscillations are small, and 
we approximate cos ^ by 1 — or U by — ^ 9“^. 

76. For a pendulum with an elastic string of natural length L, so that 

T = ^ [{L + + r^, U = mg[L - (L + r) cos 0] -b | r*. 

77. The pendulum of Prob. 76 when r and 9 are small, and we use the 

approximations 7" = -^ + r^), U = mg{^—r + 2 2^^’ 

78. A particle in a plane acted on by springs along the x and y axes, 

r = I (i* + iy), u = Viik.x^ + fc2t/^). 

79 . A particle in a plane acted on by a conservative force field with 
components Fr and F9 in the direction of increasing r and 9. Hint: 

OU 

Use U{r,6) and deduce from dU = dr + d9 = —Fr dr — F er d9 
that — Fr, QQ ~ rFe. 

80. A particle in space acted on by a conservative, force field with com- 
ponents Fr, F4,, Fe. Hint: Proceed as in Prob. 79, using [7(r,<^,0) and 

dU = ^dr + d<i> + ^^d9 = -Fr dr - d<t> - Fer sin <(> d9. 

81. A particle moving on any surface under no forces in the surface. 

TYt 

With u and v as in Prob. 10, T = {Eii^ 2Fui) Gi)^), C7 = 0. 

82. The energy integral, Eii^ + 2Fuv + = C\ could be deduced 

from the Euler equations of Prob. 81 by a calculation like that made in 
Prob. 67. It shows that the speed in the path ds/di is constant. From 
this and a comparison of the equations of Probs. 81 and 65, show that the 
paths are geodesics. 

Find the Euler condition for each of the following integrals to be a 
minimum: 

83. //(?“ + «’)*<*»= //[(iy + (|j)']*<'!'- 
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! i f{h i^y + (^T + (1^)1 

where the notation is that of Sec. 124. 

88 . / / VlA-p^ + q^dxdy = / / ^1 + (|^) + dxdy. 


89 . From Sec. 57 deduce that the integral of Prob. 88 represents the 
area of the surface z = f{x,y) spanned by the fixed boundary curve B. 
The surfaces for which the^integral is least are called minimal surfaces. 

90 . Carry out in detail the derivation of Eq. (108) as the condition 
for I — i fF{x,y,z,p,q,r,s,t)dx dy to be a minimum. 


By reasoning like that used to derive Eq. (119), check 

91 . Equation (85) of Sec. 25, using Probs. 83 and 84. 

92 . Problem 48 of Exercises VIII (page 331), using Prob. 86. 

93 . Equation (107) of Sec. 124, using Prob. 87. 


94 . If a surface z = f (x,y)_}» ^panned over a fixed curve B, its sur- 
face area is A = // Vl + Hr q^dxdy, by Prob. 89. The volume 
under the surface is F = ffzdxdy. Find the Euler equation for the 
problem of making A a minimum when V is constant. 

96. Let the string of Example 1, Sec. 175, be subjected to a load 
parallel to the u axis. If the load on ds is F{x,t)dx, there is an addi- 
tional term in the potential energy, — juF dx. Show that in this case 
the equation of motion for the string is 


rn 


d^u 


= T 


d'^u 

dx^ 


+ F. 


96 . Reasoning as in Prob. 95, show that if a load F{x,t)dx acts on an 
element ds of the beam of Example 2, Sec. 175, the equation of motion 
for the beam is 


d^u d*u _ 


97 . Reasoning as in Prob. 95, show that if a load F(x,y,t)dx dy acts 
on an element dS of the membrane of Example 3, Sec. 175, the equation 
of motion for the membrane is 


d^u 



+ F. 
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Using Hamilton’s principle with the kinetic energy term omitted, as 
in Prob. 68, obtain the condition for equilibrium 

98. Of the string of Prob. 95, T = —F{x). 

99. Of the beam of Prob. 96, El ^ = F{x). 

( dhi d‘^u\ 

101. Show that in polar coordinates, Hamilton’s integral for the 
membrane [Eq. (133)] becomes 

fu / f 2 1 ^ 


and use this to find the equation for the membrane in polar coordinates. 

102. The Hamilton integral for a vibrating plate is 

It! 1 1 j ■*" ^ 


From this deduce the equation of motion for the plate 


d^u 


+ A 



103. The Hamilton integral for sound waves or vibrations in air is 

I! ~ I 


d^u , I d^u , d^u , d^-u\ 


104. If the taut string is not vibrating in a plane but has displace- 
ments y{x,t) and zix,t) parallel to OY and OZ, the stretched length ds 
has components dx, ijxdx, and Zxdx. Deduce that for tjx and Zx small, 

r T 

the potential energy is approximately j (.Vx^ + Zx^)dx, and derive 




dh 


, dh 


the equations of motion m ^ = T ^ and m = T 

106. For a rod vibrating longitudinally, let u be the displacement of 
an element originally at distance x from one end. Then the kinetic 

energy is / ^ uHx, while the potential energy is j EA Ux^dx. 
Deduce the equation m = EA 
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106 . Assuming that the effect of air resistance, or other viscous damp- 
ing, on a string is equivalent to a load at any instant equal to 
and using Prob. 95, deduce the equation of motion 

d^u dhi , du 
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ANSWERS 


EXERCISES I (Pages 37 to 43) 

. e“*(a cos bx + b sin bx) 

e®* ( g sin bx — b cos bx) 
a* + b^ 

6. 3a; — 2 sm 2x ^ ^ — 

_ sin 4x 


16. - i- = 0.707 + 0.707/:. 

\/2 

16. 1. 

17. cosh 3 == 10.068. 

18. — sin 1 cosh 1 + i cos 1 sinh I 
= -1.30 4- 0.63t. 

19. cos 1 cosh 2 — i sin 1 sinh 2 
= 2.03 - 3.04/. 

20. cos 3 = -0.9900. 

21. sinh 2 cos i — i cosh 2 sin 1 
= 1.97 - 3.16/. 

22. cosh 1 cos 1 + /■ sinh 1 sin 1 
= 0.83 + 0.99/. 

33. 0.8657. 

38. (a) 4, 0; (b) 9, -7r/2; 

(c) 2, 7r/6. 

39. (g) 1.386; (6) 2.197 - 1.571t; 
(c) 0.693 + 0.5244 

40. -4 - i. 

41. -8 - 24 

42. -17 - 524 

43. 8 - 64 

44. 1 + 54 

46. 4 

46. (g) ±2; (6) ±(2.12 - 2.12i); 
(c) ±(1.37 + 0.366i). 

47. 2, 

— 1 ± y/s i — — 1 ± 1.732i. 

48. ±(V2 ± V2i) 

= ±(1.414 ± 1.414/). 

49. 2i, ±1.902 ± 0.618/, 

±1.176 - 1.6184 


60. 

±1, ± 


= ± (0.5 ± 0.866/). 

72. 

0.7468. 

73. 

0.3103. 

74. 

1.1047. 

76. 

0.4931. 

76. 

0.19806. 

77. 

-0.41825. 

78. 

0.3573. 

79. 

0.739. 

80. 

1.166. 

81. 

1.896. 

82. 

n. 

83. 

1. 

84. 

1. 

86. 

— TT. 

86. 

2. 

87. 

- VV2. 

89. 

log a — log b. 

90. 

2. 

91. 

2. 

92. 

h- 

93. 

t: 

94. 

-2. 

96. 

0. 

96. 

1. 

97. 

1. 

98. 

0. 

99. 

e-12. 

100. 

0. 

101. 

0. 

102. 

3.41 X 10-4 

103. 

1.08 X 10-4 

104. 

1.33 X 10-4 

106. 

2.5 X 10-4 

106. 

-1, -3. 


EXERCISES II (Pages 69 to 77) 

i ^ . -V 


X 


* — y2 X* — J/» 


467 
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III 


2 . 

8. 


e* cosh 2 / + e* sinh y = e*'*'*'. 

y , -X 

a:* j/* x* + 2/* 

4(a;^ — — 4) 

(«* + 2/* +4)* — 4x*’ 

Sxy 


5. 

6 . 
8 . 
9. 

18. 


(x2 + + 4)* 

— y . X 


4x* 


2/)' 


40. 

41. 

42. 

43. 

44. 
49. 


1 ,, du 

•X X*"72, 

2 ’ay 


= 0 , 

322 
^2/ ' 


+ 1 = 0 . 


60. 

51. 

62. 


{x - yY (x 
3.9 ft. 

9 per cent. 

1.25 per cent. 

With u = y/x, V = z/x: 

(11) X* \/l — 2^* sin~i m; 

(12) x^tan'M*; 

(13) xMog (1 + 22 * + 2 ) 2 ); 

(14) x222, Hx^U, ^x'^iu +2)): 
(16) x^uv, x^u, }^ixx^u; 

(16) 22X"2/«. 

322 _ 1 
3x 2)2 

^ ^ ? 

3x 522 5 

dflz 
dx^ 

g+coto|+n(n + l)!,-0. 

dy _ _ x”"* 
dx ~ 2 /”“^ 

= -(x-" - l)U-«)/»^ 
d^y . x”-^ 

dx^ y*"-!' 

3x^ — y 
X — 3y® 

dx _ 1 — 2t* dy _ 2< — 
di" " (HRsp’ ^ - ^-P7r)2- 

4. o' 

3x® ‘ 3x 3y dx 3y dx* 


0. 


+ 

69. -11. 70. -31. 

72. X = 4, y = 1. 

73. X = 2, y = 3, z = 1. 

74. X = 2, y = 1, z = 3. 


3y/^Y 

3y* \dx/ 
71. 37. 


__ dx dy dz 

s ' ss: 

yz ’-2xz xy 

90. 


97. 1 + 


x<y« 


98. X + 


U — V 

x*y* 

2 8 
x(2y - x) 


+ 


, x(3y* - 3xy + 2x*) , 

_l _|_ 


6 


x’ — Sxy* 
6 


99. 1 + X + — 2^ + 

+ • • • . 

100. ( 1 , 2 ). 

101. The median point of the 
triangle 

/xi + X2 + xa yi + y2 + yi\ 

V' 3 ’ “ 3 7 

102. 10 in. by 10 in. by 5 in. 

103. Height of cylinder 3 ft., height 
of cone 0 ft., radius 3 \/5 ft. 

AD BD 


106. 


+*+£* + C* A* + jB* + C* 
CD 


A* + iJ* + C* 

107. K, ± 1, ±1 or + 1. 

108. H, M, K. 

2aS 


109. u = 


V = 


w — 


a* + 5* + c* 
2bS 

a* + 6* + c*’ 

. 2cS 

a* + 6* + c* 


EXERCISES m (Pages 133 to 143) 

1 . (6,6,6), (-6,6,6), (-6, -6,6), 
( 6 , - 6 , 6 ), ( 6 , 6 , - 6 ), 

(- 6 , 6 , - 6 ), (- 6 ,- 6 ,- 6 ), 

( 6 , - 6 - 6 ). 

2. Vl4; 

•\/l4 \/l4 \/l4 

A /o7 — ^ —4 1 

3. v21; —7=) — 7=) — 7=* 

\/^ V21 V21 

4. v38; — 7=) — 7=2 — 7=' 

\/38 V38 \/38 

6. 7, 3 ViO, \/^- 
e ^ ^ - y ~ ^ -- inJ, 
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g - 1 ^ y - 2 ^ 2-3 ^ 
1 -5 -8 

a;+2_j/+4_2 — 1 
4 “ 1 -6 ■ 


7. 46.73°. 

73. 5. 

8. 3 V5, \/29, V3. 

74. t; 

9. -5i 4- 4j - 2k, 3 Vs. 


10. 4i 4- 6j - 8k, 2 V^- 

p: 

11. -5i - 5j - 5k, 5 V3. 


12. 7i - j - 2k, 3 Ve. 

b: 


13. 3i - 7j + 6k, V^. 

14. 7i - llj + k, 9 Via. 

16. 7i - lOj - 6k, Vm. 

16. 45. 

17. -10. 

18. -3. 

19. -1. 

20. 3. 

21. 154. 

nn -10 

22. 7=.- 

3 \/l45 

26. 4x — 1/ — 2 = 6. 

26. VVZ. 

97 ^ y - 8 ^ 2 - 32 

1 12 80 

01 ^ ~ 2 _ y - 1 _ z 
2 2 1 


70 ^ ~ = y-Zil = 5_zJ. 

‘‘^'1 2 2 

71 . % 7 . 

72. %7. 

73. 5. 

0.1 * 4 1 2 

74. t; —y=f — 7 =; 

. 22 -26 ^ 31 

V 2 IM’ Vfm V2m’ 

b- 1 8 -6 

■ Vioi’ Vioi’ ViM 

76. 4a; + y + 22 = 7. 

76. X + 8y — 62 = 3. 

77 ^ ~ 1 _ y ~ 1 _ g - 1 
'•4 1 2 


/lOl. 

\ 21 


^Koi* 

*212 1 2 ^ 

*= 3’ 3’ 3’ P' v^’ Vs’ 

b- 2 -5 

■ 3 \/i’ 3 V5 3 \/5 
2x 4- y 4- 22 = 5. 

4x + 2y - 52 = -8. 
x_y — 1 _2 — 2 
_ _ 1 
2 V5/9. 


33 . 2x + y 4- 22 = 9. 

34. 2 4- 5 = X 4- 2y. 

36 . 4x 4- 3y + 6 \/3 2 = 40. 
36 . cos-1 (4/v^) = 74.3°. 
46 . 3i 4- 4j - 2k. 

46 . -6i - 4j 4- 2k. 

47 . 4i 4- 8j 4- 4k. 


48 . -3i - Uj 4- 2k. 

49 . -2i - 3j 4- 6k. 



60. VJi [(-4y 4- 22)ii 

4- (4x — 2)ji 4- (— 2x 4- y)ki]. 

63. 125. 

67. t: H, H;r- -H, -H,H; 
b: Vs, -H, ys. 

68. X 4- 2y 4- 22 = 13. 

69. 2x — 2y 4" z = 2. 


86. 3(e - 1) = 5.14. 

90. t: — sin i cos a, cos t cos a, 
sin a; p: — cos t, — sin t, 0; 
b: sin t sin a, — cos t sin a, 
cos a. 

91. —X sin t 4- y cos t A- z tan a 

— a tan* a. 

92. X sin I — y cos < 4- z cot « = a. 
93 3; — g cos t _ y — g sin f 

— sin t cos t 

— z — Q 

tan a 

97. Replace t by (s cos a) /a in 
answer to Prob. 90. 

100. ds = ■%/ 4" 
dS = a du dv. 

101 . ds = Va^vW 4- (a* 4- l)dv^\ 
dS = av \/g* 4- 1 du dv, 
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IV 


102 . (is 

= \/ + (a* + AcH^)dv^‘, 

(IS = av s/ + 4c*t>* du dv. 

103. ds^ = a* cos* v du^ 

+ (a* sin* t; + c* cos* v)dv^; 
dS = a cos V R du dv, where 
jB* = a* sin* t; + c* cos* d. 

104. (is* = a* cosh* v du^ 

+ (a* sinh* + c* cosh* t»)(it>*; 
dS — a cosh v R du dv, where 
/i* = a* sinh* w 4- c* cosh* w. 

106. (is* = /*(iM* + (f + g'")dv^; 

dS =^fV'f^^dudv. 

106. (is* = (o* sin* m + 6* cos* u)du^ 
+ (iv*; (i<S = ii du dv, where 
ii* = a* sin* m + 6* cos* u. 

107. (is* = w*(a* sin* 

+ fe* cos* u)du^ 

+ 2v sin u cos m(6* — a^)du dv 
+ (a* cos* tt + 6* sin* u 
+ l)(iy*; (i(S = vR du dv, 
where ii* = o*6* + a* sin* u 
+ 6* cos* u. 

108. (is* = (^*(o* sin* u 
+ 6* cos* u)du^ 

+ 2» sin w cos «(6* — a*)(i(f (iz; 
+ (a* cos* w -f- 6* sin* u 
+ 4 c*y*)(iz;*; (i*S’ = vR du dv, 
where ii* = a*6* 

+ 4 c*v*(a* sin* u + 6* cos* ti). 

109. (is* = cos* t>(a* sin* zi 
+ 6* cos* u)du^ 

+ 2 cos V sin y(a* — 6*)(iu dv 
+ sin* z;(a* cos* m + 6* sin* it) 
+ c* cos* V (iz>*; (i»S 
= cos vR du dv, where ii* 

= 0*6* sin* y 
+ c* cos* v(a* sin* u 
+ 6* cos* It). 

110. Replace cos v by cosh v and 
sin V by sinh v in answer to 
Prob. 109 . 

111. (is* = /*(o* sin* u 
+ 6* cos* u)du^ 

+ 2ff' sin u cos it (6* 

— o*)(iu dv + l/'*(a* cos* it 
+ 6* sin* It) -j- g'^]dv^; 


113. 

114. 

125. 

126. 

127. 

128. 

129. 

130. 

131. 
133. 


dS = fR du dv, where ii* 

= a^b^f'^ + g'\a^ sin* it 
4- 6* cos* It). 

ds = (ii* + k^)du^ + du*; 

(iiS = -s/i;* + fc* (io dv. 

At It = 0, y = 0: (is* = c* (iit* 
+ 2c* du dv + (o* + c^)dv^; 
cos 6 = cl\/a^ c*. 

H2(5y* - 1). 

~ (2 \/2 - 1 ). 

4 . 

IT — 2. 

X - 2 

2n 

2 . 

20 - 3x 

36 » 

(iF = it*y (iit (iy dw. 


EXERCISES IV (Pages 186 to 197) 


11. 

64u«. 


12. 



14. 

0. 


16. 

Ha-^ log (1 + 

a*x*). 

17. 

a-2 V^l — 


18. 

— 6 log X + 3 log (x — 1) 


+ 3 log (x + 1) + c. 

19. 

H log (a? - 1) 

- yi log (x 


+ 1) + K tan 

X + c. 

20. 

— 4 tan""^ X — 

4/x + c. 

21. 

-3x* + 3x - 
3(x - 1)3 

^ + c. 

22. 

— ^ + 
5(x - 1) ^ 

i - 


+ ^ log (x* + 4) 


, lb . ® , 

+ ^tan ^2 +c* 

38. 4. 

39. 4. 

40. M. = %, My = 1%, 

(«,y) = iH, Ho). 

41. See answer to Prob. 40. 

42. /x = 1^5 , = H,Io = 

43. See answer to Prob. 42. 

44. (8/3x, 8/3x). 



V 


ANSWERS 


471 


46. Ix == IT, Jh = IT, Id = 2v. 

46. IQmv or 3,142 lb. 

48. myk[—2 -\/2 

+4 log (1 + \/2)]. 

49. TToVe. 

60. iraV6. • 

61. TraVe. 

62. 7ra^/6. 

64. Mx = TrkaV^. >. 

EXERCISES V (Pages 244 lo 261) 

1. -3^ for C’l, 8for CV / 

2. 18 for Cl, 15 for CV j, 

3. — 27r. 

4. -567r. J 

6 . - 2 . ^ 

6. -5^.^for Cl - CV ; 

7. 3 for Cl - 0 - 2 . 

10. irab. 


11. 37raV8. 

12. x%V6 + xaV2. 

13. a^n{n + l)7r. 

14. a^n{n — l)ir. 

15. (4 - 7r)aV2. 

16. + 4x^2/ + 

17. + 2/')*. 

18. + xe» + e". 

19. 3^x* + X cos ij + 

20. 3^ tan~i {x/2y). 

21. 1 log |i±^. 

4 ^ 2x — y 

22. ax'^+V^*- 


29. u = 2x — Sy, y = 3x + 2,v. 

30. u = 3x^ — 3y'‘, v = (3xi/. 

31. u = cos 3?/, V = sin 3y. 

32. u = y^ — 3x^y, v = x^ — 3xy^. 

33. u - sin 2x cosh 2y, 

V = cos 2x sinh 2y. 

34. u = cos X cosh y, 

V = — sin X sinh y. 

36. u — sinh x cos y, 

V = cosh X sin y. 

36. u = cosh 3x cos 3^/, 

V = sinh 3x sin 3y. 

37. (1 - 2i)z. 

38. — 3iz^. 

39. -fe*. 


40. sin z. 

47. = log r, V — 0. 

48. 16 = —4t9, V = 4 log r. 

49. M = — 3r* sin 26, v = 3r^ cos 20. 

60. u = 2r® cos 30, v — 2r® sin 30. 

cos 0 sin 0 

61. u = , 

r r 


62 . 16 = Vr cos V — \/r sin - 


63. u = 6r cos (0 + 2). 

V = 5r sin (0 + 2). 

64. u = fflrP cos (p0 + A), 

V = arP sin (p0 + A). 

66. -1. 

66 . -i/3. 

67. 2. 

68. — 2766 for Cl, 

— + 2t 6 for Ci. 

69. 2 log % for Cl or C-z. 

60. log % — 766 for Cl, 

log % + « for C 2 . 

91. P = x^ — 2X6/ — 6/2 — X + 6/, 

P = (1 4- 6)(2‘ - 2 ), s = H or 

(K,0). 

92. p(0,0) -p{b, 10) 

= 480p lb. /ft . 2 = 926 for (a), 

= 1.14 for (5). 

93. gi = 1, g 2 = 0,p = c - p/2. 

94. gi = 2x, qz = -2p, 

p = c — 2p(x2 + 2 / 2 ). 

96. gi = c® cos 6/, 52 = — e® sin 6/, 
p = c — 3'^pe2®. 

96. q\ = sin x cosh y, 

, qz = — cos X sinh y, 

p — c — 3'2P(sin2 X + sinh2 y). 

97. qi = cosh x cos y, 
qz = — sinh x sin y, 

p — c — j- 2 P(oos 2 y + sinh2 x). 

102. qr — l/r, qs = 0, 
p — c — p/2r2. 

103. qr = 4r® cos 40, qe 

— _47-3 gin 40J p = c — 8pr*. 

104. qr = — r“2 cos 0, 
gj = —r-^ sin 0, 
p = c — p/2rh 

106. gr = cos (20/3), 
qe = — ^^r“^^sin (20/3), 
p = c — 2p/9r^. 
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VI 


106. qr = cos md, 

qe - sin md, 

p = c — 

EXERCISES VI (Pages 266 to 272) 

1. r(1.8) = 0.9314. 

2. r(2.25) = 1.1330. 

3. r(3.667) = 4.012. 

4. r(3.8) = 4.694. 

6. r(-2.4) = -1.108. 

6. B (0.8, 0.6) = 1.953. 

13. aV6. 

14. 3iraV32. 

16. irab/4c. 

16. X = a/5, y = a/5. 

17. 7iifaV64 = 2lTpaV2048. 

18. 27ro*6/3. 

19. aV165. 

20. M = 2l7raV1024, Ax = Ay 
= 12oV77, i = y 

= 3072a/539T. 

21. 2MaV5 = 47rpa^b/15. 

22. aV90. 

23. ttoVTO. 

24. irabc/6. 

26. V^r(K)r(^^)/48r(iH2). 

26. 3a/28, 3a/28, 3a/28. 

27. 14MaV143 = 7rpaV715. 

28. aV11880. 

29 . % 7 . 

30. -r(%). 

31. T{%). 

32. HTiH). 

33. *09^^06. 

34. 2 TT. 

36. 27r. 

36. v; r(H)/3r(%). 

37. v^r(^)/4r(%). 

38. V^r(3^)/4r(^). 

39. TT V2/i. 

40. IT \/3/9. 

41. 27rV3/9. 

42. 2r (HIT m)/3\/^. 

43. 3x \/2/8. 

46. M^secg- 


46. TT. 

47. 7r/V2. 

64. \/2ir/16. 

66. X = H 2 V 2 CSC 

y = H2 V2 CSC |- 

66. He. 

86. r(-1.2) = 4.851. 

EXERCISES VII (Pages 296 to 302) 

1. 1.5924. 

2. 0.967. 

3. 1.879. 

4. 0.666. 

6. 2.3314. 

6. 11.337. 

7. 0.1760. 

8. 1.5747. 

9. 1.5734. 

10. 1.5869. 

12. 0.786. 

13. F(l/V2, 7r/18) = 0.1750. 

14. K(l/\/2) - F{l/V2, 47r/9) 

= 0.2456. 

16. 1/^2 [b:(H) - F(y 2 , 7r/4)] 

= 0.6232. 

16. V2F{l/V2,ir/4) = 1.1682. 

17. V2 [K(l/V2) - F(l/V2, </>)] 
= 2.086, where sin <f> 

= V 2 sin ~ 

18. \/2K(l/V2) = 2.622. 

20. a/V2 Fil/V2, ir/4) 

= 0.5841a, a/\/2 K(l/V2) 

= 1.311a. 

22. AK{1/V2) VUg 

= 7.416 VUg- 

23. 0.380 VTJg, 0.446 VUg, 

1.028 VUg. 

25. 7.29 VUg from the series. 

26. 4/wo Ki-^/2} = 8.6260/wo. 

28. }4K(V^/2) = 1.0782. 

29. yK{V3/2) = 1.0782. 

80. HK(VV2) = 1.0782, 
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31. }4Ki\^l2) = 1.0782. 

32. HK{}4) = 0.8429. 

33. HK(y2) = 0.8429. 

34. 1.35566. 

36. 0.9345. 

36. 1.6666. 

37. 0.6143. 

38. 1.22963. 

39. 8.3679. 

40. 0.3057. 

41. 1.56686. 

42. 1.56938. 

43. 1.55497. 

46. 0.3927. 

46. 12E{H) = 18.314. 

47. SEiVS/2) = 9.6885. 

48. WE(V2/2) = 21.610. 

49. 0.944. 

60. X = 2.57, y = 2.17. 

61. a; = 0.996, y = 2.74. 

63. 18.314. 

64. L = 2 \/l + a* E{af \/ 1 + a®). 

66. 3.8200. 

68. 11.7397, 1.6534. 

69. V2 [2E(1/\/2) - A'(l/V2)l 
= 1.2082. 

60. \/2 [2A(l/\/2) - KiX/V^)] 

= 1.2082. 

61. 4A(l/\/2, 7r/6) = 2.0484. 

63. A'(V3/2) = 2.1565. 

64. \lV2K{\lV% = 1.311. 

66. H^(l/V^) = 0.9270. 

66. V2 A:(1/V2) = 2.622. 

67. K{y/Z/2) - F(V3/2, 
sin-1 v%73) = 1.078. 

68. 3-HA(sin 75^ <t>) = 1.401. 

<f> radians = 74.46°. 

69. VzKiVz) = 2.1565.' 

71. 0.599. 

72. 0.100. 

76. 2.194. 

78. 8.867. 

82. h = 3.940, 2a = 0.214. 

EXERCISES VIII (Pages 328 to 336) 

1. 2xyH*i + ^xAyH^l + 4a;*2/®z*k. 


2. 2a:i — 2j/j + 42k. 

- 2x1 + 4j/j — 62 k 
X* + 2 y 2 _ 32® ■ 

4. Div = 3, curl = 0. 

6 . Div = 0 , curl = 21 + 4j + 6 k. 

9. 4/\/^. 

10 . - 2 /\/ 6 . 

11. i/VTi. 

16. 5xj y {2y - 3x)k. 

16. 2 xj + 2xyk. 

17. )4x^y] + yz{y^ — x*)k. 

18. x-’j + {y^ — 2 *x)k. 

40. x^y^z*. 

41. {2y + 32 ) e^. 

42. (x — r/ + 2z)^. 

43. (x* + y^ + 22 ) 2 . 

60. 1 /r li. 

61. -yr-hu. 

62. nr"-iii. 

63. Div = 3, curl = 0 . 

64. Div = 2/r, curl = 0. 

66 . Div = cot <t>, curl = 2i8. 

73. —mfr^ if r > a, —mr/a^ if 

r < a. 

EXERCISES IX (Pages 366 to 370) 

2 . y dy/dx + 2 x = 0 . 

3. X dy/dx = 4y. 

4. 2x dy/dx = y. 

6* y (dy/dx) = X (dy/dx) 2 + 1. 

6. x^y = xHy/dx + y(dy/dx)^. 

7. y2 = xy^ dy/dx + x*(dy/dx)^. 

8. d^y/dx^ = y. 

9. d'^y/dx^ — —y. 

10. x2d2y/dx2 — 5x dy/dx + 8 y 

- 0 . 

11. d^y/dx^ — 0. 

12. x2 + 1/2 — cx2y2, 

13. tan X = sec y + c. 

14. X* - 1 = c(y2 + 1). 

16. e 2 * = e 2 *' + c. 

17. x 2 + 2 y 2 = c. 

18. x* - 1 - y* = c. 

19. y = ex’. 

20. y = — 2x + cx^. 

21 . y = sin X + c cos x. 

22. y = — 3x + cx 2 . 

23. xy = x 2 - 1 - c. 
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24. X => y* + cy. 

26. a: = — 6y + cy^- 

26. = y^ + cx*y^. 

27. 2x = y + cx'^y. 

28. y = cx, straight lines. 

29. y — cx^, parabolas. 

SO. xy — c, rectangular hyperbolas. 

31. X* + 2 /^ = c, circles. 

32. 2x2 + y2 = c, ellipses. 

33. H log (x2 4- j/2) = - tan-i ^ 

•C 

+ c, logarithmic spirals. 

34. x* 2 / — J/^x = c. 

36. X cos 2i/ = c. 

36. x2 + 2/* = 1. 

37. xH + yV^ = 1. 

38. x9^ + 2/?^ = 1. 

39. 2x2/ = ±1- 

40. 4x2 = 1 — 4y. 

41. ±x -j- y — 1 and ±x — y = 1. 

42. 22/ + x2 = c, 2 log 2 / + x2 = c. 

43. 22/ + x2 = c, 2y — 3x2 — ^ 

44. 2/* + 1 = (x + c)2. 

46. 22/ — x2 = c, 2 / = 

46. y^ — x^ = c, y - cx. 

47. 2/ = cx, x 22/ = c. 

48. 2/ = cx + 1 + c2, 42/ = 1 — x2. 

49. y = cx — c2, 42/ = x*. 

60. {y — cx)2 — c2, 27y = 4x2. 

61. 2/ = cx — log c, 2/ = 1 + log X. 

62. 2/* = 2cx + c2, singular solu- 
tion degenerates to x* + y^ 
= 0. 

63. y^ = cx — c2, X = ±22/. 

64. c2x2 = 2cy -t- 1, singular solu- 
tion degenerates to x* -f- y^ 
= 0. 

66. cy — c2x2 -f 1, 2/ = ±2x. 

66. (2x + C 2)2 -I- 2/2 = Cl. 

67. Cie" = sin (3x + C 2 ). 

68 . (x + C 2)2 + ( 2 / + Cl)2 = 1. 

69. 2 /* = cix -f C2. 

60. X = Cie"" -f C 2 . 

61. (ci2x -h C 2 )* = 1 + Ci22/2. 

62. y = log (x* 4- Cl) 4- C 2 . 

68. ci*2/ = — cix 

4- (1 + Cl*) log (1 + cix) 

+ Ct. 


64. y = cic^*. 

66 . y = Cie* cos x -(- C 2 e® sin x. 

66. y = cic*® 4 " C2e“®. 

67. y = cic® 4- C 2 e**. 

68. 2 / = Cic* 4" C 2 xe*. 

69. y — Cie* cos 2 x -t- C2e® sin 2 x. 

70. y = Cl cos 4 x -I- C2 sin 4 x. 

71. y = Cl cos 2 x 4- C2 sin 2 x 
4- C3X cos 2 x 4 * C4X sin 2 x. 

72. y = Cie*^ -f C2C~* cos -x/s x 
-{- cze~^ sin -y/S x. 

73. y = Cie® 4 - C2e“* -|- cs cos 2x 
4- C4 sin 2 x. 

74. 2 / = Cl 4- C2X 4- C3 cos 2 x 
4- C4 sin 2 x. 

76. y = Cl - 1 - C2c“* cos ax 

-j- CaC"-' sin «x 4 " C4e~“* cos ax 
4- CeC""* sin ax, where 
a = l/\/2. 

76. 2/ = X 4 " Cic*'*. 

77. 2/ = -t- cic-'. 

78. 2/ = 4 x -h 2 e-' 4 " Ci cos x 
4 - C2 sin X. 

79. y = xe*-' -t- cic*-® C 2 e''*’^. 

80. y = 2 cos X — sin x 

4- Cic-' c-os 2x -1- Cac-' sin 2x. 

81. y = — ^^x* -H Cl -t- cze^^ 

-f CsC'*^. 

82. y = (2x* 4 - 6x 4* 7)c®-^ 

4 " Cic"** 4 " 

83. 2/ = ~x“ — 3 x -H cic-” 4 - c-iC”-" 
4- C3 cos X -|- C4 sin X. 

84. X = cic' + CaC"* — 1, 

2 / = CiC* — C 2 e“‘ — 1 . 

86. X = Cie*‘ 4 " C2e~“‘ 4 ” cz cos 3t 
4- C 4 sin 3 /, y = CiC®* 4 - Cze~^' 

— C4 cos Zt — C3 sin 32 . 

86. X = 2c ic* -|- 2 c 2 <c‘ 4- 2 cze~' 

+ 2cde~‘, y = {cz — Ci)e‘ 

— C2le‘ + ( — cz — C4)e~‘ 

— cde~*. 

87. X = Cie ‘/3 4- c^e-t /3 _ 12/^ 
y = — 2cie‘/* — C 2 e~‘/* 

4- 4- 18 f + 18 . 

88. X = Cie‘ 4- Czte^ + Csc"*'/* — 2 , 
y = (-C 1/2 - 3c2/2)e‘ 

-Hczte* - 3cse-*‘/* - 3<. 
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y = Cl sm X 

+ [c2 — log (tan X + sec x)] 
cos X. 

y = (log cos X + Cl) cos x 
+ (x + C2) sin X. 

2/ = 6 x + Cix* + C2X®. 
y = X* + CiX + CiX~^. 
y = }4x(}og x)2 + cix 
+ C2X log X. 

j/ = 344 a;(log x)* + Cix 
+ C2X log X + C3X(l0g x)®. 

^ = Aoc^'/ioo. 

S = 806 ““'/’^. 

T = roe"". 

p = Poe"**. 

7 = /oe-'/«f^. 

w = noe"*‘. 

A = + lOOF/P 

+ (Ao ± 100P/P)eP‘/ioo, 

r = Pa + (Po - P«)e-*‘. 

7 = Po/P 

+ ( 7 o - Po/P)e-^Vi^. 

X = A — Ae“*‘. 

HB - A)l = log 

y = (Ax« + 2Px® + 6Cx®)/12 

+ Cl + C 2 X, 

p = (Ax® + Ex + C)ln^ 

— 2 A/n^ + Cl cos X + C2 sin x, 
y = —(Ax® + Px + C)/n® 
-2Aln^ + cic"* + C2e-'**. 
t = (Vo — v)m/a, 
s = (t>o® — V®)m/ 2 a. 

< = - log — > 5 = - (vo - ti). 

W , a + ^Vo 


m / X 

S ’^(vo - v) 


mcc , 


<x 4 ~ fivo 
a + 0v 


^ m/1 1\ m, Vo 

t = 

(tanh-i _ tanh-» 


120. i — ^tan“® ^ — tan~® 

m , F® + Wo® 

" ~ F® +»»■ 

EXERCISES X (Pages 395 to 400) 

1 . p = cic* + C 2 X®e*. 

2. y = cix + C2e®. 

3. y = ciC"* + C2e“*/x. 

4. y = cix* + C 2 X®. 

6. y = Cl 4- C 2 sin x. 

6. y = ci(x + 1) + C 2 (x* + x). 

7.1..(l+i;r*+yx. 

. 1 . 4.7 \ 

+ —w~' + • • • ; 

+ &i (a: + ^ X* + x’’ 

ft ^ /'i , , l-4a;« 

o# Oo 1 1" 2 0 "• 2 3 5 0 

\ . , / . 2x< 


^ 


^ 3 • 4 • 6 • 7 T A 
9 . feo (1 + ^ + 3 . 477-; 8 

+ • . • ) + 4 ^ 

+ 4-. 5~8“9 + ■ ■ ■ )• 

10. 60 cosh 2 x + 61 sinh 2 x. 

11. bo cos X + 5i sin x. 

12. 6oe**. 

30. Cl (3 + 2x + X®) 

+ C 2 ix* + 2x® + 3x* + • • 


31. Cl 




_ j 

5 ^2 -5 -4 -9 


) + C2 ^xl4 + 


m , _ F® — r® 
2/3 F® - Vo* 


^ 2 . 3 -4 -7^ )■ 

32. Cl cosh (2 Va;) 

+ C 2 sinh (2 Vx); c = 0, 

33. Cl cos \/x +• C 2 sin \/x; 
c = 0,J^. 

42. y = \/xgH(x^). 
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43. y = Zoi5x). 

44. y = x~^Zi{2x). 

46. y = Zo(2a:^). 

46. y = x~^Zi{x). 

47. y = a:-iZ 2 ( 2 x^^). 

48. y = x'^Z 2 (x). 

49. y = 

60. y = Cih(x) + CiKiix). 

61. y = CiIo( 6 x>^) + C 2 K’o( 6 xH). 

62. y = cj 2 { 2 x^) + C 2 K’ 2 ( 2 xM 2 ). 

63. y = 

+ C22iL%(^ix*)]. 

64. y = xHe-*/2Zo(tx/2). 

66 . y = x'^{cj^{x^‘^ 

4- C2lfH(a:^^)]- 

69. 5.958 in. 

60. y = CiX cos (fc/x) 

+ C 2 X sin (fc/x). 


EXERCISES XI (Pages 423 to 431) 

In this group of answers, 2 ) means 
00 

^ , or sum on n for the values 
n = 1 

1, 2, 3, • • • . 

9. S( — l)"'*'^2ri.~i sin nx. 

10 . 7 rV 3 + S(-l)Mw -2 cos nx. 

11. S(-l)’‘+i2(7r2n-i 

— 6 »"^) sin nx. 

"t" X 

, . , ^ cos nx — n sin nx 

= (-l)"2 

13. 1 — 3^ cos X 

, ,^„2 cos (n + 1 )« 

14. —34 sill + S(— 

2 n + 2 . , , 

““ (" + 

i. — X2k~'- sin kx, A: = 2 n — 1, 
2 cos ( 2 n — l)x 


12 


16. 


-r/4 + 2 
+ 2) (-!)“« 


2r(2n - 1)2 
sin nx 
n 


17. w — S2n"i sin nx. 

18. + S 4 n ~2 cos nx 
— lS4irn"i sin nx. 

19. 2t* + Sl2irn~i cos nx 

+ S(12n“2 — 8g-2n“i) sin nx. 


20. (e^ir - 1 )t-HM + S«»), . 

, cos nx — n sin nx 

where ■«„ = — 


21 . IT sin X — 1 — 


1 + n* 
cos X 


, •y 2 cos (n -h l)x 
"^4 n* + 2n 


22. IT cos X — 


sm X 


-s 


2 

2n "t" 2 


sin (n + 1)®- 


23. 

24. 


26. 

26. 

27. 

28. 


n2 + 2n 
x/2 + S2fc~i sin fcx, ^ — 2n — 
T _ Y 2 cos nx 

4 4' 


•n-n* 


sin nx 


n 


4 cos 2nx 


2 _ y _ __ 

TT 4 x(4n2 - 1) 

^ ^ 4 '' ,r(4n* - 1) 

34 - 3^ cos 2x. 

34 + 34 cos 2x. 


41. y. 


160 


w (2n — l)7r 

— (2n— l)Ti/ 

30 


sm 


(2n — l)7rx 
30 


42. 

43. 

44. 
46. 

46. 


S / i\ X. 96 . n-nx 

(_l)»»+i — gjn-— e nirv/e^ 

' ' nvr 6 

vA 8 

- y — sm 
^ nir 

2 sin 


nir 

ttX 

16 


nirx 


2 


>— nxy/2 


— . 7r3? M ij 

5 sm -g- e 

+ 3 sin — 

4 


4c 


^ (2n — l)7r 

-(2n“*l)7ry 


Sin - 


(2n — l)7ra; 


L 


47. 


49. 


nw 

( 2 n 


nxx ■ 
sm 


niry 

L 


i 


Un sinh 


l) 7 r (6 — y) 


T{2n — 1 ) sinh 


nvb 

a 


where n» = 400 sin 


( 2 n — l) 7 rx 



XU 

60. 


p + ^ — sin ne. 

lir ■w nir \ 


27r * ^ flTT \20 / 

61. 3r sin 0 + 2r* sin 26. 

62. 2-jr — 24n“ir'‘ sin nO. 
.. V 400 /ryn-3 

w ir(2ri. — 1) \a/ 
sin (6n — 3)0. 

66. ^4r — cos 6 

+ ^4r + sin 0. 

?22 

rnr 

■ nirX .i, 

sm ^ e-^ \ 

where 6 = a*7r*/2500. 
vA 200 . mrx 
^ rnr 50 


ANswms 

81. T I 3 sin — cos — 

4 \ a a 

i'irst\ 

a ) 
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69. J (-l)'‘+i 


70. 100 

where h = aV‘-^/2500. 

71. X + ^ (_l)n+i 100 sin 


•bn^t 


mr 


50 




where 6 = aV/2500. 

rrrt rr. • V j . nTTX 

72. e50 ~ X + - ' kn SI II 

^ UTT 50 

where h — aV2/2500, and 
kti == 1 ft>r n odd and —3 for 
n even, 

50 . mrx ,.. 2 , 


73. 25 + a; - V — si 

W nTT 


sin - e 
riTT 25 


-hnU 


where b = a^7r^/625. 

74. 50 + 2x — where Un 


200 


(2n — l)7r 


sm 


(2n — l)7ra: 


60 


with b = aVV2500. 


. SttX 3'irSt^ 

sm - - cos 
a 


A A X' ^IJU/ . knJ^X knTrSt 


^ /ChV^ 

with kn 


83. 


= .2n — 1. 

. kn'frx 

^ knV a 

kfiTTSf . , 7 * A i 

cos - > with fcn = 2n — 1. 

a 

^ . qa . Sttx . 3ts( 

84. 7 ^— sm sm 

otts a a 


86. 


qa 

127rs 


/ri • 

( 9 sm — 

V a 


TTX , TTSt 

sm — 
a 


^ttX ZirSi^ 

— sm cos 

a, 


irrsi\ 

a ) 

86. 2 

with kn — 271 — 

,2E 


Sqa^ . knTTX . knirst 

, . , sm sm > 

kriTT^s a ' a 


87. e=^(-l)'*+i 

V / -.X 2Ji' 


nTTo: 


-frAJ “/ 


sm — 
nn a 

2J5J nirx . 2 , 

77“ (*os \ 

lia a 


where b = 


oo 

88. e = — — ei, i 


a ' JSa 

where ei and i’i are the e and 
i of Prob. 87. 


90. e = 


cos 


2E 

^ UTV 

mvt 

a VE c 


(- 1 ) 




sm 


mrx 

a 


i — Zo 


+ 




COS 


mrx 


a 


76. 

37.5°. 

mil - 

nirt 



76. 

30.5°. 

a 

~VT^ 



77. 

25°. 



20 . 

nwx 

79. 

90 — Su„, where u„ 

-92, X(- 

— sm 
rnr 

To^“‘ 


720 



a^n^TT^ 

+ b\ 


(2n - 1)V 

where Cn = 

“roo~ 


cos 


(2n 


60 


l)7rX - .,1 

With 


Vn == (2n 


Stto; 

80. p sm cos 

a 


D^aVtySGOO, 

dwst 


EXERCISES XII (Pages 463 to 462) 

1. y = CiX + C 2 , straight lines,. 

2. r cos (e - C 2 ) - Cl straight 
lines. 


a 
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8 . — CiU + C 2 . 

4. cos = Cl sin ^ cos 0 

+ C 2 sin ^ sin 0, great circles. 
6. u cos [sin Aiv — C 2 )] = Cu 

6. (v — C 2 )* = 2ciu — Cl*. 

7. w = C2 + 

Cidu 

V(«* + + fc* - c*)’ 

8. V = C 2 

-I 


Cidu 


9. V s= C 2 "f" 


V(«® - - Cl*) 

Cl Vi +/'* 


/ 


M 


V' 


dtt. 




Ci^ 


20 . 

21 . 

22 . 

23. 

24. 

26. 

27. 

28. 

29. 

30. 


y — k — C 2 X, straight lines. 

(y — A:)* + a:* = h\ circles. 

\/x 

y — k = h* sin"' 

— — X*, cycloids. 
hx = cosh h{y — k), catenaries. 
h*{y - fc)* == 4fe*x - 4, 
parabolas. 

X — fc = Ciy, straight lines. 

(x — A:)* + y* = h^, circles. 

X — k = sin"' 

n 

— y/h^y — y*, cycloids. 
hy = cosh h{x — k), catenaries. 
h*{x — A:)® = 4ft*y — 4, 
parabolas. 

. iVy 

iin — 1 -1— » 

h 

— y/h^y — y*, or X = A: 

+ ~ sin tt), 

y = — cos u), cycloids, 

inverted since y axis points 
down. 

38. y = CiC* + C 2 C"*. 

39. y = cie“* cos ox + C 2 e"* sin ox 
+ c»e"“* cos ox + C 4 e"“* sin ox, 
where a =* 1/^2. 

40. y = ciC* + C 2 e“*, z = CsC* 

+ C4e"*. 

d" ■■ Ot 


31. X — A: = A.® sin' 


+ F. = 0. 

66. (x - Cl)® + (y - C 2 )® = X®, 
Ci,C 2 ,X to make circular arc pass 
through A and B and have 
length L. 

66. See answer to Prob. 55. 

67. (x - Cl)® + (y - C 2 )® 

= (L/4ir)®, Cl, C 2 restricted so 
circle passes through A. 

68. y = X + Cl cosh ^ Cl, C 2 , 

Cl 

X to make catenary pass 
through end points and have 
length L. 
z' 


69. 


60. 


yf\ + y'® + z'® 
cos 7 = Cl. 
z 


Cl, 


= Cl, 


■x/x® + y® 4- s® 
cos 7 = Cl. 

61. See answers to Probs. 59 and 
60. 

73. OTL®d®0/d<® + wyL sin 0=0. 

74. 7d*0/d(® + mgL sin 0 = 0. 

76. mL^d^O/df^ + rnyL0 = 0. 

76. m(L + r)®g 


+ 2m{L + r) 


dr d0 


dt dt 

+ wtyCT/ + r) sin 0=0. 
d®r 




(—Y 

\dt ) 


— wy cos 0 + fcr = 0. 
d^0 

77. mL® ^ + myL0 = 0, 

d^v 

— mg + kr - 0 . 

78. + A:ix = 0, 

+A:2y = 0, 

79. m(r - r0®) = Fry 
m ^ (r®^) = rFe> 
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80. m[r — r{4A + sin® 0 tf®)] = Fr, 
m ^ (r® sin® <l> 6) = r sin Fe, 

m [i (tH) 

— r* sin <t> cos d® J = rF*. 

81. ^ m(FM + Fi)) 

TYi 

= ^ (Fuii® + 2Fjiv + GJ}'), 
m{Fu + Gt>) 

= ^ (F.u® + 2F,*v + a»®). 

83. a®z/ax® + a®z/dy® = 0. 

84. rd^U/dr^ + dXJ j dr 
+ 1/r d^U I de^ = 0. 

86. d®C//ax® + a®t//a 2 /® - t/ = o. 


86 . 


87. 


a»c; at/ ia®?7 

'' ar® ar r aa* 


_a^ 

aw 


/ hihf al7\ 

\ hi du) 

. a /hjhi al7\ 

dV \ hi dv ) 


, / hihj dU \ _ - 

dw\ hi dw / 

88. r(l + g®) - 2pq8 + <(1 + P*) 
= 0, r, s, t, as in Eq. (107). 

94. r(l + g*) — 2pq8 + t{l + P*) 
+ X(1 + p» + g®)^<i = 0. 


, 1 d>u\ 


aa®/ 
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A 


C 


Absolute value, 7 
Acceleration, 116 
Adiabatic, 245 (28), 334 (84) 
Amplitude of elliplic integrals, 273 
Analytic functions, 17, 201) 
integrals of, 213 

Angle between two segments, 87 
Angular velocity, 104 
Are length, 91, 122 
Area, 125, 128 

Associated Legendre equations, 396 
(22) 

Asymptotic series, 179, 196 (103- 
106) 

for Bessel functions, 387 
for the Gamma function, 265 
Attraction, 146, 333 (72-74) 
Auxiliary equation, 354 

B 

ber and bei, 393 
Bernoulli’s equation, 327 
Bessel functions, 378, 384 
asymptotic series for, 387 
expansions in, 415, 427 (63-68) 
of first kind, 378 
identities in, 390 
modified, 391 

of order half an odd integer, 389 
roots of, 390 
of second kind, 381 
Bessel’s differential equation, 378, 
384 

Beta function, 255 
Binormal, 110 
Brachystochrone, 455 (31) 


Calculus of variations, 432 
constraints in, 439, 456 (50-67) 
higher derivatives in, 436 
multiple integrals in, 446 
several variables in, 436 
variable end points in, 456 (43-49) 
Catenary, 369 (112) 
as extremal, 436, 440 
Cauchy-Euler differential equation, 
368 (91) 

Cauchy-Riemann differential equa- 
tions, 211, 246 (44) 

Cauchy’s integral formula, 246 (63) 
Cauchy’s integral theorem, 215 
Cauchy’s mean value theorem, 14 
Chemical reaction, 368 (103, 107) 
Circulation, 231, 326 
Clairaut’s form, 348 
Column supporting its own weight, 
398 (56-60) 

Complementary function, 353 
Complex functions, integrals of, 213 
Complex number, 2, 9 
Complex variable, 1, 17, 209 
Components of a vector, 84 
Composite functions, differentiation 
of, 4 

Compound-interest equation, 368 
(96) 

Conformal mapping, 140 (116-124), 
212, 235 

Conservative force fields, 208, 314, 
442, 459 (79, 80) 

Constraints in variation problems, 
439, 456 (50-67) 

Continuity, equation of, 231, 325 
481 
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Contour integrals, 119 
Convergent integrals, 163, 171 
Convergent series, 3, 20 
Coordinates in space, 78 
Cross product, 99 
Curl, 305, 326 

Curvature, 72 (45, 46), 108, 115, 119 
of a normal section, 95 
total, 96 

Curves in space, 90, 107, 115 
Curvilinear coordinates, 120, 128, 
130, 315 
del in, 316 

Cylindrical coordinates, 386, 415 
del in, 331 (45-48) 

Cylindrical harmonics, 386, 415 

D 

De Moivre’s theorem, 10 
Definite integrals, 144, 220, 252 
calculation of, 148 
evaluated from residues, 220 
properties of, 147 
trigonometric, 261 
Del, 304 

in curvilinear coordinates, 316 
in cylindrical coordinates, 331 
(45-48) 

Derivative, partial, 44, 49 
of vector, 91 
Determinant, 55 
form of vector product, 102 
Jacobian, 60, 123, 132 
Wronskian, 352 

Differential equations, 336, 401 
applications of, 368 (96-120) 
Bernoulli, 341 
Bessel, 378, 384 

Cauchy-Riemann, 211, 246 (44) 
Clairaut, 348 
degrees of, 336 
exact, 338, 342 
Euler-Cauchy, 368 (91) 
first-order, 339, 346 
general solutions of, 338 
homogeneous, 342 
integral curves of, 337 


Differential equations, Legendre, 374 
linear (see Linear differential equa- 
tions) 

orders of, 336 
partial, 401 
second-order, 349 
separable, 339 
simultaneous, 362 
singular solutions of, 347 
solvable for p, 346 
Differentiation of integrals, 150, 174, 
313, 321 
Diffusion, 323 
Direction angles, 79 
Direction cosinesf 79 
Direction ratios, 80 
Directional derivative, 306 
Dirichlet integral, 448 
Dirichlet’s multiple integrals, 256 
Distance, to a plane, 89 
between two points, 81 
Divergence, 307 
Divergence theorem, 309 
Divergent integrals, 163, 167 
Divergent series, 20 
Dot product, 86 

E 

e, 1, 3, 422/^* 
c, 422n. 

Electrical potential, 320 
Elementary functions, 1 
Elliptic functions, 293 
Elliptic integrals, 273, 285 
computation of, 275, 295 (11), 
297 (44) 

of first kind, 273, 276, 286 
of second kind, 281, 283, 290 
of third kind, 285 
trigonometric form, 276, 283 
Elliptic point, 96 
Energy, internal, 209 
Energy potential, 314 
Entropy, 209, 245 (27) 

Envelope, 343 

Equation of continuity, 231, 325 
Equilibrium of particle, 458 (68-72) 
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Error, probability of, 194 (87-90) 
Euler-Cauchy differential equation, 
368 (91) 

Euler’s equation, 435, 437, 441, 448, 
455 (37) 

Euler’s form for curvature, 95 
Euler’s theorem on homogeneous 
functions, 71 (26) 

Even function, 186 (2), 221-222, 
274, 405 

Exact differential equation, 338, 342 
Exact differential expressions, 204, 
312 

Exponential function, 3, 20 
Exponential integrands, 161 
Extremals, 435 

F 

Factorial n, 253 
Fermat’s law, 454 (18-30) 

Flow of electricity in cable, 421 
Fluid flow, 230, 248 (88-106), 323 
viscous, 334 (82) 

Force potential, 314 
Fourier cosine series, 406 
Fourier series, 401 
Fourier sine series, 407 
Fourier’s theorem, 401 
Frenet formulas, 107, 112 
Functions, 1 
analytic, 17, 209, 214 
Bessel (see Bessel functions) 

Beta, 255 
elementary, 1 

even, 186 (2), 221-222, 274, 405 

exponential, 3, 20 

Gamma, 252 

hyperbolic, 5 

logarithmic, 7 

mapping, 235 

odd, 186 (5), 405 

periodic, 186 (8), 401 

rational, 1, 152 

stream, 231 

trigonometric, 3 

Fundamental system of solutions, 
352 


G 

Gamma functions, 252 
computation of, 254, 265 
Gaussian distribution, 194 (87-90) 
Gauss’s theorem, 319 
Generalized coordinates, 445 
Geodesics, 453 (1-10, 59-67, 81, 82) 
Gradient, 306 
Graphical integration, 179 
Gravitational potential, 322, 333 
(72-74) 

Green’s theorem, 201, 330 (30) 
in plane, 201, 310 

Gudermannian, 39 (31, 32), 301 (89) 
H 

Hamilton’s principle, 442 
Harmonic analysis, 405 
Harmonic functions, 332 (58-65), 
407 

cylindrical, 386, 415 
zonal, 377, 414 
Heat flow, 322, 334 (77-80) 
Homogeneous differential equations, 
342 

Homogeneous functions, 70 (10-17, 
26-28) 

I’Hospital’s rule, 29, 31 
Hyperbolic functions, 5 
Hyperbolic point, 97 

I 

t, 2, 422n. 

Imaginary unit, 2 
Improper integrals, 163 
Indented contours, 226 
Indeterminate forms, 28, 30, 34 
Indicatrix, 96 
Integral curve, 337 
Integrals, 144 
of complex functions, 213 
computed, graphically, 179 
numerically, 181 
by series, 42 (68-75), 178 
containing a parameter, 150, 173, 
176 
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Integrals, convergent, 163, 171 
definite, 144, 220, 252 
differentiation of, 150, 174, 313, 
321 

divergent, 163, 167 
elementary, 151, 161 
elliptic, 273, 285 
improper, 163 
iterated, 175 
line, 19^ 312 

multiple (see Multiple integrals) 
principal values of, 228 
of rational functions, 152 
repeated, 175 
Integration, 144 
by parts, 152, 161 
by substitution, 152, 157 
Inverse functions, 7, 11-12 
differentiation of, 8 
integrals of, 161 

Inverse hyperbolic functions, 12 
Inverse trigonometric functions, 11 
Irrotational flow, 232, 326 
Iterated integral, 175 

J 

j, 422n. 

Jacobian, 60, 123, 132 
Jacobi’s elliptic functions, 293, 300 
(84, 86-94) 

K 

ker and kei, 394 

L 

Lagrange’s equations, 444 
Lagrange’s multipliers, 67, 441 
Landen’s transformation, 298 (70) 
Laplace’s equation, 212, 822, 327, 
407, 448 

in cylindrical coordinates, 386, 
415 

in spherical coordinates, 319, 377, 
414, 449 

in two dimensions, 212, 246 (46), 
408, 411 


Law of finite increments, 14 
Least value of an integral, 432 
Legendre polynomials, 376, 414 
expansions in, 414, 426 (56-62) 
Legendre’s differential equation, 374 
Leibniz’s rule, 396 (1-9) 

Length of arc, 91, 122 
of ellipse, 282, 297 (52) 
of hyperbola, 298 (75) 
of lemniscate, 269 (58), 296 (19) 
Length of segment, 81, 87 
I’Hospital’s rule, 29, 31 
Line integrals, 198, 312 
Linear differential equations, 336, 
340, 351 
Bessel, 378, 384 

complementary functions for, 353, 
355 

with constant coefficients, 353 
fundamental systems for, 352 
higher order, 351 
Legendre, 374 

particular integrals of, 353, 356, 
359 

regular solutions of^ 373 
second-order, 371 
Linear equations, 57 
Logarithmic functions, 7 

M 

MacLaurin’s series, 3, 114 
Magnetic field for circular current, 
299 (79, 80) 

Magnetic potential, 322 
Maxima and minima, 65, 432 
Maxwell’s equations, 333 (75, 76) 
Mean value theorem, 13, 41 (54), 148 
Mercator projection, 140 (118-120, 
124) 

Minimal surfaces, 460 (88, 89) 
Modified Bessel functions, 391 
Modulus of elliptic integrals, 273, 
281 

Multiple integrals, 125, 172 
for area, 125, 128 ' 

Dirichlet’s, 256 
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Multiple integralSj for physical con- 
cepts, 147, 189 (38-54) 
for volume, 131, 173, 190 (49-52) 

N 

Newton’s method of solving equa- 
tions, 26 

Normal section, 94 
curvature of, 95 
Null vector, 83 

Numerical integration, 181, 405 

O 

Odd function, 186 (5), 405 
Ordinary differential equation, 336 
Orthogonal, 135 (40) 

Orthogonal trajectories, 365 (16-19) 
Osculating helix, 115 
Osculating paraboloid, 94 
Osculating plane, 114 

P 

Parabolic point, 97 
Partial derivative, 44, 49 
Partial differential equations, 401 
derivation of, 320, 450 
Laplace {see Laplace’s equation) 
Particular integral, 353, 356, 359 
Pendulum problem, 269 (57), 276, 
296 (21, 24), 459 (73-77) 
Periodic function, 186 (8), 401 
Piecewise regular function, 402 
Planck’s law of radiation, 271 (81) 
Plane, distance to, 89 
equation of, 89 

Planimeter, 180, 197 (115), 405 
Poisson’s equation, 322 
Polar coordinates, 7, 72 (46, 47), 
137 (62) 

Poles, 218 

Polygon, mapping, 235 
Potential, 321, 333 (70-72) 

Potential energy, 314 
Potential functions, 407 
Power series, 18 


Principal normal, 108 
Principal value of integral, 228 
Probability of error, 194 (87-90) 
Product, 83, 86, 89 
cross, 99 
dot, 86 
scalar, 86 
triple scalar, 105 
triple vector, 130 (58) 
vector, 99 

Projection, 80, 140 (117-121) 

R 

Radio equations, 422 
Radius, of curvature, 96, 108, 115, 
119 

of torsion. 111, 119 
Rational functions, 1, 152 
integrals of, 152 
Repeated integral, 175 
Residues, 219 

Riemann Zeta-function, 271 (75, 76), 
425 (39) 

Right-handed system, 78 
Rodrigues’s formula, 376, 396 (21) 
Rolle’s theorem, 13 
Rotation, rigid, 104, 136 (61) 
Rotational flow, 231, 326 

S 

Scalar, 83 

Scalar multiplication, 83 
Scalar product, 86 
Schrodinger’s equation, 431 (98-101) 
Schwarz transformation, 235 
Series, 3, 16, 178 
asymptotic, 179 
convergent, 3, 20 
divergent, 20 
Fourier, 401 
MacLaurin’s, 3, 114 
power, 18 

Taylor’s, 16, 24, 35, 64 
Simple harmonic motion, 369 (109) 
Simpson’s rule, 184 
Simultaneous differential equations, 
362 
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Simultaneous linear equations, 57 
Singular points, 21 

of differential equations, 366 (28- 
33), 382 

Singular solution, 347 
Skipping rope, 300 (83) 

Snubbing post, 368 (100) 

Solid angle, 332 (66-68) 

Sound waves, 334 (84) 

Spherical coordinates, 132, 377, 449 
del in, 319 

Spring, bent, 299 (81) 

Steady-state solution, 418 
Stereographic projection, 141 (121, 
124) 

Stirling’s formula, 263, 271 (82) 
for the Gamma function, 265 
Stokes’s theorem, 312 
Straight line, equations of, 82 
Stream function, 231 
Surface area, 125, 128 
Surfaces, 92 
Symbolic vector, 304 

T 

Tangent, 107 
Tangent line, 90 
Tangent plane, 93 
Taylor’s series, 16, 24, 35, 64 
Telegraph equation, 422 
Temperatures, 322 
in plate, 408, 411 
in rod, 416 
in solid cylinder, 414 
in solid sphere, 413 
Thermal conductivity, 322 
Thermodynamics, 208, 245 (26-28) 
Torsion, 111, 119 
Total differential, 46, 52 
Trapezoidal rule, 181, 405 


Trigonometric functions, 3 
Trigonometric integrands, 160, 261 
Triple scalar product, 105 
Triple vector product, 130 (58) 
Twisted curves, 90, 107, 115 

U 

Undetermined coefficients, 356 
Unit vector, 84 

V 

Variation of parameters, 359 
Variations, 437 
constrained, 439, 456 (50-67) 
Vector algebra, 303 
Vector analysis, 303 
Vector product, 99 
Vectors, 83 
symbolic, 304 
Velocity, 92, 116, 136 (61) 
of sound, 334 (84) 

Vibrations, 450, 460 (95-106) 
of beams, 451 
of membranes, 452 
of strings, 419, 450 
Viscous fluid flow, 334 (82) 
Volumes, 131, 173, 190 (49-52) 

W 

Wallis’s formula, 262 
Wallis’s infinite product for tt, 262 
Weirstrass’s p function, 301 (85) 
Work, 207 
Wronskian, 352 

Z 

Zonal harmonics, 377, 414 









